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CHAPTER L 

MEASUREMENT. 

» . . ■ 

Physical Science. — ^We live in a world of matter, space and time. 
We do not know what these are in themselves and we cannot ex- 
plain or define any one of them in terms of the others. 

Thus we recognize matter in certain states which we call solid, 
liquid or gaseous. We distinguish also different kinds of matter, 
such as iron, wood, glass, water, air, etc., which we call substances. 
We also recognize limited portions of matter of definite shape and 
volume, such as a pebble, a rain-drop, a planet, etc., which we call 
material bodies. But what matter is in itself we do not know. 

We also recognize matter as occupying space and we note suc- 
cessive events as occupying time. But what space and time are in 
themselves we do not know. 

We also recognize force as causing change of motion of matter. 
But what force is in itself we do not know. 

Yet although we thus know nothing of matter, space, time and 
force in themselves, we can and do investigate them in their measur- 
able relations^ and such investigation is the object of all physical 
science. 

Mechanics — Kinematics and Dynamics — ^Statics and Kinetics. — 
That branch of physical science which treats of the measurable 
relations of space alone is called geometry. 

That whicn deals with the measurable relations of &pace and 
time only, that is with pure motion, is called kinematics {Ktrrf/na, 
motion). To the ide£ts of geometry it adds the idea of motion. 

That which deals with the measurable relations of spacCy time 
and m^atter, involved in the study of the motion of material bodies 
under the action of forces is called dynamics (Svvafiti^ force). To 
the ideas of kinematics it adds the idea of force. 

We divide dynamics into two parts : statics, which treats of 
material bodies at rest under the action of force, and kinetics, 
which treats of material bodies in motion under the action of 
force. Statics is thus a special case of dynamics which it is con- 
venient to consider separately. 

In the study of machines, or of moving bodies generally, under 
the action of force, we have to make use both of the principles of 
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kinematics and of dynamics. The term mechanics is therefore used 
to include the general principles of both kinematics and dynamics, 
while their special application to machines is called applied me- 
chanics or mechanism. We treat in this work of mechanics as thus 
defined, or the general principles of kinematics and dynamics. 
We have then as the scheme of the present work : 

C Vol. I, Kinematics ; 
Mecha^cs:jVol.^II.g.ti^^ Jj,^,^ 

Measurement. — Since then we have to do in all that f oUows with 
the measurable relations of force, matter, space and time, the sub- 
ject of the measurement of these quantities should first engage our 
attention. 

TTnit. — In order to measure any quantity whatever, we must 
always compare its magnitude with the magnitude of another 
quantity of the same hind. The quantity thus taken as a standard 
of comparison is called the unit or measurement. 

Thus the unit of length must itself be some specified length, as, 
for instance, one foot, one yard, one centimeter or one meter. The 
unit of time must be a specified time, as one second. The unit of 
mass must be a specified mass, £ts one pound or one gram or one 
kilogram. 

Tne units of mass, length and time are called fimdamental units, 
because not derived from any others. 

£tatement of a Quantity. — The complete statement of a quantity 
requires, therefore, a statement of the unit adopted and also a state- 
ment of the result of comparison of the magnitude of the quantity 
with the magnitude of the unit. 

The result of this comparison is always a ratio between the 
magnitudes of two quantities of the same kind and is, therefore, 
always an abstract number. 

This ratio or abstract number is called the numeric. 

Thus we say S/eef, 4 seconds, 5 pounds. In each of these cases 
we state both the unit and the numeric, or ratio of the magnitude 
of the quantity to that of the unit. Thus 3 feet denotes a quantity 
whose magnitude is three times the magnitude of one foot. 

So for any quantity. In general, if L stands for any length and 
[L\ stands for the unit of length, we have L = l[L], or the length 
equals I times the unit of length. Here I is the numeric and is an 
abstract number. 

Again, if Tisa, certain interval of time, and [T] stands for the 
unit of time, we have T=t[T], or the time equals t times the unit 
of time. Here t is the numeric and is an abstract number. 

So also if 3f is a certain mass and [M] stands for the unit of 
mass, we have Jf = m[M], or the mass equals m times the unit of 
mass. Here m is the numeric and is an abstract number. 

Derived TTnit. — A unit of one kind which is derived by reference 
to a unit of another kind is called a derived unit. 

Thus the unit of area may be taken as a square whose side is one 
unit of length, or one square foot. The unit of volume may be 
taken as a cube whose edge is the unit of length, or one cubic foot. 
The unit of speed may be taken as one unit of length per unit of 
timSj or one foot per second. 

Such units are derived units, while the units of mass, space and 
time, not being thus derived from any others, are funaamental 
units. 
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Dimeniiong of a Berived TTnit.— A statement of the mode in 
which the magnitude of a derived unit varies with the magnitudes 
of the fundamental units which compose it is a statement of the 
dimensions of the derived unit. 

Thus let [A] denote the unit of area and [L] the unit; of length. 
Then if A= alA] is the area of a square whose side is X = l[L], 
where a and I are abstract numbers, we shall have a{A] = P[Ly, 

Now we shall have the numeric equatfon a = T, or the number 
of units of area equals the square of the number of units of lengthy 
provided we have [A] = [L]\ or the unit of area equal to the square 
of the imit of length. 

The statement [A] = [Ly is a statement of the dimensions of the 
unit of area. 

Again, let [L] denote the unit of length and [T] denote the unit 
of time and [ k] denote the unit of speed. Then if L = l[L] is any 
distance and T:=t[T] is the time occupied in describing that 
distance, and the mean speed is F= v[V\ we have 

v[V] = ^^ 
^^ '^ J t[T]' 

We shall then have the numeric equation v = y, or the number 

of units of speed is equal to the number of units of length passed 
over divided by the number of units of time occupied, provided we 
have 

[F] = f^] 

or the unit of speed equal to one unit of length per unit of time. 
This is a statement of tne dimensions of the unit of speed. 

Meaning of "Per." — It will be observed that the statement 

[F] = LJ is read, *' the unit of speed is equal to the unit of length 

jper unit of time," and the word per is indicated by the sign for 
^' divided hy.^^ 

Now we can divide the numeric I by the numeric t, because these 
are abstract numbers. But it would be nonsense to speak of divid- 
ing length by time, or a unit of length by a unit of time. We there- 
fore avoid such a statement by the use of the word per. If then 
we give to the symbol of division this new meaning, we can then 
treat it by the rules which apply to the old meaning, and thus avoid 
the invention of a new symbol by using an old one in a new sense. 

Whenever, then, the word " per " is vsed, it can he replaced by the 
sign of division, 

Homogeneons Equations. — ^The symbols in all formulas or state- 
ments of the relations of quantities always stand for the numerics 
of these quantities, and the units are always understood though not 
written. 

Thus such an equation as r = i or Z = r# is a numeric equation, 

and the units are understood and must always be supplied in inter- 
preting them. When the units are thus supplied, all the terms on 
both sides of the equation which are combined by addition or sub- 
faction must always be of the same kind, whatever the system of 
units adopted. Such equations are called homogeneons. 

If any numeric equation is not thus homogeneous, it is incor- 
rectly stated. 
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It is also evident that all algebraic combinations of such homo- 

?:eneous equations must always produce homogeneous equations, 
f not, some error must have been made in the algebraic work. 

Error can thus often be detected in the result of an investigation 
without following through its successive steps, by simply inserting 
the omitted units, and no equation or result shomd be accepted, or 
even discussed, which does not stand this test. 

Thus in the equation l^jyt, it we supply the omitted units, we 
have 

l[L] = v^^ X t[T] = vt[L]. 

The equation is therefore homogeneous, since the unit of length is 
to be understood in both terms. 

Unit of Time. — The unit of time ordinarily adopted in dynamics 
is the second or some multii)le of the second. 

It is the time of vibration of an isochronous pendulum which 
vibrates or beats 86400 times in a mean solar day of 24 hours, each 
hour containing 60 minutes and each minute 60 seconds (24 x 60 
X 60 = 86400). 
. The sidereal day contains 86164.09 of these mean solar seconds. 

Unit of Length. — The unit of length ordinarily adopted in 
dynamics is the foot or the meter or some multiple of these. 

Unit of Mass. — The unit of matter or mass ordinarily adopted in 
d3mamics is the pound or the kilogram. 

Standard Unit. — All units adopted are defined by reference to 
certain standard units. A standard unit, in general, should possess, 
so far as possible, a permanent magnitude unchanged by lapse of 
time and unaffected by the action of the elements or by change of 
place or temperature. It should be capable of exact duplication 
and should admit of direct and accurate comparison with other 
quantities of the same kind. 

Standard Unit of Time. — The standard unit of time is the period 
of the earth's rotation, or the sidereal day. This has been proved 
by Laplace, from the records of celestial phenomena, not to have 
changed by so much as one eight-millionth part of its length in the 
course of the last two thousand years. 

The length of the solar day is variable, but the mean solar day, 
which is the exact mean of all its different lengths, is the period 
already mentioned, which furnishes the second of time. It is 
1.00273791 of a sidereal day. 

The second can therefore be defined, with reference to the stand- 
ard unit of time, as the time of one swing of a pendulum so ad- 
justed as to make 86400 oscillations in 1.00273791 of a sidereal day. 

Standard Units of Length. — The English standard unit of length 
is the length of a standard bronze bar, deposited in the Standards 
Department of the Board of Trade in London. 

Since such a bar changes in length with its temperature, the 
length is taken at the specified temperature of 62° Fah. 

The length of this bar at this temperature is the English stand- 
ard unit of length, and is called the standard yard. Accurate 
copies of this standard are distributed in various places, and from 
these all local standards of len^h are derived.* 

The foot is defined as one third the length of the standard yard 
at 62° Fah. 



The English standard yard is 1 part in 17230 shorter than the U. S. copy. 
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The French standard of length is the meter, and is the length of 
a bar of platinum at the temperature of melting ice, or 0° C. This 
bar is preserved at Paris. Its length was intended to be the ten- 
millionth part of a quadrant of the earth^s meridian through 
Paris. 

The quadrant of the meridian through Paris is 10001472 stand- 
ard meters, according to Colonel darkens determinations of the 
size and figure of the earth, which are at present the most authori- 
tative, and thus the standard Paris meter is slightly less than the 
length upon which it was fouivied. The material bar is therefore 
the stanaardj just as is the case with the English standard. 

The relation of the meter to the meridan was intended as a 
means of reproduction in case of destruction of the standard, but 
in such case the standard would probably be reproduced from the 
b^st existing copies. 

This was actually the case with the original English standard, 

which was destroyed by fire in 1884. It had been originally de- 

36- 
fined as having at 62° Fah. a length of ^ of the length of a 

pendulum vibrating seconds in the latitude of London at the sea- 
level. But this provision for its restoration was repealed and a 
new standard bar was constructed from authentic copies of the old 
one. 

The English inch, or the 36th part of the length of the standard 
yard, is very nearly equal to the five-hundred-millionth part of the 

len^rth of the earth's polar axis I 1 

The utility of the standard, however, does not depend upon any 
such earth relations, the only value of which is for reproduction in 
•case*of destruction— a value which, as we have seen, is practically 
disregarded. 

The ultimate standards are therefore the actval bars. 

Standard TTnits of Mass.— The English standard unit of mass is 
a piece of platinum deposited in the Office of the Exchequer at 
London and called the *' Imperial Standard Pound Avoirdupois." 

The French standard unit of mass is a piece of platinum pre- 
served at Paris and called the kilogram. 

Unit of Angle. — ^There are two units of angle in use, the degree 
and the radian. 

The degree is that angle subtended at the centre of any circle 

by an arc equal in length to ^^ part of the circumference of that 

oircle. It is subdivided sexagesimally into degrees (°), minutes (0, 
and seconds (")• The seconds are subdivided decimally. Minutes 
and seconds of tim^ are distinguished by beiag written min., sec. 

The radian i? that angle subtended at the centre of any circle by 
an arc equal in length to the radius. It is subdivided decimally. 

If then the length of any arc is alL], or s units of length, and 
the length of the radius is r[XJ, or r units of length, and if the 
angle subtended at the centre is Q radians, we have 

The number of radians in any angle is then found by dividing the 
number of units of length in the subtending arc by the number of 
units of length in the radiums, and this number is independent of the 
particular unit of length adopted, whether feet or centimeters. 
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If the subtending arc is the entire circumference, the number of 
radians is — =: 2it, Hence 2n radians correspond to 860 degrees, or 1 

radian corresponds to g— = = 57.29578 degrees = 67° 17' 44".8. 

Any angle expressed in radians may then be converted into 

180° 
degrees by multiplying the number of radians by = 67.29578 

degrees = 1 radian. 

Any angle expressed in degrees may be converted into radians 

by multiplying the number of degrees by -— - = 0.0174683 radians 

loO 

= 1 degree. 

(1) EQispre»s 12° 34' 56" in terms of radians; and 3 radians in 
terms of degrees. 

Ans. 0.2196 radians ; 171" 53' 14".424. 

(2) The radius of a circle w 10 feet; what is the angU subtended at 
the center by an arc of 3 feet f 

Ans. ^ radian, or 17* 11' 19. "44. 

(3) How mtich must rt rail 30 feet long he bent in order to fit into 
a curoe of half a mile radius f 

Ans. 3q radian, or 0' 39' 3".92. 

(4) Express 45 degrees in terms of radians^ and 4.6 radians in 
terms of degrees. 

Ans. I radians = 0.7854 radians ; 257' 49' 51^'. 636. 

(5) The angle subtended at the centre of a circle by an arc whose 
length is 1.57 feet is 15° ; what is the radius f 

8 157C 157X180 ... 

^^^' - = 757T , or r = — 7= = 6 ft. 

r 180 157r 

(6) What is the sin J radians; cos ~ radians; cos -I radians; 

6 D o 

4 

Ans. 0.5; g VS; 0.5; 1. 

(7) Express in degrees and in radians the angle made by the 
hands of a clock at 85 minutes past 3 o^clock. 

Ans. 102.5 degrees; 1.79 radians. 

Unit of Conical Angle. — Let the area of any portion of the sur- 
face of a sphere be A [A], or A units of area, and let the square 
of the radius be r^[A\, or r^ units of area. 

If lines are drawn from the centre C of the sphere to every point 
of the area, they form a cone, and the angle subtended at the centre 
C by the area we call a conical angle; 

The conical angle subtended at the centre of a sphere by a por- 
tion of its surface whose area is equal to the square of its radius we 
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call a square radiaa. If we denote the conical angle subtended by 
the area Ahy » square radians, we have 

A[A] A 
M = -57-~- = -r, or r^oo=zA, 
r^[A] r" 

The number of square radians in any conical angle is thus found 
by dividing the number of units of area in the subtending area by the 
number of units of area in the square of the radius^ and this number 
is independent of the unit of area adopted, 

tf tne subtending area is the entire surface of the sphere, the 

number of square radians is — — = 4^. Hence the surface of a 

sphere subtends a conical angle of 4nr square radians. 

[The terms solid angle ana solid radian are usually employed in 
place of conical angle and square radian as defined, but as they 
seem in no way descriptive, we have employed the latter terms as 
more expressive.] 

Curvature. — The direction of a plane curve at any point is that 
of the tangent to the curve at this point. 

Thus the direction of the ^ 

curve AB at the point A is ^ 

that of the tangent AC. 

The change of direction be- /^^^^tT"^ ^ 

tween any two points of a 
plane curve is the angle be- 
tween the taneents at these 
two points, ana is called the 
integral curvatnre. 

Thus the angle 6, or change 
of direction between the tangents at A and B, is the integral curva* 
ture for the curve between A and B. 

The integral curvature for any portion of a plane curve divided by 
the length of that portion is the m^an curvature. 

Thus if the length from A to 5 of the curve is «[Z], or s units of 

length, the mean curvature is -rM-. Since 6 is given in radians, the 

S\Li\ 

unit of curvature is one radian per unit of length of arc. When we 
say, therefore, that the mean curvature is -, we mean— radians per 

unit of length of arc. 

The limiting value of the mean curvature when the two points 
are indefinitely near is called the curvature. 

The curvature, therefore, is the limiting rate of change of direc- 
tion per unit of length of arc. Its unit is one radian per unit of 
length of arc. 

Curvature of a Circle. — If the curve is a circle, the angle at the 
centre between the radii at A and B will be equal to the angle 
between the tangents at A and B. 

We have then 6 = — radians. The mean curvature is then 

r 

— = — radi£tns pei* unit of length of arc. 
s r 

Since this is independent of «, the curvature at every point of a 

circle is constant and equal to the mean curvature for any two 

pointi^, Viz., — radians per unit of length of arc. 

r 
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Curvature of any Plane Curve. — For any plane curve whatever a 
circle can always be described whose curvature is the same as that 
of the given curve at the given point. This is the circle of curvature 
of the curve at that point. Its radius is the radius of curvature of 
the curve at that pomt. 

If then p is the radius of curvature of a curve at any given 

point, the curvature of that point is — radians per unit of length of 

arc. 

Since curvature then depends only upon the radius of curvature, 
the circle is the only curve whose curvature is constant. 

(1) A circle has a radius of 10 feet, Whcd is its curvature f 
Ans. -^ radian per foot of arc, or 5**. 78 per foot of arc. 

(2) If the radius is 10 yards, what is the curvature f 

Ans. -^ radian per yard of arc, or 5**. 78 per yard of arc, or ^ radian per 
foot of arc, or 1*.91 per foot of arc. 

Dimensions of Unit of Curvature. — If C is the curvature and c 
the niunber of units of curvature, we have by definition c[C] = 

era 



8[L] 



, where [C] is the unit of curvature, and [B] is the unit of angle, [L] 



the unit of length, and 6, s the number of units of angle and length. 

We shall always have c = — , provided we take [C] = rS^, that is, 

s iL] 

Erovided the unit of curvature is equal to the unit of angle divided 
y the unit of length. 
This is a statement of the dimensions of the unit of curvature. 
The unit of curvature is then one unit of an^le per unit of 
length of arc, as, for instance, one radian per foot of arc, or one de- 
gree per foot of arc. 

A raihjoay curve has a length of one mile, the curvature is uniform, 
and the integral curvature is 30 degrees. What is the curve, the 
curvature, and the radius of curvature f 

Ans. A circle ; 0.5236 radian per mile arc ; 1.9 miles radius. 

Tables of Measures. — ^We shall deal in the course of this work 
with many other derived units, which will be explained as they 
occur. It will be useful to collect here for convenience of reference 
a number of such units. 



I. MEASUEES OF SPACE. 

A. LENGTH. 

Centimeters 



J. 



T 



± 



z 



x=c 



10 



I I I 



I^ 



=f 



'I I 



F= 



2 
Inches 



3 



Table 1. 

1 centhneter = 0.8937079 inch 

_j 89.87079 inches 

- "i 8.2809 feet 

_ j 0.62137 mile 

" (0.535987 nautical m. 



1 meter 
1 kilometer 



Table 2. 

1 inch = 2.589954 centimeters 
1 foot = 80.479449 
1 yard = 0.91438347 meter 
1 mile = 1.60935 kilometers 

T^.aSft:S=l-85837*ilometers 
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The following are approximate : 

The centimeter is about | inch. The meter isabont 8 ft. 8f inches. 
The decimeter is about 4 inches. One kilometer is about f of a mile. 
Distance from pole to equator is about 10000000 meters. 
Earth's polar radius is about 600000000 inches. 



B. AREA. 



Tablb 8. 



Table 4. 



1 sq. centimeter = 0.155006 sq. inch 
1 sq. meter = 10.7648 sq. feet 

'?r-KtSf''[= 2-4^14 acres 

1 sq. kilometer = 0.88611 sq. mile 



1 sq. inch = 6.45187 centimeters 

1 sq. foot = 928.»97 

1 sq. yard = 0.836097 meter 

1 acre = 0.404672 hectare 

1 sq. mile = 2.58989 fiq. kilometers 



C. VOLUME. 



Table 5. 



Tablb 6. 



1 cubic centimeter = 0.0610271 cu. inch 
1 liter, or 1 cubic ) = 61 .0271 cu. inches 

decimeter ) =1.76172 pints 
1 cubic meter = 85.8166 cubic feet 



1 cubic inch=16.3866cubic centimeters 

1 cubic foot =28. 8158 liters 

1 cubic 7ard=0. 764518 cubic meter 

1 pint =0.567627 Uter 

1 gallon =4.54102 liters 



II. MEASURES OF MASS. 
Table 7. Table 8. 



1 centigram = 0.154828 grain 
1 ,^r« i 15.4828 grains 

1 gram = j 0.0858739 oz. 

1 kilogram = 2.20462 lbs. 



1 grain = 0.064799 gram 

1 oz. = 28.8496 grams 

1 lb. or 16 oz. = 0.458598 kilogram 
1 ton or 2240 lbs. = 1016.05 kilos 



1 gram = mass of 1 cubic centimeter of pure water at 4" G. 

1 kilogram = 1 liter of pure water at 4* C. 

1 gallon = 277.274 cubic inches. The gallon contains 10 lbs. of pure water 
at62^F. 

1 cubic foot of water contains about 1000 oz. or 62| lbs. 

The pint contains 20 fluid oz. 

Acceleration of gravity at London = 82.182 feet-per-second per second = 
960.889 centimeters-per-second per second. Average value 82^ feet-per-second 
I>er second or 980.8 centimeters-per-second per second. 

1 dyne = force which will give a mass of 1 gram an acceleration of 1 centi- 
meter-per-second per second = about ^y weight of gram = weight of about 1 
milligram. 

1 poundal = force which will give a mass of 1 pound an acceleration of 1 
foot-per-second per second = about weight of ^ oz. 



CHAPTER IL 



POSITION. TERMS AND DEFINITIONS. 




Point. — ^A mathematical point has neither length, breadth, nor 
thickness. It is therefore without dimensions and indicates posi- 
tion only. 

Point of Reference.— When we speak of a point as having position, 
some other point or i)oints must always be assumed, by reference 
to which the position is given. Such a point is a point of reference. 
It is also called a pole, or origin. 

Position then is always relative. We know nothing of '* abso- 
lute " position. 

Thus the position of the point G is known with 
respect to A when we know the length of the line AG 
and the angle BAG or the direction of the line AG. 
The points A and B are points of reference, by means 
of which G is located. 

Position of a Point. —The position of a point 
with reference to other assumed points is then known when we 
have sufficient data to locate it. These data give rise to two 
methods of location : 

1st, by polar co-ordinates. 

2d, by Cartesian co-ordinates, so called because first employed by 
Descartes. 

Plane Polar Co-ordinates.— The data necessary for locating a 
point by polar co-ordinates, when the point is situated in a given 
plane, consist of a distance and an angle. If the point is not in a 
known plane, of a distance and two angles. 

Thus, if the point P, in the plane of this 
page, is to be located, we first assume a line 
OA in the plane, as a line of reference. Then 
the position of P with reference to O is given 
by tne angle AOP and by the distance OP. 

The assumed point O is called the pole; OA 
is the line of reference; the distance OP is^ 
called the radius vector, and its magnitude is 

usually denoted by r ; the angle AOP is the direction angle ; its 
magnitude is denoted by 0, and it is measured aroimd from OA to 
the left. 

The polar co-ordinates for a point in a given plane are therefore 
r and 0, or a distance and an angle. Tliese are plane polar co- 
ordinates. 

Space Polar Co-ordinates.— If the point P is not in a given plane» 
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-we asflume as before a pole O, and a reference line OA in space. 

Through this line -we assume an; 

plane, as the plane of this page, 

OABC, and lei) OB be the inter- 
section of this plane with a plane 

OPB, perpendicular to it and 

passing through OP. The location 

of P is then given by the length 

OP or the radius vector r, the 

angle AOB or <f>, and the angle 

BOP or e. 

The polar co-ordinates for a point not in a given plane are there- 
fore r, fll and 8, or a distance and two angles. These are ^poce 

polar co-ordinates. 

If is a point on the earth's surface, and the reference line OA 

is a north and south line in the plane of Hie horizon, the angles B 

and f would be the astronomical azimuth and altitude of the point 

P. 

Carteiian Co-ordinatei. —Plane.— The data necessary for locating 

a point by Cartesian co-ordinates, if the point is in a known plane, 

consists of two distances, parallel to two assumed lines of ref ei-ence 

in that plane, passing through the point of reference, which is called 
the origin. The assumed lines of 
reference are usually taken at right 
angles. 

Thus if the point P is known to 
be in the plane of this page, we 
assume any origin O and draw two 
reference Imes OX and OF through 
O in this plane and at right angles. 
5 These two lines are called the axes 
of ca-ordinatea, the horizontal one 
the axis of x, or the x axis, the 
other the oxib of y, or the y axis. 
The distance BP or OA is denoted 

by X and c^led the abscisM of the point P. The distance AP is 

denoted by y and called the ordinate of the point P. 

The abscissa x is positive to the right, negative to the left of the 

origin, while the ordinate y is positive when laid off above and 

negative when below the origin. 

Any point in the plane is thus located with respect to 0. If a 

point 18 in the first quadrant, its co-ordinates are + a;, + y; if in the 

second quadrant, —x and + 

y\ if in the third quadrant, 

— X and —y ; if in the fourth 

quadrant, + x and — y. 
When the point is in a 

known plane, the co-ordi- 
nates are c^ed plane co-or- 

dinatea. 

Space Co-ordinateB. — If 

the point P is not in a known 

plane, we take three axes 

through the origin, all ftt right 

angles usually. Two of these 

we may denote by X and Y 

as before ; the third, at right 

angles to the plane of XY, z 

we call the axis of z, or the z axis. 
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Thus the position of the point P is given by the distance OA = 
Xy the distance AC = z, and the distance CP = y. 
These are the »pace co-ordinates of the point P. 
The signs prenzed to the co-ordinates mdicate the quadrant in 
which the point is located as before. Thus, + a?, + y and ± z 
denote a pomt in the first quadrant either in front of or behind the 
plane of XY; —x,+y and ± z, a, point in the second quadrant, 
either in front of or behind the plane of XY; — a;, — y, ±2?, and 
+ a;, — y, ± Zj points in the third and fourth quadrants, either in 
front of or behmd the plane of XY, 

Direction Cosines. — If we join the origin O and the point P by a 
line, and denote the angle of OP with me x axis by ^, with the y 
axis by fi, and with the z axis by y, we have the relations 

X = OP cos a, 2/ = OP cos /?, z = OP cos ;'. 
These cosines are called the direction cosines of OP, 

Since OP is the diagonal of a parallelogram, we have 
OP^ = x" + J/" + z' = OP" (cos' a + cos'' ff + cos" r). 
Hence 

cos* a + cos' fi + cos' r = 1 (1) 

If, therefore, any two of these direction cosines are given, the 
third can always be fonnd. 

Since cos 2a = 2 cos' « — 1, cos 2/3 = 2 cos' /? — 1, cos 2r = 
2 cos' ^ — 1, we have also 

cos 2a + COS 2/3 + COS 2r = — 1 (2) 

Again, since cos (a + fi) = cos a cos /? — sin or sin fi, cos (a — y5) = 
cos a cos fi + sin a sin fi, we have also 

cos (a + /S)coQ{a- /i) + cos' X =0 (3) 

Dimensions of Space. — ^A point in a given line is at once located 
by a statement of the distance of the point from either end of the 

line. 

A point in a given plane is located either by two distances or by 

a distance and an angle. 

A point in space is located either by three distances or by a 
distance and two angles. 

Hence space is saia to have three dimensions, a plane surface to 

have two dimensions, and a line one dimension. 
A point has no dimensions and indicates 
position only. 

System. — Any definite and limited assem- 
blage of points is called a system. Thus the 
B assemblage of points represented by A, B, C, 
constitutes a system. 

Configuration. — The relative position or arrangement of any 
system or assemblage of points is called the configuration of the 
system. 

A knowledge of the configuration of a system at any instant 
requires a knowledge of the relative position of every point of the 
system with reference to every other point at that instant. 

Thus the configuration at any instant of the system represented by the 
points At Bt C, is known when the position at that c 

instant of A relative to B and (7, of B relative to ^ 
and (7, and of G relative to A and B, are known ; 
that is, when all the sides and angles of the triangle 
are known at that instant. 

Rigid System. — ^When the configuration'^ ^ 

does not change, the system is a rigid system. 
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Thus when the angles and sides in the triangle ABC remain un- 
changed, the system is rigid. 

Rest. — When the straight lines drawn from a point to any as- 
sumed points of reference do not change their length or inclination 
to each other, the point is at rest with refereiice to these points. 

The points of a rigid system are therefore at rest relatively to 
each other. The entire system may, however,, be in motion with 
reference to some external {>oint. 

Rest, then, like position, is relative only. We know nothing of 
" absolute " rest. 

Thus if the lines OA and CB in the preceding figure do not change in 
length and the angle AOB does not change, the point (7 is at rest with refer- 
ence to A and B. 

The system is then a rigid system, and ^ is at rest with reference to C and 
B, and B is at rest with reference to A and C, 

The entire system of A, B, (7 may, however, be in motion with reference to 
some point external to the system. 

The stationary objects in a room are all at rest relatively to each other. The 
straight lines joining any three do not change their length or inclination to 
each other. 

But, as we know, all these objects partake of the motion of the earth, and 
Are therefore not at rest with reference to the sun. 

motion. — ^Motion is change of position. A point moves when the 
straight lines joining it to the pomts of reference change either in 
length or inclination to each other. 

Motion, therefore, like rest and position, is always relative. 
Such terms as " absolute " position, **aDsolute " rest, and ** absolute'' 
motion have no scientific value. All our knowledge, both of posi- 
tion and change of position, must be essentially relative. 

"When a man has acquired the habit of putting words together, without 
troubling himself to form the thoughts which ought to correspond to them, it 
is easy for him to frame an antithesis between this relative knowledge and a 
so-called absolute knowledge, and to point out our ignorance of the absolute 
position of a point as an instance of the limitation of our faculties. Any one, 
however, who will try to imagine the state of a mind conscious of knowing the 
absolute position of a point will ever after be content with our relative knowl- 
edge." {''Matter and Mbtian" by J. Clerk Maxwell. Pott, Young & Co. , New 
York, 1876.) 

Path of a Point. — The line joining the successive positions of a 
point during its motion is called its path. 

The path thus described by a point may be either a straight or a 
curved line, or a combination of straight and curved lines. If the 
path is without angles or abrupt changes of direction, it is con- 
tinnons. 

Motion of Translation. —When a rigid system moves so that 
every straight line in it joining every two points remains always 
parallel to itself, the system is said to have a motion of translation. 

The paths of all the points are therefore parallel at every instant 
and equal for any given interval of time, and the translation of the 
system is that of any one of its points. 

Motion of Rotation. — When a rigid system moves so that all its 
points describe axes of circles in parallel planes about a common 
straight line or axis passing through the centers of the circles and 
perpendicular to their planes, the system is said to rotate or have a 
motion of rotation about that axis. 

Since the system is rigid, every point must describe an equal 
angle in tJie same time. 
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A point has no dimensions and therefore cannot have motion of 
rotation, but only one of translation. 

Combined Translation and Rotation. — A rigid system may have 
a motion of rotation and translation at the same time. Thus, for 
instance, a rolling wheel has a motion of rotation about an axis 
through the hub at right angles to the plane of the wheel, while at 
the same time every point of the wheel has a motion of translation. 

Material Point or Particle. — We have just seen that a point can- 
not have motion of rotation. Rotation is possible oidy to systems 
of points. 

A material body so small that the distances between its points 
may be neglected is called a particle. 

When the body is not small, whatever its magnitude, if the dis- 
tances between its various points Tiave no influence upon the motion 
considered, we call the body a material poibt or particle and may 
represent it by a point without dimensions. 

Thus if we are investigating the motion of the earth about the sun, so far 
as the motion of translation of the earth is concerned, we may regard both the 
earth and sun as points. But we cannot treat them as points when we wish to 
study their rotation. 

Material System. — A number of material points or particles con- 
stitute a material system. When we confine our attention to such 
a system, all relations or actions between one point of such a system 
and another are called internal relations or actions. Those between 
the whole or any part of the system and bodies not included in the 
system are called eoctemal relations or actions. 



KIISrEMATICS. 
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CHAPTER I. 

SPEED. 



Kinematics. — ^That branch of science which treats of the measur- 
able relations of time and space only, that is, of pure motion, is 
called kiiiematics. It adds to the ideas of pure geometry the idea 
of motion. 

Mean Speed of a Point.— The distance described by a moving 
point per unit of time is called the mean speed of the point. There- 
fore the number of units of distance described in a given time, 
divided by the number of units in that time, gives the number of 
units of mean linear speed. The mean speed is then the mean 
time-rate of motion in the path. 

When the mean speed varies with the interval of time it is 
variable. When it has the same magnitude no matter what the 
interval of time it is uniform. A point moving with uniform mean 
speed evidently describes equal distances in equal times. 

Instantaneous Speed of a Point.— The limiting value of the mean 
speed when the interval of time is indefinitely small is called the 
instantaneous speed. 

When the instantaneous ^eed at any instant is equal to the 
mean speed for any interval oi time it is uniform. When the instan- 
taneous speed is variable the mean speed has different values for 
equal intervals of time. 

The term speed always signifies instantaneous speed unless 
otherwise specified. 

Dimensions of the Unit of Speed. — ^Let us denote any speed by 
V, the unit of speed by [V] and the number of units of speed by u, 
so that V= v[V]. Then if [LI is the unit of length and 8 the num- 
ber of units of length, or the distance passed over in the time t[T], 
we have by definition 

^^ t[Ty 

We fidiall always have the numeric equation t; = -v, if we take 
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[V] = ^, or the unit of speed equals the unit of length per unit of 

time. 

This is the statement of the dimensions of the unit of speed. 

The unit of speed is therefore always taken as one unit of length 

per unit of time, as, for instance, one foot per second. 

Numerio Equations of Speed. — If si denotes, then, the number of 

units in the initial distance OA, measured 
along the path, of a moving point from a 
fixed point O in the path, taken as origin, 
and 8 the number of units in the final 
distance OB, measured along the path, from 
the same origin O, and t the number of 
units in the interval of time in describing 

the distance AB = « ~ «j, we have for the mean speed the numeric 

equation 

*=-r (^^' 

When the interval of time is indefinitely small we have, in the^ 
notation of the Calculus, dt in place of t, and da in place of 8 — 8i. 
The instantaneous speed, or the speed, is then 

»=i- * 

Sign of Speed.— From (1) we see that if OB or « is numerically 
greater than OA or 8i, the value of v will be positive, or v equals a 
plus (+) quantity. If, however, si is numerically greater than a, 
the value of v will equal a negative (— ) quantity. When, then, the 
distance from the origin, measured along the path, is increasing, 
the value of v is positive (+). When the distance is decreasing, 
the value of v is always negative (— ). Moreover, if «i is on the 

opposite side of the origin from s, we have v = ^ "V ^' . 

V 

Equation (1) will therefore hold good generally if we take dis- 
tances from the origin in one direction as (+) and in the other 
direction as (— ). In such case, if the value of v comes out (+) it 
indicates motion in the assumed (+) direction, and if (— ) it indi- 
cates motion in the other direction. If t comes out (— ) it denotes 
time before the start, if (+) time after the start or beginning of 
motion. 

Speed a Scalar Quantity. — ^It will be evident from the preceding 
that the sign of v has no reference to any special direction in 
space. It simply indicates that the distance along the path from 
the origin is increasing or decreasing, without reference to the 
actual direction of the path at any instant. 

Speed, then, whether uniform or variable, mean or instantane- 
ous, is independent of direction of the path. A point moving with 
any given speed has that speed no matter what the shape of the 
path. 

Speed, therefore, is a quantity which has magnitude and sign, 
but is independent of direction. Such a quantity is called a scalar 
quantity. 

The student is cautioned here not to confound speed with ** velocity,** 
which, as we shall see hereafter (page 43), has direction as well as sign and. 
magnitude. Such a directed quantity is called a vector quantity. 
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Homogeneous EquationB.--We have already called attention in 
the Introduction (page 3) to the fact that the tmits in all numeric 
equations are always understood, and when these units are inserted 
the equation must be homogeneons, that is, everv term in it must 
stand for a quantity of the same kind. When this is not the case 
some error must have been made in the derivation of the equation, 
and the relations indicated by it are incorrectly stated. By simply 
inserting the units, then, in each term of any numeric equation we 
can at once check the result arrived at and often discover without 
further investigation if the result is incorrect. 

Thus suppose that the result of some investigation is expressed 

by 

S8 + 2t = lOw. 

Without reference to the various steps by which this result may 
have been reached, we can at once say that the result is incorrect. 
Thus if we insert the units, we have 

Se[L] + 2t[T] = lO^^l, 

and we see at once that the quantities in each term are not the 
same. The equation is not homogeneous. If, however, we had 

3a + 2*1? = lOvt, 

this equation is homogeneous, because when we insert the units 
we have 

3a[i] + 2f [T]r^^ = 10v^^t[Tl or 3«[X] + 2tv[L] = 10vt[Ll 

• 

Here all the terms axe quantities of the same kind, and the equation 
is homogeneous. The relation expressed by it is possible, tnat ex- 
pressed V the first is impossible, because we cannot add and sub- 
tract quantities of different kinds. It does not follow that the 
relation Sa + 2tv = lOvt is correct. It may still have been incor- 
rectly deduced. All we can say is it is not on its face absurd, while 
3s + 2f s= lOr is manifestly so. 

The student should make it a rule to first test in this manner 
any equation the truth of which is suspected, as it may often save 
him the trouble of examining in detail the entire investigation by 
which it has been deduced. If, however, it stands this test, then 
the derivation must be examined also. 

EXAMPLES. 

(1) Water issues from an orifice having an area of cross-section 
denoted by a, vnth a speed of v. If the discharge in cubic feet is 
denoted by g, criticise the formula q = av. 

Ans. Since a is the area of cross-section, its unit must be the unit of area, 
as, for instance, one square foot. The unit of "o is the unit of speed, or one foot 
per second. The unit of q by statement must be the unit of volume, or one 
cubic foot. We have then 

-^ ^ ^ . . 'P f t- cu. ft. 

a cu. ft. = a fiq. ft. X z = «« h 

^ ^1 sec, 1 sec. 

The equation is therefore not homogeneous. We have cubic feet on one side, 
equal to cubic feet per second on the other. If, however, q denotes discharge 
in cubic feet per second instead of discharge, then the equation becomes homo- 
geneous« 
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Even then it does not follow that the equation is correct as compared with 
fact. The actual discharge* per second may be less than given by ^ = av. 
But the equation as corrected is homogeneous and may be correct, whereas 
before we know it is incorrect, because it states an impossible equality be- 
tween unlike quantities. 

(2) A passenger sitting in a railroad car counts n rails passed 
over in 20 secorSds, If the length qf a rail is 29i feetj what is the 
speed in miles per hour f 

Ans. n miles per hour. The number of rails in 20 seconds is the number 
of miles per hour. 

(3) If the radius of the earth is 4000 miles, and if it describes a 
path of 600 millions of miles in 365i dxigs, find (a) the speed of a 
point on the equator with reference to a fuced point at the equator^ 
disregarding the motion about the sun ; (b) the speed in the pooh with 
reference to a fixed point in the path, disregarding the motion of 
rotation. 

Ans. (a) 1535.89 ft. per sec; (&) 19.01 miles per sec. nearly. 

(4) If the unit of speed is taken at 30 feet per second, and the unit 
of length at 20 inches, what should be the corresponding unit of 
timef 

Ans. [ F] = yt^ or the unit of speed must always equal the unit of length 

,. -.. „ rm^ W 20 i^- rmi 20 in. X 1 sec. 1 

per unit of time. Hence [T] = \^=^^ or [T] = ^oxiaiHT = ll '^' 

1 sec. 

(5) If 1 minute is the unit of time adopted, and 1 decimeter per 
second is the unit of speed, whai is the unit of length f 

Ans. [L] = [V]X[T] = \^' X 60 sec. = 60 decimeters. 

J. sec. 

(6) The distance of a moving point from a fixed point measured 
in its path is given by s = at ■\- bt^, wh^re s is the number of feet 
passeaover in the number of seconds t. (a) What is the unit of a 
and b f (b) What is the mean speed between the beginning of the 
Uh and the end of the 12th second from the start f (c) What is the 
instantaneous speed f 

Ans. (a) In order that the equation may be homogeneous, a should be given 
in ft. per sec. units and b in ft.-per-sec. per sec. units. (&) For ^ = 5 sec. the 
space passed over is 5a -f- 255. For ^ = 12 it is 12a + 1446. The distance 
passed over in the interval 12 — 6 = 7 sec. is la + 1196. Hence the mean 

speed is — ^ = a + 176. (c) We have for t = ti «i = ati + bti* and 

hence « — «, = a(< - <,) + 6(<» - «i«) or p^» = a + b{t + h). When the in- 

t — ti 

terval of time ^ — ^i is indefinitely small the instantaneous speed is a -|- 2bt, 

ds 
By Calculus — = a + 2&^ 

a?) The distance of a moving point from a given point in its path 
is given by s = S ■\- St, where sis the number of feet passed over in 
the number of seconds t, (a) What is the unit for 3 and 8 ? (&) What 
is the mean speed f (c) What is the instantaneous speed f 

Ans. (a) The number 8 should stand for 3 ft., the number 8 for 8 ft. per 

sec. (6) When t = 0, the initial distance is «i = 3 ft. Therefore — --^= 8 ft. 
per sec. (c) Since this is constant, the instantaneous speed is the same. Or 
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we can write — -^ = 8 ft. per sec. wliich we see is independent of the interval 
r — Ci 

ds 
t ^ti. Or — = 8 ft. per sec. 

(8) Suppose the distance is given by 8 = 7t + 8t^, (a) What is the 
mean speed and the instantaneous speed f (b) What is the mean speed 
between the beginning of the 10th and the end of the 12th second f 
(c) What is the instantaneous speed at the end of the Uh second f 

Ans. (a) - — -^ = 7 + 8(* + *0 = nieaJ^ speed. 7 + 16i = instantaneous 
t — t\ 

speed, (h) 175 ft. per sec. (c) 103 ft. per sec. 

(9) A train runs 40 miles per hour for half an hour, 30 miles an 
hour for 20 minutes^ and 36 miles an hour for 40 minutes. Find its 
mean speed. 

Ans. 36 miles per hour. 

(10) A point moves in a circle whose radium is 25 feet and makes 
6 revolutions in 15.708 seconds. What is the mean speed f 

Ans. 60 ft. per sec. 

(11) Redtice (a) QO feet per minute to centimeters per second; (6) 1 
kilometer per hour to centimeters per second ; (c) 36 feet' per second 
to yards per minute; (d) 10 yards per second to kilometers per hour. 

. , 60 ft. 60 X 30.479 cm. „ .„^ 

Ans, (a) z — r- = 7n^ = 30.479 cm. per sec. 

1 mm. 60 sec. 

,-^ 1km. 100000 cm. .„ „ 

<^> TIT = 8600 sec. = ^^'^ ^°^' P"'^ ^"- 
, . 36 ft. 12 yds. „^^ , 

lOyds^ ^ Mx 0.0091438 km. ^ ^^^^^^ ^^ ^^^^ 
1 sec. s^ hr. 

(12) Compare the magnitudes (a) of the foot per second and the 
miUper hour; (b) of the mile per hour and the yard per minute. 

1 mile 
, , Tlir 5280 ft. ^^ 1 sec. 5280 22 „ , ., 

^' (^>TTr = 3600^. ^ Ta =3600 = 15' Hence 1 mile per hour 

1 sec. ^ 

22 

is to 1 ft. per sec. as ^^ to 1, or as 1.466 to 1. 

15 

Imile 
^, Ihr. 1760yds. ^ 1 min. 1760 ^^, tt ^ n 
<^>T7dr = "WmE: ^ TTdT = lo" = ^^' Hence ImUe per hour 

1 min. 
is to 1 yd. per min. as 29^ to 1. 

(13) A point describes 50 feet in 6 minutes and another point de- 
scribes 60 centimeters in 6 seconds. Compare their mean speeds. 

50 ft. 

6 min. 50 X 30.47945 cm. _ 6 sec. 80.47945 ^ ^^^ „ 

^'m^. = — 36oi^^:^ — ><5o^. = -6r-=^-^- ^^^*^^ 

6 sec. 
mean speed in the first case is to that in the second as 0.508 to 1. 

(14) A man h feet in height walks along a level street at a uniform 
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^peed of V miles per hour, in a straight line from an electric light I ft. 
%n hetgkt. Find the m£an speed of the end of his shadow. 

Ans. I — hiDt :: I ix. 
Hence -r = j — ^ = speed required. 

(16) Avassenger in a railroad car moving 
vnth uniform speed counts 60 telegraph poles 
at equal intervals of 100 ft. passed in one 
minute. What is the mean speed of the train f 
Ans. 56.8 miles per hour. 

(16) Three planets describe paths which are to each other as 15, 19, 
ana 12, in tim^s which are as 7, 3, and 6. Find their comparative 
speeds, 

Ans. 225, 665, and 252. 

(17) Two bodies A and B describe the same path in the same direc- 
tion, with uniform speeds v and t/, and at the start the distance be- 
tween them is a. Find the time t when they will be at the distance b 
in the path, and the distance of each from the initial position of A. 
at the end of that time, 

Ans. Take, as the example requires, the position of -4, when ^ = 0, as the 
origin, and let distances in front of this origin be (-{-) and behind it be (— ). 
Then for the distance of A from the origin at the end of any time t we have 
s = vt. For the distance of B from the ori^n at the end of the same time, if 
B is initially in front of the origin A, we have «' = a + ®'^I ^^ ^ ^^ initially 
behind the origin A, sf = — a-\- rft. In general, then, «'= 'o't ± a, where the 
(+) sign is taken for a, when B is initially in front, and the (— ) sign when B 
is initially behind the origin A, We have, then, * — «' = tj^ — vi =F fl^. 

But by the conditions of the problem «•—«' = &. Hence 

6 = «e — «'< T a, or * = r • 

Substituting this value of t, we have 

9 = D ;, « = ± a + o' ; = ;-, 

^ — '0 V — V — V 

where the (-}-) sign or (•— ) sign for a is taken according as B starts ahead of or 
behind A, 

(18) In the preceding example, suppose the bodies move in the 
path in opposite directions, 

Ans. For the distance of A from the origin at the end of any time t, We 
have, as before, s = 'ot. If B is initially in front of A And moves in the oppo- 
site direction, we have if =z a — v't. If B is iniiiaUy behind A, we Tiave «' = 
— a — f/t. In both cases, then, «' = — i)'t ± a, where, as before, the (+) sign 
is taken for a when B is initially in front of A, and the (— ) sign when B is 
initially behind A, We have, then, a — «' = 6 = vt-\-^'t T a ; hence 

""« + y ~"tJ + «'* "" V + v' 

(19) Requited the time wihe/n the two bodies are together, 

Ans. In this case h = 0, and 

t = 1 » « = a' = 



where the (-f-) sign or (^) sign is to be taken for a according as B starts ahe^ 
or behind A, and the (+) sign or (— ) sign for t^ according as the bodies move 
in opposite or in the same directions in the path. 
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&0) Give fincMy the general soluiion. 

where a has the (-f ) or (—) sign according as ^ is in front or behind A, and v' 
lifia the (4*) o? (— ) sign according as the bodies move in opposite or ia the 
#<une directions i|i the path. 

(21) Two bodies A and B move in the circumference of a circle 
of length c, with uniform speeds v and t/, the distance apart at the 
beginning of the time being a. Find the time of the nth meeting ^ the 
^epace descrwed by A and Js, and the interval between ttoo successive 
meetings, 

Aii9. Plmung & = in the value for t in example 20, we have 

± a 
ti = 7 = time of the first meeting. 

Then t^ = — Z^"~ ~ **°^® °^ *^® second meeting, 

tt = ^^--r- = time of the third meeting. 

In general, U = ^ — . T = time of the nth meeting. 
Also, « = t>^ = « i-i^-; — ^ = space described by A, 

and 4 T a = —-;? ^ = space described by B. 

« ± tj 

The interval between two successive conjunjstions is 

e 



Cj — f 1 = Cj — t J =z 



v±v'' 



We take (+) or (^) sign for a according as ^ is in front of or behind A at 
start, and (+) or (— ) sign for v' according as the bodies move in opposite or 
same directions in the path. 

(22) When the earth is in that part of its orbit nearest to Jupiter, 
an eclipse of one of Jupiter* s satellites is seen 16 min, 30 sec, sooner 
than when the earth is most remote from Jupiter, The radius of the 
earth^s orbit being 92390000 mileSj what is the speed of light f 

Ans. 186000 miles per sec. 

(23) A train of cars moving unth a speed of 20 miles an hour had 
been gone three hours, when a locomotive was dispatched in pursuit, 
with a speed of tu)enty-five miles an hour. Find the time of meeting, 
the speeds being mmntained uniform during the time. 

Ans. ^ = 12 hoars. 

(24) Had the trains in the preceding example started together and 
moved in opposite directions around the earth, 24840 miles, in what 
time woulathey meet f 

Ans. 23 days. (See example 21.) 

(25) It is just one o'cloek by a dock. Find the time elapsed when 
the minute and hour hands will be together. 

Ans. 5^ minutes. (See example 21.) 

(26) The daily motion of Mercury in his orbit is 4%092S9 ; that of 
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VentL8 1^60216; that of the earth 0^98563. What are the intervals 
bettoeen the epochs at which Mercury and Venus respectively will he 
in the same direction from the sun as the earth % 
Ans. 115.876 days and 588.918 days. (See example 21.) 

(27) A man caught in a ehower in which the rain fell vertically^ 
ran with a speed of 12 feet per sec. He found that the dropsappeared 
to strike hie face at an angle of 10' with Hie vertical. What was 
the speed of the drops f 

Ans. 12 tan 80" = 68 ft. per sec. 

(28) When the path of the earth in its orbit is perpendicular to a 
line drawn from a star to the earthy the direction of the star appears 
to make an angle of 20^.445 with the perpendicular to the path of the 
earth. The speed of the earth being 68180 miles per hour, what is the 
speed of light f 

Ans. 191080 miles per sec. 

(29) Compare the speeds of two locomotives, one of which travels 
3971 miles in 11| hours and the other 262^ miles in 8| hours, 

Ans. 91 to 81. 

(30) A car makes a circuit of 4^ miles in one hour, stopping at 
two stations five minutes and two minutes respectively, ana making 
twenty other stoppages of an average duration of 10 sec. each; fina 
the average speea. 

Ans. 5.44 miles per hour. 

(31) An ordinary train takes ten hours to a certain trip, besides 
two hours in all of stoppages. The express goes 50 per cent faster, 
and makes the trip in 4 hours less. What time does it lose in 
stoppages % 

Ans. 1 hour 20 min. 

(32) A man rides a certain distance and walks Ixick in six hours. 
He could ride both ways in 3i hours. How long would it take him 
to walk both ways f 

Ans. 8^ hours. 

(33) The speed of the periphery of a wheel 12 feet in diameter is 
Q feet per sec; find the revolutions per minute, 

Ans. 9.5 rev. per min. 

(34) A person inquiring the time of day is told that it is between 
5 and 6 o'clock, and that the hour and minute hands are together 
Find the time, 

Ans. 5 hr. 27 min. 16^ sec. 

(35) Find the number of revolutions per mile made by a wheel 
^feet diameter, 

Ans. 378 rev. per mile. 

(36) How soon after 8 o'clock are the hour and minute hands 
directly opposite f 

Ans. lO^^min. 

(37) Two men walk opposite tvays round a circular course. They 
meet for the first time at the north point, the sixth time at the east 
point. Where will they meet for the sixteenth time, and what are 
the relative speeds f 

Ans. At the west point. Ratio of the speeds, 19 to 1, or 3 to 1. 
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(38) A courier starts from a given point with a speed of b miles 
in a hours. After n hours a second courier., travelling at the rate 
of d miles in c Iwurs^ sets out from a poird q miles ahead or behind 
ihe first point, and travels over the sams route. In what time will 
the second courier overtake the first % (See example 19.) 

Ans. --= — ~c hours, where the (— ) sign is taken if q is ahead and the (+) 
sign if q is behind. 

(39) A hollow ball A floating upon the surface of a stream is 
observed to have a speed of Vo. Ij A is united by a thin wire to 
another ball B which sinks in water y the speed of A is now observed 
to be Vi. Find the speed Vi of the water at the depth of B, 

f) -4- f) 
Ans. We have the combined speed o = -^-5-—^, hence cj = 2« — t©. 



CHAPTER n, 

RATE OP CHANGE OP SPEED. 

SQUATKOKB OF MOTION UNDBB DIFVBBBZTT BATB8 OP CHAKaS OF SPBBD 
GBAFHIG RBPBB8BNTATION OF BATE OF CHANOB OF SPEED. 

Change of Speei—When the speed of a point is variable, the 
aifference between the final and mitial instantaneous speeds for 
any interval of time is the total or integral change of speed for 
that time. 

Mean Rate of Change of Speed.— The integral change of speed 
per unit of time is the mean rate of change of speed. Therefore the 
number or units in the integral change of speed for any interval of 
time, divided by the number of imits m that time, gives the number 
of units in the mean rate of change of speed. 

When the mean rate of change of speed varies with the interval 
of time, it is variable. When it has the same magnitude, no matter 
what the interval of time, it is uniform. 

Instantaneous Rate of Change of Speed.— The limiting value of 
the mean rate of change of speed, when the interval of time is in- 
definitely small, is the instantaneous rate of change of speed. 

Rate of change of speed should always be imderstood as mean- 
ing the instantaneous rate of change imless otherwise specified. 

Rate of change of speed may be zero, imiform or variable. 
When it is zero, the speed is uniform and is the same as the mean 
speed for any interval of time. 

When it is uniform, the rate of change of speed is the same as 
the mean rate of change for any interval of time. 

When it is variable, the mean rate of change has different values 
for e^ual intervals of time. 

Dimensions of Unit of Rate of Change of Speed.— Let us denote 
the rate of change of speed by A and its unit hj[A ] and the nimiber 
of units hy a, so that A = alA], Then if Vi[V] and v[V] are the 
initial and final instantaneous speeds and t[T] the corresponding 
interval of time, we have the integral change of speed (v — Vi)\V] 
and by definition the mean rate of change of speed is * ' 

We shall always have the numeric equation 

V — Vi 

if we take 



M = [5fj = ^a (page 16). 
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The unit of rate of change of speed is then one unit of speed per 
unit of time, as for instance one foot-per-sec. per sec. 

Numerio £qaations of Bate of Change of Speed.— We have then 
the numeric equation for the mean rate of change of speed 

v — Vi ... 

« = -i-' • W 

where v and v\ are the number of units in the fUial and initial 
instantaneous speeds during the interval of time t units. 

For the instantaneous rate of change of speed we have the 
limiting value in the notation of the Calculus 

"m-wr <» 

Sign of Bate of Change of Speed.— From (1) we see that if i? is 
numerically greater than Vi the value of a will be positive (+), and 
if Vi is numerically greater than v the motion is retarded and the 
value of a is negative (— ). The value of a then is positive ( +) when 
the speed increases, and negative (— ) when the speed decreases 
during the interval of time r. 

Bate of Change of Speed a Scalar Quantity.— It is evident that 
the sign of a has no reference to any special direction, but simply 
shows whether the speed is increasmg or decreasing numericaUy. 
Bate of change of speed is therefore, like speed (page 16), a scalar 
quantity. 

The student Ib cautioned here not to confound rate of change of speed with 
"acceleration/* which, as we shall see hereafter (page 49), has direction as well 
as magnitude and sign, and is therefore a vector quantity. 

EXAMPLES. 

(1) Apoint moves at a given instant with a speed of 12 ft, per 
sec, ana at the end of 3 sec, after, with a speed of 16 ft, per sec. 
What is the change of speed, and the mean rate of change of speed f 

Ans. + 4 ft. per sec. ; -|- 1 ft.-per-sec. per sec. The (+) sign indicates that 
the speed increases. 

(2) A train starts from rest and in 8 min, attains a speed of 30 
miles an hour. What is the uniform rate of change of speed f 

Ans. -|- 226 miles-per-hour per hour. 

(3) Compare the foot-per-sec, per sec, and the yard-per-min. per 
min, 

Ans. 1 ft.-per-sec. per sec. is equivalent to 1200 yards -per-min. per min. 

(4) Reduce 400 ft.-per-min. per min, to kilometers-per-hour per 
hour, to feet-per-sec, per sec,, and to centimeters-per-sec, per sec, 

Ans, 438.9 kil.-per-hour per hour ; f ft.-per-sec. per sec. ; 8.88 cen.-per-sec. 
per sec. 

(5) Reduce 1 mile-per-min, per min, to centim^ers-per-sec per sec, 
Ans. 44.7. 

(6) If we take 32.2 ft,-per'See, per sec, as the unit of rate of 
change of speed, and 5 yards as the unit of length, what should be 
the unit of time % 



Ans. m = /g = |/g^i sec. = 0.68 sec. 
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(7) In 15 see, the speed of a point changes from 400 to 100 ft. per 
sec. Find the uniform mean rate of change of speed. 

Ans. — 20 ft.-per-8ec. per sec. The minus sign shows that the speed 
decreases. 

(8) The distance measured in the path of a moving point from a 
fixed point is given by s = at + bV, where s is the number of feet 
j^ssea over in the number of seconds t. What is the mean speed, 
instantaneous speedy mean rate of change of speedy instantaneous 
rate of change of speed f 

Ans. Mean speed, - — -^ = a-{-b{t-\- U), Instantaneous speed, 57 = « + 

c — — Ci dt 

2bt Mean rate of change of speed, - — r-^ = 2b, Instantaneous, the same. 

t — ti 

(9) ^ the distance is given 6y « = 2f + 3^' + 4f *, what is the mean 
speed between the origin and final position at the end of 5 sec, % 
What is the instantaneous speed at the origin and at the end of 5 
sec. f What is the mean rate of change of speed between the origin 
and at the end of 5 sec, f What is the instantaneous rate of change 
of speed at the origin and at the end of 5 sec, f 

Ans, Mean speed, *^- = 2 + d{t + ti) -h Mt* + «, + <i*). M we let «, = 

when t^ = 0, the time t counts from the origin, and we have for ^ = 5 mean 

speed = 117 ft. per sec. 

ds 
Instantaneous speed, ij = -— = 2 + 6< + l^f*. For « = this gives 2 ft. per 

sec. For ^ = 5, 332 ft. per sec. ' 

Mean rate of change of speed, - — -* = 6 + ^2(t + ti). For t^ = and t = 

5, this gives 66 ft.-per-sec per sec. 

Instantaneous rate of change of speed, -- = 6 + 24^. For < = this gives 

ox 

6 ft.-per-sec. per sec. For < = 5, 126 ft.-per-sec. per sec. 

(10) If a point traverses in t units of time a distance measured 

a 
in the path of s units of lengthy given by s = -7+ bt^, where a and b 

are constants, what is the mean speed, the instantaneous speed, the 
mean rate of change of speed, the instantaneous rate of change of 
speed f 

Ans. Mean speed, - — -* = — — +b{t-\-ti). 

Instantaneous speed, v = -t-= — r- + 2bt, 

at t 

Mean rate of change, -- — ^ = ' ^ + 26. 

t — &! ti t 

Instantaneous rate of change, -r'= —r4-2b, 

at t* 

(11) A steamer leaves Liverpool for New York, and a vessel leaves 
New York for Liverpool at the same time; they meet, and when the 
steamer reaches New York, the vessel has as far to go as the steamer 
had when they met. If the distance is 3000 miles, how far out from 
Liverpool did they meet f 

Ans. 1854 miles. 
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(12) A walks at the speed of 3} miles per hour and starts 18 
minutes before B. At what speed must B walk to overtake A at the 
ninth milestone f 

Ans. 4.29 miles per hoar. 

(13) A tourist left behind by his companions, wishes to rejoin 
them on the following day. He knows they are 6 miles ahead, will 
start in the mxyming at 8 d^ clock, and will walk at the rate of 3i miles 
an hour. When must he start in order to overtake them at 1 o^clock 
p.m., walking at the rate of 4 miles an hour, and resting once for 
naif an hour on the road f 

Ans. 7 h. 12 m. a.m. 

(14) A man walking 4 miles an hour meets 20 street cars in an 
hour and is overtaken by 4. What is the average speed of the cars, 
and what is the average distance between successive cars f 

Ans. 6 miles per hour ; ^ mile. 

(15) A starts from a railway station, walking 5 miles an hour ; 
at the end of an hour B starts, walking 4 miles an hour. At the end 
of another hour a train starts and passes A 25 minutes after it 
passes B. Find the speed of the train, 

Ans. 20 miles an hour. 

(16) A passenger-train going 41 miles an hour and 4Sifeet long 
overtakes a freight on a parallel line. The freiaht-train is 71S feet 
long and is going 28 miles an hour. How long does it take the pas- 
senger-train to pass f 

Ans. 1 minute. 

(17) In a mile race A gives B 50 yards. B passes the line 5 
minutes after the start. A passes it 5 seconds later. Which would 
win in an even race, and by what distance f 

Ans. A by 21^ yards. 

Equations of Motion of a Point under Different Bates of Change 

of Speed. — The rate of change of speed may be zero, uniform or 
variable. When variable, it may vary according to any law. 

(a) Bate of Chan^ of Speed Zero. — When the rate of change of 
speed is zero, the speed is uniform, and the instantaneous speed at 
any instant is equal to the mean speed for any interval of time. 

In this case, if Si is the number of units m the initial distance, 
measured along the path from the origin, and s the number of units 
in the final distance, we have 

S — Si . 

V = — 7 — , or vt = s — Si (1) 

This equation will be general if we take distances from the origin 
in one direction as (+) and in the other direction as (— ). In such 
case, if the value of v comes out ( +) it denotes motion in the assumed 
(+) direction; if (— ), it denotes motion in the other direction. If t 
comes out (+) it denotes time after, if (— ) time before the start, or 
beginning of motion. 

(6) Bate of Chang^e of Speed Uniform. — When the rate of change 
of si)eed is uniform, the instantaneous rate of change of speed at 
any instant is equal to the mean rate of change of speed for any 
interval of time. 

In this case, if v and vi are the number of units in the initial and 
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flnal instantaiieouB speeds for any interval of time t unite, we have 
for the uniform rate of change of speed 

a = ^ (2) 

The value of a is (+) when the speed increases and (— ) when it de- 
creases during the interval of time t ' 
From equation (2) we have 

V ^Vi + at , (3) 

The average speed during the interval t is 

mean speed =s — s — = Vi + -^at (4) 

The distance (s — 8\) between the initial and final positions^ de- 
scribed in t^e time ^ is the mean speed multiplied by the time, or 

« — «j = -— — t = Vxt 4- -gi^ (6) 

Inserting the value of t from (2) we have 



\ 



Hence v» = Vi^ + 2a(8 — 8i) (7) 

In applying these formulas, a is positive (+), when the speed in- 
creases, and negative (— ), when the speed decreases, without regard 
to direction of motion. 

If distances 8, 8i , from the origin, in one direction are taken as 
positive (+), distances in the opposite direction are negative (— ). 

Speeds v, v^ are positive (+) when motion is in the assumed 

fositive direction, and negative (— ) when in the other direction, 
f f is minus (— ), it denotes time before the beginning of motion; if 
plus (+), time after. 

By means of these equations, if we have given the initial position 
of a point moving in any path, its initial speed and uniform change 
of speed, we can determine its final position and speed and the dis- 
tance described in any given interval of time. 

[(c) Sate of Change of Speed Variable.] — If the rate of change of speed is 
variable, we have from (1), in Calculus notation, for the instantaneous speed, 

ds 

' = *• («) 

and from (2), 

^^ dt ~5^* • • . W 

and from (8), 

S'-s,^/ vdt (10) 



— 8i = f vdt 



The preceding equations for constant rate of change of speed can be directly 
deduced from these three general equations. 

Thus if we suppose a constant, we have, by integrating (9), « = a^ -^ (7, where 
(J is the constant of integration. When ^ = 0, we have « = «j, , and nence C = 
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«, . Hence v^t^+at, vrhich is equation (S). Inserting this value of « in (8) 
and integrating, we have 8 =^9it-^ ^* + 0. Bat when t = we have i s «| , 
hence 0=8^, and, therefore, 8 — 8^ = Vit + ^*, This is equation (5). 

In any case, if the law of variation of a is given, we can find the relation 
between v, 8 and t. 

Oraphio Bepresentation of Sate of Change of Speed.— If we rep- 
resent intervals of time by distances laid off horizontally along ^e 
axis of Xj and the corresponding speeds by ordinates parallel to the 
axis of y, we shall have m general a ciu^e for which the change of 
y with X win show the law of change of speed with the time. 

(a) Bate of Ghang^e of Speed Zero. — Lay off from A along AB 
equal distances, so that the distances from ii to 1, 1 to 2, 2 to 3, etc., 
are all equal and represent each one second of time, and let AB 
represent the entire time t. y 

Then at A, 1, 2, 3, and B 
erecttheperpendiculars AAf, 16, ^ 

2c, 3d, BN, and let the length of 
e£tch represent the speed at the 
corresponding instant. 

Since there is no change of 
speed, these perpendiculars will © a i 2 s b 

all be of equal length, we shall •*^* ^' *^' 

have AAf = 16 = 2c = 3d = BN "" 1= "^ 

= V, and the speed at any interval of time will be given by the 
ordinate at that instant to the line itfAT parallel to AB, 

The space described in any time is given by «— «» = vt. This is 
evidently given by the area AMNB in the diagram. Therefore, the 
area corresponding to any time gives the space described in that time, 
(h) Bate of Chang:e of Speed Conatant.— Lay off as before the time 

along A^, and at A, 1, 2, 3, B, 
the corresponding speeds, so 
that AM is the initial speed Vi 
and BN the final speed v. Draw 
MC, bc'y cd\ parallel to AB. 

Then 66' will be the change 
of speed in the first sec, cc' the 
change of speed in the next sec, 
xiand so on. Since these are to 
be constant. NM is a straight 
line, the ordinate to which at 




MO. 



> — * ^-V 



any instant will give the speed at that instant. 

66 
The rate of change of speed is then 



c& 



dd' 



W 



1 sec 1 sec 1 sec 



= a. 



v—v. 



But = — r— » = a. Hence the rate of change of speed is the tan- 

JL sec V 

gent of the an^le NMC which the line MN makes with the horizontal. 
Hencea = --- or NC = at 

The distance described in the time t is from equation (5) given 

l>y — g— '^. But this is the area of AMNB. Therefore, the area 

corresponding to any time gives the space described in that time. 
We have then directly from the figure, since NC = at, 



S 



«i - ^^' « = Vi f + pre X f :== r, f + ^ot*. 
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If V. is greater than v, a will be negative, and the line MZVis in- 
clined Delow the horizontal MC. 

[(c) Sate of Cliange of Speed Variable.]~If the rate of change of speed is 

not constant, we shall have in general a curve MNn. The tangent to this 

curve at any point N makes an angle with 

dv 
the axis of X, whose tangent is -j- = a, 

at 

equation (9), or the rate of change of speed. 

The elementary area BNnb = i^t = ds, 

equation (8), and the total area AMNB = 

Jr vdt = »— *i, equation (10). 

When 37 = 0, or :ni = 0, or a = 0, 
dt dt^ 

the tangent to the curve is horizontal at the corresponding point, and we have 
the speed at that point a maximum or Tnlnimnm, according as the curve is con- 
cave or convex to the axis of X. 
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EXAMPLES. 

(1) The speed of a point changes from 50 to SO ft, per sec, in pass- 
ing over 80 ft, Fina the constant rate of change of speed ana the 
time of motion, 

900-2500 ,^ .^ rm, • 

= — 10 ft.-per-sec. per sec. The mmus 



Ans. a = 



«, — «,« 



2(« - «J 2 X 80 



.J-4.J J ^ « — «. 30 — 50 ^ 
sign mdicates decreasing speed, t = * = ^tt- = 2 sec. 



a 



-10 




^-30 40« = 80, or t = 2 sec. Also a = ?^-^ = - 10 ft..per- 



(2) Draw a figure representing the motion in the preceding eocam- 
pie, and deduce the results directly from it, 

Ans. Average speed = — ^ — = 40 ft. per sec. Hence 

t 

sec. per sec. 

(3) A point starts from rest and moves with a constant rate of 
change of speed. Show that this rate is numerically equal to twice 
the number of units of distance described in the first second. 

It — M 1 

Ans. We have * = 1 and v^ =0; hence from eq. (5) • -, —-^t or o = 

J. sec. A 

y'-^O ^i^ich is numericaUy equal to 2(* — »,). 
1 sec' 

(4) In an air-brake trial, a train running at 40 miles an hour was 
stopped in 625.6 ft. If the rate of change of speed was constant 
during stoppage, what was it f 

40 X 5280 
Ans. From eq. (6), we have for « = 0, « — ^^ = 625.6, and v^ = ,- -^ , 

OO X 60 

- t>,« _ (40 X 5280) ' _ 

* - ~ 2 X 626.6 ~ " (60 X 60)« X 2 X625:6 - "^-^^ ft-per-sec. per sec. 

The (— ) sign shows retardation. 

(5) A point starts with a speed Vx and has a constant rate of 
change of speed — a. When wul it come to rest, and what distance 
does it describe f 
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Ans. From eq, (8), when c = 0, we have «, — at = 0, or t^—. From eq. 

(6) A point describes 150 ft, in thefirst tnree seconds of its motion 
and 50 ft, in the next two seconds. If the rate of change of speed is 
constant J when will it come to rest f When will it have a speed of 
30 ft. per sec, % 

9 
Ans. From eq. (5) we have for « — «, = 150 and t = 3, 150 = 8f>, + «« ; and 

for « — *j = 200 and t = 5, 200 = 5«, + -^a. Combine these two equations and 

we have a = — 10 ft.-per-sec. per sec, and ©, = 65 ft. per sec. From eq. (3), 
if « = 0, we have 65 — 10* = 0, or * = 6.5 sec. From eq. (3) we also have, 
if © = 80, 30 = 65 — lOi, or « = 3.5 sec. 

(7) A point whose speed is initially 30 meters per sec, and is 
decreasing at the rate of 40 centimeters-per-sec, per sec,, moves in its 
path until its speed is 240 meters per minute. Fifia the distance 
traversed and the tim>e, 

Ans. We have «i = 80 and « = 4 meters per sec., and a = — 0.4 meiers- 

Ifl — 000 
per- sec. per sec. From eq. (6) * — «i = rr-^— = 1105 meters. From (3) we 

have 4 = 30 — 0.4*. or * = 65 sec. 

(8) A point has an initial speed of Vi and a variable rate of 
change of speed given by+kt^ where k isa constant. What is the 
speed arCd distance described at the end of a time t f 

Ans. From eq. (9) we have a=-^ = kt, and integrating, « = -jr- + C7. If, 

dt 2 

kt* 
when i = 0, we have t> = «, , we obtain C = Vi, and hence « = ©^ -^ — -. 

2 
From eq. (8) ds = wU=: v^dt H g-. Integrating, 8=:f)^t+—+ C, If, 

when t = 0, we have « = 0, we obtain C = 0, and hence * = tjj* + -—. 



(9) A point lias an initial speed of 60 ft* per sec, and a rate of 
change of speed of + 40 ft,'per-sec. per sec. Find the speed after 8 
sec, ; the time required to traverse 300 ft,; the change of speed in 
traversing that distance ; the final speed, 

Ans. From eq. (3) we have t> = 60 + 40 X 8 = 380 ft. per sec. From eq. 

/ftft~ 3 
(5) we have 300 = 60* + 20«", or i = ± V -j-- - = + 2.65 sec. or — 6.65sec. 

4 3 

The first value only applies. __ 

From eq. (3) we have « - «, = 40f = 20(± V69 - 3) = + 106 ft. per sec. or 
— 226 ft. per sec. The first value only applies. 

We have for the final speed « = + 166 ft. per sec. or — 166 ft. per sec. 
The first value only applies. 

That is, the point starts from A with the speed t^^ = 60 ft. per sec. and de- 
scribes the path AB = 300 ft. in f = 2.65 sec., 

the speed at B being v = 166 ft. per sec. ^ ^ 

In order to interpret the negative values ^ aooyvT 
obtained, we observe that v = — 166 ft. per 'A t7^-.-i-80 "Ngi>—+i66 

sec. means that the point moves in the opposite t ~ 2.6S 

direction. 
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Let the point then start from B in the opposite direction with the speed v. = 
— 166 ft. per seo. Then from eq. (8) we hare « s= ^ 166 + 40C. We see that 

when t = 4.15 sec., « = 0, and the point 
has passed to some point P, where the 
speed is zero. This point Is the twrning- 
'^©i— -i«6 point. For t greater than 4.15 sec. v be- 
comes positive; that is, the point moYe» 
t-5.65 hiCk towards B, and arrives at a point 

P'^-« A where the speed is « = +60 in the 

time given by 60 = 40*, or t = 1.5 sec. 
The entire time from Bio P and back to ^ is t = 5.65 sec. This is the time 
given by the negative valne of * in the example ; that is, it is the time before 
the start, during which the point moves from B to P and back to A, The 
change of speed « — vi is + 60 -j- 166 = + 226, which is the negative value in 
the example. 

For the space BA described hettoeen the initial and fincU positions, we have 

^±£!^ or +^~^ jg X 5.65 = - 800 ft., the (-) sign showing that the dis- 
tance is on the other side of the origin, from the case of the example. 

We see then that our equations are general if we have regard to the signa 
of «, 17] , s, s^, and a. 

(10) If the motion in example 9 is retarded^ find (a) the distance 
described from the starting to the turning point; (6) the distance de- 
scribed from the starting-point after 10 sec., the speed acquired and 
the distance between thejinal and initial positions; (c) the distance 
described during the tims in which the speed changes to —9^ ft. per 
sec., and this time; (d) the time required by the moving point ta 
return to the starting-point* 

Ans. The initial speed is «, =4-60 ft. per sec., the rate of change of speed 
is a = — 40 ft.-per-sec, per sec. Let the time count from the start at A, so- 
that «i = 0, when * = 0, and let dis- 



tances and motion from A towards P 
be positive. 

(a) We have from eq. (6) for the 
distance from A to the turning-point 
P, where « = 0, 



C - 



55:2:^.4 




^ V 840 



p V-O 



— f> 



2a 






-8600 

-80 



=r+45ft. 



(6) From eq. (5) we have for the distance between the initial and final posi* 

tions after 10 sec. ul5 = « = ^^t + ^at^ = 60 X 10 - 20 X 100 = - 1400 ft. 

The minus sign shows distance on left of A, The total distance described ia 

then 1490 ft. The speed acquired is given by eq. (5) - 1400 = ^iL?? x 10 

or « = — 340 ft.-per-sec. The minus sign shows motion from A towards B. 
(c) From eq. (6) the distance between the initial and final positions, whea 



= - 66.25 



the speed is - 90 ft. per sec. , is 4 (7 = * = ^ ^' = ^^^ - ^^ 

2a —80 

ft. The minus sign shows that (7 is on left of A» The total distance described 
from the start is then 56.25 + 90 = 146.25 ft. The time, fiom eq. (5), is- 

^00 4-60 1 \ /» 

- 56.25 = ^^^ t, or t = 8.75 sec. 

(d) The time to reach the turning-point, as we have seen, is 1.5 sec. The 
time to return is, from eq. (5), 45 = ^* = 1.5 sec. The entire time to go and 
return is then 8 sec. 
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(11) A railway train runs at a speed qf 20 miles an hour, and its 
meed is increasing uniformly at the rate of 14 feet-per-min. per min. 
Find its speed after li hours, and the distance traversed in that time. 

Ana. 14 feet-per-min. per min. =9.54 miles-per-houp per hour. From eq. 

(3) t> = 20 + 9.54 X 1.5 = 84.3 miles per hour. From eq. (6) the distance de- 

34 3' — 20' 
scribed is ^' q ^ =40.7 miles. 

^ X V.04 

(12) A railway train moving vnth a ^peed of 50 miles an hour 
has the brakes put on, and the speed diminishes uniformly for 1 
minute, when it is found to he 20 miles per hour. Find the rate of 
change of speed, and the distance traversed. Also the tim^e in which 
it wul come to rest and the distance traversed. 

Ans. From eq. (3), a = "" ' = — ^ — = — 1800 miles-per-hour per hour. 

60 

^ ,«v XV J. . X ^ . 400 - 2500 7 ., - , ^ 
From eq. (6) the distance traversed is k^kr — = tk niile. In order to come 

to rest, t = = —^toKa = oS ^®^' = ^^^ ^<^' "^^ distance in coming to 

-V -2500 25 ., 

(13) Express a rate of change of speed of 600 centimeters-per- 
second per second, in terms of the kilometer and minute. 

Ans. 18 km.-per-min. per min. 

(14) The speed and rate of change of speed of a moving point at a 
certain moment are both measured by 10, the foot and second being 
the units. Find the number measuring them when the yard ana 
minute are the units. 

Ans. 200 yards per min. ; 12000 yards-per-min. per min. 

(15) What is meant when it is said that the rate of change of speed 
of a point is + 10, the units being foot and second ? If the point loere 
moving at any instant at the rate of 7^ feet per second, after what 
time wovM its speed be quadrupled f and what distance would it de- 
scribe in that time $ 

Ans. 2isec.; 42.1875 ft. 

(16) A body describes distances of 120 yards, 228 yards, 336 yards, 
in successive tenths of a second. Show that this is consistent with 
constant rate of change of speed, and find the numerical value if the 
units are a minute and a yard. 

Ans. 38880000 yards-per-min. per min. 

(17) A point is moving at the rate of 5 feet per sec, a quarter of a 
minute after at the rate of 5Qfeet per sec., half a minute after at 95 
feet per sec. Show that this is consistent vnth a constant rate of 
change of speed, and find its value, 

Ans. 3 ft.-per-sec. per sec. 




CHAPTEE m. 

DISPLACEMENT. RESOLUTION AND COMPOSITION OF 

DISPLACEMENTS. 

Displacement. — ^The total change of position, mea43ured in units 
of length, of a point, between its initial and final positions, without 
reference to the path described, is the linear displacement of the 

point. 

Thus if a point moves from the position A^ 
to the position Aa, the distance AiA% is the linear 
displacement, no matter what the path may 
have been from Ax to ^a. 
The term displacement always means linear displacement unless 
otherwise specified. 

Line Representative of Displacement. — The displacement of a 
point is therefore completely represented by a straight line. The 
length of the line gives the magnitude of the displacement, and the 
direction as denoted by an arrow gives the direction of the dis- 
placement. 

Thus the straight line AiA^ represents by its Ai 
length the magnitude of a displacement, ana the 
arrow shows that the displacement is in the direction 
from Ai to A^. 

A displacement then has both magnitude and * 

direction, and such a quantity is called a vector quantity. All 
vector quantities can be represented thus by a straight line.* 

Relative Displacement. — Since the displacement of a point is 
change of position, it can only be determined by reference to some 
chosen point of reference. 

Thus if Ax and Aa are the initial and final positions of a moving 

point A, and Bx is some chosen point of refer- 

BjV TV ence, we call AxA^ the displacement of A with 

\ / \^ reference to J5i, because to an observer at Bx 

\ / >v the point A would move from Ax to A^ in the 

\ / \. direction AxA^. 

bJ Aa But to an observer on the moving point A , 

the point -B, would appear to move from Bx to 
J5a , and this is really the displacement of JB relative to A, 

That is, any change in the relative position of two points A and 

* As we shall see hereafter, linear velocity and acceleration, angular ve- 
locity and acceleration, moment of linear velocity and acceleration, moment of 
angular velocity and acceleration, are all vector quantities, and the same prin- 
ciples apply to all of them as to displacements. 
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B may he regarded either as a displacement of A relatiw to Bar as 
an equal and opposite displacement of B relative to A. 

Belative Displacement — Twp -Points.— If then the straight line 
AB represents the displacement of a point A 
-with reference to a point B, the equal and op- 
X>osite line BA represents the displacement of !B 
relative to A, 

We shall always denote therefore relative 
displacement by a line, the length of which 
gives the magnitude of the displacement, the 
arrow its direction, and the letters at the end the two points. Thus 
in the figure one line gives the displacement of A relative to J5, the 
other gives the displacement of B relative to A. 

Eelative Displacement — Three Points. —Triangle of Displace- 
ments.*— Let a moving point A have the dis- 
placement AB with reference to a point J&, 
and at the same time let B have the displace- 
ment BC with reference to a point C, , and let 
Bi , JBa be the initial and final positions of the 
point JB. 

Then it is evident that since the point has 
the displacement AB with reference to J5, and 
at the same time B moves from Bi to B^ , the point moves from A to 
C and AC is the displ£tcement of A with reference to C 

Conversely, from the preceding article, CA is the displacement 
of C relatively to A. 

Hence, if two sides of a triangle ABC taken the sams way round 
represent the displacements of A relative to B and B relative to C 
respectively^ the third side taken the opposite way round will repre- 
sent the displacement of A relative to C, and taken the same way 
rounds the displacement of C relative to A. 

This is called the principle of the triangle of displacements. It 
evidently makes no difference whether the displacements are 
simultaneous or successive. The same principle holds true in 
both cases. 

Polygon of Displacements. — Let AB, 
BC and CD be the given displacement of 
A relative to B, B relative to C, and C 
relative to D. Then if we lay off succes- 
sively AB and BC in given direction and 
magnitude, the line AC gives the displace- 
ment of A relative to C. If we lay off 
CD, the line AD gives the displacement of 
A relative to D. 

Hence, if any number of displacements 
in the same plane are represented by the 
sides of a plane polygon, ABCD, etc, taken 
the same way round, the line AD which closes the polygon taken the 
opposite way round will give the mxignitude and direction of the re- 
sultant displacement of the first point relative to the last, and taken 
the same way round, of the ktst point relative to the first. 

This principle is called the polygron of displacements, and it evi- 

* We shall see hereafter that all the principles which follow in this chap- 
ter relating to displacements hold equally good for linear and angular veloci- 
ties and accelerations, for tbe moments of linear and angulai' velocities and ac- 
celerations, and for forces suid moments of forces. 
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dently holds good whether the disphicements are sticceasive or 
simultaneous, 

Besolation of Displacements. — By the application of these prin- 
ciples a given displacement or any numher of given displacement& 
may he resolved into two components in any two given directions. 

Thus suppose the displacement of A relative 
to jB to he given by the line AB, We can re- 
solve this displacement into components in any 
two directions "given by the arrows a and 6, by 
drawing lines from A and B parallel to these 
directions till they intersect at some point O. 
Then the displacements AC and CB taken the 
other way round are the component displacements- 
of AB in the required directions. 
If any number of displacements AB, BC, CD, etc., ^ 
are given, we have the resultant displacement AD, 
and this displacement can be resolved as before into 
any two directions required. ^ ^^ 

Bectangolar Components.— When a displacement 
is thus resolved into two directions at right angles, 
the components are called rectangular compoiients. 
Unless otherwise specified, when we speak of the components of 
any displacement, the rectangular components are always under- 
stood. 

The Component of the Besultant is equal to the Algebraic Sum 
of the Components of the Displacements. —It is evident that the 

resultant of any two given displacements is equal 
B to the algebraic sum of their components in the 
direction of the resultant. 

For if AC and CB are the given displacements, 
the resultant AB is equal to the sum of the com- 
ponents AD and DB. 

So also for any number of displacements, the 

resultant AE is equal to the algebraic sum of the 

components of the displacements in the direction 

of A^. 

The component in any given direction, of this 
resultant itself, is then equal to the algebraic sum 
of the components of the displacements in the 
same direction. 

Thus the projection of the resultant AE upon 
the line OP, or the component of AE in the direc- 
tion OP, is the algebraic sum of the components 
Y of AB, BC, CD and DE in 

the direction OP. 

Components not in the 
Same Plane. — ^The same principles apply for 
components not in the same plane. 

Thus if OA is a given displacement, and we 
^ draw AB perpendicular to the plane of XZT 
meeting it at B, we have the components OB 
and BA. 

Again, we can resolve OB into the compo- 
nents OC and CB, The components then are OC, CB and BA. 

Sign of Components of Displacement. — A sign of (+) or (— ) pre- 
fixed to the magnitude of a component displacement indicates 
direction. Thus for three rectangular axes OX, OY, OZ, a com- 
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jponent displacement in the directions OX, OT, OZ is positive, and 
in the opposite directions negative. 

If polar co-ordinates are used, the com- 
ponent displacement along the radiiis vector 
IS positive when away from the pole, nega- 
tive when towards the pole. 

Evidently, then, we measure angles in 
the plane XY from OX aroimd towards 
OY; in the plane YZ from OY around 
towards OZ; in the plane ZX from OZ 
around towards OX, as shown by the 
arrows in the figure. 

Analytical Determination of the Besnltant for Concnrring Dis- 
placements. — When the line representatives meet in a point they 
are called concurring. All displacements of a single point must l>e 
•concurring. The magnitude and direction of any number of such 
concurring component displacements being given, to find expres- 
sions for the magnitude and direction of the resultant. 

(a) When there are Two Given Components. — Let OB = di and 

BC = da be two component displacements 
making the angle a and in the indicated 
directions. 

Then the resultant is OC = dr and is 
given at once in magnitude from the tri- 
angle OBC, 

dr^ = {di + da COS ay + (d« sin ay = di* + 2dida cos a + d«'. 

The resultant dr makes with di an angle a, given by 

di + di cos ot 



B ^^-'■ 




(1) 



cos a = 



dr 



(2> 






(6) When there are Any Number of 
Components in any Given Direction. — 
Take three rectangular axes, OX, OY, 
OZ, through the point O, and let the 
component displacements di, da, ds, 
etc., make the angles or,, /?,, ;^ ; aa, /?,, 
ra, etc., witl^ the axes of X, F, Z respect- 
ively. 

Then we have for the sum of the 
components in the direction of X, F, 
and Z, 

dx = di cos «! + da cos aa + . 

dy = dx cos Pi + da cos /?,+ ... = 2d cos/?; 

dz = dx cosri + da cos ra + . . . = 2dcosr. 

In these summations we must take components with their proper 
signs as directed in the preceding Article. 

We have then for the magnitude of the resultant dr. 




= 2dcosa; 



(3) 



dr = Vda,' + dy* + dz*. 



(4) 

This resultant makes with the axes angles a, b, c, respectively, 
given by 

da> I dy d« 



cosa= ,^, cos6 = -j-, 

Or (*r 



COS C = -J-, 
dr 



(5) 
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The projections on the planes XY^ TZ^ ZX make angles with X^ 
F, Z, respectively, whose tangents are 

^ ^* ^ (6> 

Cor. 1. If all the displacements are in one plane, make dz = 0. 
Then 

dr = Vdx^ + dy" (7) 

cosa = — , cos 6 = -/^; (8) 

Or dr 

and, since cos& = sin a, 

tana = ^ (9) 

dx 

CoR. 2. When there are but two displacements, dx and d, take 
OX corresponding with dx . Then dx = di + d cos a^dy = d sin a, and 
we have at once equations (1) and (2). 

CoR. 3. If the two displacements are in the same direction or in 
opposite directions, a = or 180°, and 

dr = dx ± d. 

That is, the resultant is the algebraic sum of the displacements. 
CoR. 4. If the two displacements are at right angles, a = 90** and 

—^—^—>. il t1 ft. 

dr — Vdi" + d', sin a = -—, sin 6 = -- = cos a, tan a = ^j-* 

dr dr <*i 

CoR. 6. If the two displacements are equal, di=d and 

dr^ = 2(f (1 + cos a) = 4d»cos»^, 

hence dr = 2d cos ^. 

Also, sma = = sm-7r, hence a= — 

2a cos - 
2 

CoR. 6. If the two displacements are equal and a = 120% then 
dr = d, and a = 60\ 



EXAMPLES. 



(1) A wheel whose radius is r rolls on a horizontal plane until it 
turns through a quarter revolution. Find the displacement of the 

point of the wheel initially in contact vnth 
the plane relative to the point diametric- 
ally opposite, 

Ans. Let C represent the initial point of con- 
tact of the plane, A the point of the wheel in con^ 
tact with G in the plane, B the point of the wheel 
diametrically opposite A. 

The displacement of B with reference to C is 
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given by BiBt. The displaoement of A with reference to (7 is given by A1A2, 

and therefore the displacement of C with reference to 
A is given by AtAi. We have then, by laying off 
these displacements, the displacement of A relative 

to B equal to 2r |/2 , making an angle of 45° with 
the vertical. 




(2) Find the displacement of the end of 
the minute-hand with reference to the end of 
the hour-hand of a clocks between 3 and 3.30 
o'clock^ the length of each hand being r. 

Ans. The displacement of the minute-hand with reference to XII is 
MiMi , and of the hour-hand with reference to XII, HiH^ . 
Therefore the displacement of XII with refer- 
ence to ffisHiHi. Laying off these displace- 
ments, we have 




fir. 



MH= r 1^6 - 2co8 15" - 4 sin 15% 

and for the angle of ifH'with the vertical 

2 sin« Ti** 




sinfi3fXII = 



1^6 - 2 cos IS** - 4 sin 15* 



(3) A nver^ows in a direction N. 33° E. , and a boat headed directly 
across at right angles to the current reaches a point on the other 
shpre from which the starting-point is found to bear S. 3*' W, If the 
distance from the starting-point is 500 ft., how far has the boat been 
carried by the current, ana what is the distance across the river if the 
banks are parallel f 

Ans. The course of the boat makes an angle of 30° with the bank. The 
distance across is 250 ft. ; the distance parallel to the bank 433 ft. 

(4) A point A moves SO ft in a given direction relative to a fixed 
point O. Another point B moves relative to O 4Qft. in a direction 
at right angles to A's motion. Find the displacement of A relative 
to B. 

Ans. 50 ft. in a direction inclined to ^'s motion by an angle whose sin 
.4 / e 

IS-. 

(5) Two points move in the circumference of two circles of radius 
r and 2r respectively. Both start from the point of contact. One 
moves through an angle of Tt radians, the other through an angle of 

- radians. Find the dispkuiement of either relative to the other. 

Ans. If one point moves through the angle it in the small circle and the 

other through ^ in the large, the displacement is 2r 1^5 , making an angle 

with the vertical whose tangent is 2. 

If one point moves through the angle tt in the large circle and the other 

through ^ in the small, the displacement is r^/2Q and it makes an angle with 
the vertical whose tangent is 5. 

(6) In the preceding example let the radius of the small circle be 
n and of the large circle r,. Find the displacement as before. 
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Ans. 



i^ifi* + 4r,r. + 2r,* and tangent 



fir, + rt 



or 



|/^4r,» + 4r,ri4-2r,* and tangent -1+Jl. 





(7) 7%e dMjpZocewienf o/ A relative to B is a distance a towards 
the south, ana relative to C, c towards the west. If C is initially a 
distance b south of B, find the final position of C relative to B, 

Ans. We have CB ioi the displacement of 
C relative to B. Therefore if Ci is the initial po- 
sition, Ct will be the final position, O^C* being 
equal to CB, Hence the di stance of C7's final 
position from B is BG^ = ^{b + «)• + c*, and 
the direction from Bio Ct is east of south an 

angle whose tangent is — — . 

(8) A^s displacement relative to Bis a to the west. CPs displace- 
ment relative to B is c in a direction 30° west of south. Find the 
displacement of A relative to C 

Ans. Displacement is f^a* — cm; -^ c^. Tangent of the angle with the merid- 

ian is ==-. If this is positive, the angle is west of north; if negative, east 

C4/8 
of north. 

(9) Two trains A and B start from the same point and A runs 
60 miles north and 50 miles northeast. Find the displacement of B 
relative to A. 

Ans. 43.104 miles in a direction 34° 52' south of east. 

(11) A point undergoes tvx) component displacements, 10^ feet W. 
80' 8. and ^ ft, N, What is the resultant f 

Ans. 88.88 ft. 18" south of west. 

(12) Three component displacements have magnitudes represented 
by 1, 2 and 8 and directions given by the sides of an equilateral tri- 
angle, taken the same way around. Find the magnitude of the re- 
sultant. 

Ans. 4/3. 

(13) Two railway trains run on parallel roads, one 5 miles north, 
the other 6 miles south. Find the displacement of the last relative 
to the first. 

Ans. 11 miles south. 

(14) Two railway trains run, the one northeast a distance d, the 
other southeast the same distance. Find the displacement of the 
first relative to the last. 

Ans. d ^y direction north. 

(16) A point undergoes three component displacements, N. 60** E. 
40 ft., S. 60 /f., W. BO^N. eoft. Find the resultant. 

Ans. 10 i/Wft. W. 

(16) If the diagonal AC of a quadrilateral ABCD is produced to 
E, so that CE is equal to A,C, snow that AE is the resultant in the 
direction AC of the displacements AD, DB, BC and AC. 

(17) ABCD is parallelogram. E is the middle point of AB. Find 
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the components, in the directions of AB and AD, of a displacement 
which has the direction and half the vnagnitvde of the resultant of 
component displacements represented by AC and AD. 
Ads. AB and AD, 

(18) Prove that the resultant of two equal displacements of mag- 
nitude a, inclined 60% is equal to the resultant of a and 2a inclined 
120^ 

(19) Prove that if two component displacements are represented 
by two chords of a circle drawn from, a point P in the circumference 
perpendicular to each other, the resultant is represented by the diame- 
ter through the point. 

(20) To an observer in a balloon the starting-point bedrs N. 20" E,, 
and is depressed 30° below the horizontal. A point at the same level 
<is the starting-point and 10 miles from, it %s vertically below him. 

What are the component displacements of the balloon with reference 
to the starting-point % 

Ans. 9.89 miles south, 3.42 miles west, and 5.77 miles up. 

(21) A point has the component di&placements in the same plane, 
<f, = 40 /f., da = 50 /f., dz = 60 ft., making the angles with X and Y, 
a, = 60 , p = 160" ; a, = 120% (it = 30** ; a, = 120% fit = 150% Find the 
resultant aisplaeement. 

Ans. rfa, = 4- 30 - 26 -- 80 = - 85 ft; 

dy = - 84.64 + 43.8 - 51.96 = - 48.3 ft.; 



dr = Vdx* + dy* = 55.67 ft. 

€osa = fi = ^l?|,ora = 128°5rir'; cos 6 = ^ sz^^;^, or 6 = 14r 3' 43". 
dr 65.67 dr 55.67 

(22) A point hoe the component displacements di =40 ft., da = 50 
ft, dz = 60 /f., making with X, Y, Z, the angles a, = 60% /?, = 100% 
ri obtuse/ «a = 100% /Sa = 60% ra acute; cr, = 120% /Js = 100% y 
€icute. Find the resultant displaeement. 

Ans. We find the angles y^ (page 13) by the equation 

cos* ^ = — cos {a-^ /5) cos (a — fi). 
Hence y, = 148" 2' 31".7, y^ = SV 57' 38".8, r» = SI** 57' 38".8. 

^ = + 20-8.6824 -80 =-18.6834 ft. 

d„ = - 6.946 + 35 - 10.419 = + 7.635 ft. 

dz =- 83.987 + 43.431 + 50.907 = + 59.391 ft. 

dr = i/dJ+'d^TH? = 63.73 ft. COB a = "" 62 73^ ' or a = 107** 19^ 36" ; 
C08ft = i|^, or 6 = 83'' 0' 33"; «» c = "t|^, or = 18** 46' 42". 



OHAPTEE IV. 



VELOCITY. RESOLUTION AND COMPOSmON OF 

VELOCITIES. 



BBCTANGULAR COMPONENTS OF VELOCITY. SIGN OP COMPONENTS OP VELOCITY, 
ANALYTIC DETEBMINATION OP RESULTANT VELOCITY. 




Mean Velocity.— The distance described by a moving point per 
unit of time we have called the mean speed of the point (page 15). 

The displacement (page 34) of a point per unit of time we call 
the mean linear velocity. Therefore the number of units in the dis- 
placement of a point in any given time, divided by the number 
of units in that time, gives the number of units of mean linear 
velocity — or the magnitude of the mean linear velocity — ^while the 
direction of that velocity is the same as that of the displacement. 

The term velocity always signifies linear velocity unless other- 
wise specified. 

Mean speed, then, is mean time-rate of distance described (page 
IB). Mean velocity is mean time-rate of displacement. 

Thus if a point moves in any path P,APa from 
the initial position Pi to the position Pa in the time t 
I units, the magnitude of the mean speed is given by 

£. — ? ?, while the magnitude of the mean ve- 

locity is given by displacem^t P.P,^ ^^ .^ ^^^ 

V 

tion by the direction of P^P^, 

If a i>oint moves with uniform speed in a circle of radius r units and the 

27tr 
time of revolution is t units, the mean speed is — r- units of speed. But the 

mean velocity in the time of one revolution is zero, because the displacement 

in that time is zero. Again, the mean speed in one half a revolution is -— or 

units of speed, as before, but the mean velocity for the same time has for 

its magnitude tj ^^ ^ units of velocity , and the direction is that of a diameter 
from the initial to the final position of the point. 

Instantaneous Velocity.— The limiting magnitude of the mean 
speed when the interval of time is indefinitely small we have called 
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(page 15) the instantaneous speed. In the same way, the limiting 
magnitude and direction of tne mean velocity when the interval of 
time is indefinitely small is called the instantaneous velocity. 

The terms speed and velocity should always be understood to 
mean instantaneous speed and instantaneous velocity imless other- 
wise specified. 

Using the terms thus, we see that when f is in- 
definitely small, distance described and displacement ^ 
coincide and hence the speed at Pi is the magni- 
tude of the velocity at P, , while the direction of this 
velocity at any instant is that of the tangent to the Pi 
path at that instant. Velocity is directed speed. Speed is magni- 
tude of velocity. 

Unit of Velocity.— Since, then, the magnitude of the velocity at 
any instant is the speed in the direction of the velocity at that in- 
stant, it follows that the unit of velocity is the same as the unit of 
speed (page 15), or one unit of length per unit of time, as, for 
instance, one foot per second. For this reason we have used (page 
25) the letter v for the numeric for speed. 

Uniform Velocity. — ^When the velocity has the same magnitude 
and direction whatever the interval of time, it is uniform. 

Uniform velocity, then, is necessarily uniform speed in a straight 
line in a given direction. The velocity in such case is the same as 
the mean velocity for any interval of time. 

Variable Velocity. — When either the magnitude or direction of 
the velocity changes it is variable. 

When the magnitude alone changes, we have variable speed in 
a straight Une. When the direction only changes, we have uniform 
speed in a curved line. When both change, we have variable speed 
in a curved line. In all these cases the velocity is variable. 

Thus we can speak of a point moving in a circle with uniform speed, but 
we cannot speak of a point moving in any curve at all witli uniform velocity. 
If the velocity is uniform, the path must be straight, as well as speed constant. 

A point can be projected with the same speed in many different directions, 
but we cannot speak of the same velocity in different directions. A change of 
direction is a change of velocity whether the speed changes or not. 

Velocity a Vector ftuantity.— Since velocity is speed directed, or 
time-rate of displacement, it has not only sign and magnitude like 
speed (page 15), but also direction like displacement, and is there- 
fore a vector quantity. 

Line Eepresentative of Velocity. — ^Velocity, then, can be repre- 
sented like displacement (page 34) by a straight line. The length 
of this line represents the magnitude of the velocity, and the direc- 
tion as denoted by an arrow gives the direction. 

Thus the straight line AiA^ represents by its 
length the magnitude of a velocity, and the arrow 
shows its direction. 

Triangle and Polygon of Velocities.— The prin- 
I ciples therefore of page 35 hold good for velocities 
as well as displacements. We have then the 
triangle and polygon of velocities. 

Resolution and Composition of Velocities. — ^We can also combine 
and resolve velocities in the same way precisely as displacements, 
and the principles of page 36 apply here also. 
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Bectangnlar Oomponents of Velocity.— If a point moves in any 

path from Pi to P in the time t, the dis- 
placement is the chord PiP, and the mean 

, .. . chord PiP 
velocity IS r = — — . 

If Xi and y, are the co-ordinates of P„ 
and X and y of P, then the horizontal and 
vertical components of the mean velocity 
vare 

X — Xx 1/ — l/i 

If the time is indefinitely short, we have in the notation of the 
Calculus, for the instantaneous velocities, 




Vx = 



dx 






Sign of Components of Velocity.— We see that if Va; is directed 
towards the right, we have in the 1st and 4th quadrants x numerid- 
ally greater than Xi and both are positive. In the 2d and 3d quad- 
rants, if Vxis directed towards the right, Xi is numerically greater 
than X and both are negative. In all quadrants, then, Vx will be 
positive when directed towards the right. In the 1st and 2d quad- 
rants, if Vy is directed upwards, y is numerically greater than yi 
and both are positive. In the 3d and 4th quadrants, if Vy is directed 
upwards, Vi is numerically greater than y and both are negative. 
In all quadrants, then, V// will be positive when directed upwards. 

We have then the following general rule for the signs of the 
components of the velocity in any quadrant : 

Jj the direction of the line representative is towards the right, 
Vx is positive ; if towards the left, Vx is negatix)e. If upwards, Vy is 
positive ; if downvxirds, negative. 

The sign then as applied to component velocities indicates direc- 
tion of motion. For rectangular co-ordinates (+) signifies towards 
the right or upward, (— ) towards the left or downward. 

For three rectangular axes OX, OY, OZ, let a point P be given 
Y by the space co-ordinates x, y, z. Let the 

velocity v of the point make the angles rr, 
(i and y with the axes of X, Fand Z. 
Then we have 




X 




/ Pf^"^^^ Vx = V COS a, Vy = V cos fi, Vz = V COS X 

^ ' ' *« for the components in the direction of the 

axes. When the angles cir, /^^ y are acute 
or less than 90% these components are posi- 
tive ; when the angles are obtuse or more 
than 90°, these components are negative. 
Therefore, as before, Vx towards the right is positive, towards 
the left negative, Vy upwards is positive and downwards negative, 
and Vz in the direction OZ is positive, in the opposite direction 
negative. 

If polar co-ordinates are used, the component velocity along the 
radius vector must he taken as positive when it acts away from the 
pole, and negative when it acts towards the pole.* 

* Evidently, then, we measure angles in the plane XFfrom OX around to- 
wards 0T\ in the plane TZ from T around towards OZ ; in the plane ZX 
from OZ around towards OX, as shown by the arrows in the figure. 
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Analytical Determination of the Eesnltant for Concnrring Veloci- 
ties. — When the line representatives meet in a point they are 
called concorrini:. We have then the same expressions for the 
magnitude and direction of the resultant of any number of concur- 
ring component velocities as for displacements (pages 36 and 37). 
We have only to substitute v in place of d. 



EXAMPLES. 

# 

(1) To a man driving eastward with a speed of 4 miles an hour, 
tha wind blows apparently from the north, but when he doubles his 
speed the wind appears to blow from the northeast. Find the real 
direction and velocity of the wind. 

Ans. The wind blows from the northeast with a velocity of 4 1^2 miles an 
hour. 

(2) A point moves in a straiqht line from A to B, 60 ft. W. 30° S., 
in 10 sec.y and thence in a straignt line to C, 30 ft. N., in 20 sec. Find 
the mean speed and the mean velocity. 

Ans. The length of path is 90 ft. traversed in 30 sec, or mean speed is 8 ft. 

per sec. The displacement is 30 4/3 ft, W., or the mean velocity is ^S ft. per 
sec. W. 

(3) A ship sails N. 30° E. at 10 miles an hour. Find its easterly 
velocity ana its northerly velocity. 

Ans. 5 miles an hour; SV'S miles an hour. 

(4) A river 1 mile broad has a current of 6 miles per hour, and 
a boat capable of making 10 miles an hour in Stillwater is to go 
straight across. In what direction m>ust the boat be steered f 

Ans. Up stream in a diiection inclined 60** with the bank. 

(5) Find the vertical velocity of a train moving up a l-per-cent 
gradient at a speed of 30 miles per hour. 

Ans. 0.3 mile per hour. 

(6) A rrian travelling 4 miles per hour east finds the wind to corns 
from the southeast. When he stands still it shifts 5° to the south. 
Find its velocity. 

Ans. 3^.52 miles per hour N. 40" W. 

(7) A paint moving with uniform speed in a circle of radius 30 
ft. describes a quadrant in 10 sec. Find the mean speed, the mean 
velocity, the instantaneous speed and the instantaneous velocity. 

Ans. The length of path described in 10 sec. is -^ = 47.12 ft. The mean 

speed is then 4.712 ft. per sec, and since this is uniform it is also the instan- 
taneous speed. The displacement is r i^= 42.42 ft. at an angle of 45** with 
the diameter through the starting-point. The mean velocity is then 4.242 ft. 
per sec. in the same direction. The instantaneous velocity is at any instant 
tangent to the circle at the point at that instant, and equal in magnitude to the 
instantaneous speed, or 4.712 ft. per sec. 

(8) A man walks at the rate of 4 miles per hour in a rain-storm^ 
and the drops fall vertically with a speed of 200 ft. per sec. In what 
ejection will they seem to him to fall f 

Ans. Inclined V 40'.8 to the vertical. 
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(9) A ship sails east with a speed of 12 miles an hour, and a shot 
is fired so as to strike an object which bears N.E. If the gun gives 
tKe shot a mean horizontal velocity of 90 ft, per sec., towards what 
point of the compass must it point % 

Ans. N. 37" 3' E. 

(10) A man 6 ft. tall walks at the rate of 4 miles per hour directly 
away from a lamp-post 10 ft. high. Find the velocity of the ex- 
tremity of his shadow, 

Ans. 10 miles per hoar in the direction he is walking (see Ex. 14, page 19). 

(11) Two points momng with uniform speed v start at the same 
instant in the same direction from the point of contact of their 
paths. The one moves in a circle of radius r, the other in a tangent 
to the circle. Find their relative velocity at the end of the time t. 

fit 
Ans. 2v sin r- radians in a direction inclined to the tangent at an angle 



1 / vt\ 



radians. 



(12) A moves N.E, with a velocity r, and B moves S. 15° E, toith 
the same velocity. Find As velocity relative to B, 

Ans. V V^, direction N. 15** E. 

(13) A railway train runs 30 miles per hour north. Another 
running 15 miles per hour appears to a passenger in the first to he 
running at 25 mites per hour. Find the direction of the velocity of 
the latter, 

Ans. N. 56" 15' E. or N. 56" 15' W. 

(14) Two candles A and B, ea^h 1ft. long and requiring 4 and 6 
hours respectively to bum out, stand vertically at a distance of 1ft, 
The shadow of B falls on a vertical wall at a distance of 10 ft. from 
B. Find the speed of the end of the shadow, 

Ans. 8 inches per hour. 

(15) A ship has a northeasterly velocity of 12 knots per hour 
Find the magnitude of her velocity (a) in an easterly direction ; 
(b) in a direction 15" W. of N, 

Ans. (a) 6 y^; (J) 6 knots per hour. 

• (16) A boat-crew row 3i miles down a river and back again in 1 
hour 40 minutes. If the river has a current'of 2 miles per hour, 
find the rate at which the crew uxmld row in stilt water, 
Ans. 5 miles per hour. 

(17) A steamer goes 9.6 miles per hour in still water. How long 
will it take to run 10 miles up a stream and return, the velocity of 
the stream being 2 miles an hour f 

Ans. 2 hours 11 minutes. 

(18) A steam tug travels 10 miles an hour in still water, hut 
draws a barge 4 mites an hour. It has to take the barge 10 miles up 
a stream which runs 1 mile an hour, and then return vnthout the 
barge. How long will it take for the job % 

Ans. 4^ hours. 

(19) A vessel makes two runs on a measured mile, one with the 
tide in a minutes and one against the tide in b minutes. Find the 
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veloetty of the vessel through the neater^ and of the tide^ supposing 
both uniform. 

Ans. 30 , and 80 "T miles per hour. 
cU> ab 

(20) A point receives simultaneously three velocities^ 60ft.j)er sec. 
N., SS ft. per sec. W. SO** S., and 60 ft. per sec. E. 30" S. Give the 
magnitvAie and direction of the resultant velocity. 

Ans. 28 feet W. 30" S. 

(21) A ship sailing due north at the rate of 8 miles per hour is 
carried to the east by a current of 4 miles per hour. Find the ve- 
locity with reference to the land. 

Ans. 8.94 miles per hour N. 26° 34' E. 

(22) A ship is sailing E. 22i° S. at the rate of 10 miles an hour 
and the wind seems to blow from the N. W. with a velocity of 6 miles 
an hour. Find the actual velocity of the wind. 

Ans. 15.7 miles an hour W. 30° 55' N. 

(23) A point moves in t seconds from A to B, the positions being 
qiven by the co-ordinates Xi , yi and Xj , j/,. WTiat is the mean ve- 

^g^ ^ -- i^(^a--^0* + (ya-yi)\ making an angle a with the axis of x 

V 

, . ys — yi 

given by tan a = ^. 

(24) A point has four component velocities in the same plane, of 
12, 24, 36, 48 ft. per sec., making with the aoois of X the angles of 
16°, 29°, 33% 75° respectively. What is the resultant velocity f 

Ans. Vx = 75.14; Vy = 80.915; tv = 110.424; angle with axis of aj, a = 47° 
7' 10"; angle with axis of y, & = 42° 52' 50". 

(26) A point has three component velocities in the same plane 
given by r, = 40, i?a = 50, v» = 60 ft. per sec., making with the axes 
of X and Tangles given by a, = 60°, /?i obtuse; A = 30°, «« obtuse; 
(Xi = 120°, fit obtuse. Find the resultant velocity. 

Ans. We have /?, = 150°, a, = 120°, fit = 150°. Hence «-,»=— 35 ft. per 
sec, ©« = — 43.3 ft. per sec. , Vr = 55.67 ft. per sec, making the angles with X 
and r given by a = 128° 57' 17 ", h = 141° 2' 43". 

(26) A point has the component velocities r, = 40, Va = 50, t?i = 60 
ft. per sec,, making the angles with X, Y, Z, a. = 60°, /S, = 100°, y^ 
(Huse ; a^ = 100°, /?a = 60°, r% acute ; a. = 120°, /?» = 100°, r» acute. 
Find the resultant velocity. 

Ans. We find the angles y (page 12) by the equation 

cos' y = — cos (a -^ ff) cos (a — /3). 
Hence ;^, =148° 2' 31". 7, ;^, = 31° 57' 28". 3, y^ = SV 57 2S".S. 
^x — — 18.6824 ft. per sec, ??, = + 7.635 ft. per sec. , «« = + 59.i391 ft. per sec, 

Vr = 62.73 ft. per sec, 
making with the axes of X, Y, Z, angles given by 

a = 107° 19' 36 ', J = 38° 0' 33", c = 18° 46' 42". 



CHAPTER V. 



ACCELERA.TION. RESOLUTION AND COMPOSITION OP 

ACCELERATIONS. 



ANALYTICAL DETERMINATION OF RESULTANT FOR CONCURRING ACCELERA- 
TIONS. EQUATIONS OF MOTION. THE HODOORAFH. TANGENTIAL AND 
NORMAL ACCELERATION. 

Mean Acceleration.~-Let P, , Ps, etc., Fig. (a), be the path of a 
moving point P, and let the corresponding instantaneous velocities 



Fig. (a). 




Fifc. (6). 

in the time f is a = 



be Vi, V2, etc. 

Each velocity is tangent to the path 
at the corresponding point and is equal 
in magnitude to the speed at that point. 

If t is the number of units of time in 
passing from Pi to Pa , the mean speed 

^ for that time (page 15) is P^^^ /"'^^ 

V 

units of speed. The integral change of 
speed m the time t is ra — Vi (page 24), 
and the mean rate of change of speed 



V% — Vi 



(page 24). 



If now in Fig. (6) we draw OQi parallel and equal in magnitude 
to Vi and OQ^ parallel and equal to Ua , then the mtegral change of 
speed is represented by OQ9 — OQi and the mean rate of change of 

speed by . — ^. 

The change of velocity, however, in the* time t is represented in 
magnitude and direction by QiQi , and this we call the integral ac- 
celeration. 

The mean time-rate of change of velocity is given in magnitude 

by ^^, and in direction by QiQi. We call this the mean linear 

V 

acceleration. The term acceleration always means linear accelera- 
tion unless otherwise specified. 

Mean acceleration is then time-rate of change of velocity, whether 
that change takes pktce in the direction of motion or not. 

Instantaneous Acceleration. — The limiting magnitude and direc- 
tion of the mean acceleration, when the interval of timQ is indefi- 
nitely small, is the instantaneous acceleration. 

The limitiug direction is not necessarily tangent to the path 
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except in the caae of rectilinear motion, and the limiting magnitude 
is not the rate of change of speed in the path, except in the case of 
rectilinear motion. 

The term acceleration always signifies instantaneous accelera- 
tion unless otherwise specifiea. It is the limiting time-rate of 
change of velocity, whether that change take place in the direction 
of the motion or not. 

Acceleration may be zero, uniform or variable. When it is zero 
the velocity is uniK)rm, and we have uniform speed in a straight 
line. 

When it is uniform, it has the same magnitude and the same 
unchanged direction, whatever the interval of time. In such case 
the acceleration at any instant is equal to the mean acceleration for 
any interval of time. If its direction coincides with that of the 
velocity, we have uniform rate of change of speed in a straight line. 
If it does not so coincide, we have uniform acceleration and motion 
in a curved line. 

When it is variable, either direction or magnitude changes, or 
both change. 

Unit of Acceleration. — ^The magnitude of the unit of acceleration 
is evidently the same as that for rate of change of speed, viz., one 
unit of length-per-sec. per sec, as for instance one foot-per-sec, per 
sec. We denote the magnitude of the acceleration thus measured 
by the letter/, to distinguish it from rate of change of speed, which 
we have denoted by a (page 25). 

Line Bepresentative of Acceleration. — Since acceleration is time- 
rate of change of velocity, and is therefore, like velocity and dis- 
placement, a vector quantity, it can be represented like them by a 
straight line, whose length and direction give the magnitude and 
direction of the acceleration (pages 34, 43). Eate of change of speed 
is given by stating sign and magnitude only. It is a scalar quantity 
(page 25). 

Triangle and Polygon of Accelerations.— The principles, there- 
fore, of page 35 hold good for accelerations also, as well as dis- 
placements. We have tiien the '* triangle and polygon of accelera- 
tions." 

Composition and Eesolntion of Accelerations. — For the same 
reason we can combine and resolve accelerations in the same way 
as displacements, and the principles of pages 
35, 36 apjply. 

Let Ob and OD be the initial and final 
velocities of a point in any given time t. 

Then BD is the integral acceleration and 

BT) 

-T- is the mean acceleration, or the instan- 

taneous acceleration if it is uniform. If not 

BD 

uniform, , where t is indefinitely small, gives the acceleration. 

Draw OA and DC at right angles to any line AC through B in 

any given direction. 

BC 
Then is the component of the acceleration in this direction. 

BC A.C — AB 

But — - = — , and AC and AB are the components of the 

Z V 

velocities in the direction AC 

Hence the component in any direction of an acceleration is equal 
to the acceleration of the component velocities in that direction. 
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Bipi of Components of Acceleration. — We have the seune rule for 
the signs of the horizontal and vertical compohents/xand/y of any 
acceleration/, as for the horizontal and vertical components of Vx 
and Vy of aiiy velocity v (page 44). 

If the direction of the nnear representative is towards the right 
or upwards, fx and fy are positive ; if towards the left or down- 
ward, fx andfy are negative. 

The sign, tnen, applied to component accelerations indicates di- 
rection of action. For rectangular co-ordi- 
nates (+) signifies in the direction OX, OY, 
OZ, (— ) in the opposite directions. 

If polar co-ordinates are used, the compo- 
^ ^ nent acceleration along the radius vector is 

Y Q positive (+) when it acts away from the pole, 

' — and negative (— ) when it acts towards the 

pole. 

Evidently, then, we measure angles in the 
plane XY from OX around towards OF, in 
the plane YZ from OY around towards OZ, 
in the plane ZX from Oz around toward OX, as shown by the ar- 
rows in the figure. 

Take, for instance, the case of a particle projected vertically away from the 
earth with the initial velocity v^ and attaining the final velocity v. 

As long as the particle ascends, the direction of v is upwards, and v, Vi are 
both positive. The acceleration due to gravity is always downwards, and 
hence is negative. 

When the particle is descending with the initial velocity Vi , then both Vi 
and V are negative, and the acceleration is negative as before. 

Analytical Determination of the Eesultant for Concurring 

Accelerations. — ^When the line representatives meet in a point, they 
are said to be concurring. We have then the same expressions for 
the magnitude and direction of the resultant of any number of con- 
curring component accelerations as for displacements (pages 37 and 
38). We have only to substitute/ in place of d. 

Equations of Motion of a Point under Different Accelerations. — 
The magnitude of the acceleration in general is not the same as 
rate of change of speed, except in the case of rectilinear motion. 
We have therefore denoted it by/, to distinguish it from rate of 
change of speed, which we have denoted by a. If, then, we denote 
hy ft the magnitude of the tangential acceleration, or the tangential 
component of/, we have ft = a, or the magnitude of the tangential 
acceleration is egtual to the rate of change of speed. 

(a) Acceleration Zero. — We have in this ^ 

case the line representative QiQ^ = 0, and i3^'^(p 

hence the line representative of the velocity ^^-^^^T^^hT 

does not change either in direction or magm- o^:^—- »^q 

tude. V ^i 

We have then rectilinear motion with constant velocity, and for 
any interval of time 

S—Si ,.- 

"=—• (« 

where «, and s are the initial and final distances of the point from 
any fixed point in the line. This equation is general if we pay 
attention to the sign of displacement and velocity (pages 37 and 44). 
(&) When the Direction of the Acceleration coincides with the 
Direction of the Velocity. — In this case the line representative QiQt 



I 
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coincides in direction with PQi = Vu We have then rectilinear 
motion with varying velocity. 

If / is uniform, the instantaneous acceleration is equal to the 
mean acceleration for any interval of time. 

Hence, if Vj is the initial and v the final velocity, we have for f 
constant 

V — Vi 

f=-r- (2) 

This value of / is general when we pay attention to the sign for 
velocity and acceleration (pages 44 and 50). 

From (2) we have ^ 

v = Vi +ft (3) 

The average speed is 

V + Vi 1 

-=!- = «• + 2-^' (4) 

The displacement is 

8^s,=='^^t = vd + ^ft' (5) 

Inserting the value of t from (2) we have 

«-«. = — 2^ (6) 

Hence r' = vi" + 2f(8 — 8i) (7) 

[Iff is wmdble, we have from (1), in Calculus notation, 

ds 

'' = di-' (8) 

and from (2), 

do cPs 

f=li=W' (») 

and from (8), 

«-«!= / vdt (10) 



— 8i= / vdt 



The preceding equations can be deduced from these as on page 28.] 
All these equations are precisely similar to those on page 28, except that 
we have /in place of a. 

(c) When the Acceleration is Constant in Magnitude and Direction, 
bnt maJies an Angle <p with the Initial Velocity. — In this case we 
have motion in a curve, and QiQt =/t. Hence 

t?« = (vi +ft cos <py + (ft sin <py = i?i» + 2vift cos <P + fH\ . (11) 

The tangent of the angle QiPQi is 

^ ^ Vi+ ft co&<P ^^ 

The displacement in the time t is given hy 

d» = (vxt + ^ft' COS <py+ (^ft' sin ^V; .... (13) 

and the tangent of its angle of inclination to Vi is 

vit + ift'Go&<P r^^ 



• 
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The Hodograph. — Let a point P moving in ctnv curve have the 
positions Pi , i^a , P» , etc., and let the magnitude of the corresponding 

velocities be ri, r«, t?», etc. These 
velocities are tangent to the path at 
Pi, P«, Ps, and are equal in magni- 
tude to the speed at these points. 

If from a point O we draw lines' 
OQi, OQ9, OQt, etc., parallel and 
equal to Vi, t^a, t^i, the extremities of 
these lines will form a polygon. 

If, however, the pomts Pi, Pi, P. 
€tre indefinitely near, the polygon be- 
comes a curve QiOxQ*, such that when 
• the point P describes the path PiPaPi, 
we can conceive another point Q to describe the curve QiQ^Q*. 
This curve is called the hodograph.* The point O is called the pole 
of the hodograph. The points Qx, Qx, Q% are called %hQ points cor- 
responding to Pi, Pa, Pi. 

Any radius vector, as OOi, OOa, in the hodograph, represents in 
magnitude and direction the velocity at the corresponding point 
Pi, Pa, etc., of the path. The magnitude of 0Q\, OQ2, etc., is the 
speed Uj, t?i, etc., at P., Pa, etc. The direction of OQi, 0Q% is the 
direction of Ui , Va, or that of the tangent to the path at Pi , Pa. 

If t is the interval of time in moving from P, to Pa, then the 
chord QiQi in the hodograph gives the magnitude and direction of 

the integral acceleration for that time, and L^ixL^ which is 

the mean velocity in the hodograph, gives the mean acceleration in 
the path. 

When the time is indefinitely small, QiQ^ becomes tangent to 

the hodograph and ?^i^, which is now the instantaneous velocity 

in the hodograph, gives the instantaneous acceleration in the path. 

The tangent to the hodograph at any point, therefore, gives the 
direction of the instantaneous acceleration at the corresponding 
point of the path. The instantaneous speed in the hodograph gives 
the magnitude of this acceleration. 

Hence, the velocity at any point of the hodograph is the accelera- 
tion at the corresponding point of the path. 

Tangential and Normal Acceleration.— The entire resultant ac- 
celeration f at any point of the 
path may be resolved into a com- 
ponent tangential to the path ft 
and a component no rmal to the 

path/n, so that/ = Vft^ + fn\ 

The magnitude of the tangential 
component ft is the rate of change 
of speed in the path. Its direction 
is always tangent to the path, or 

Earallel to the radius vector of the 
odograph at the corresponding 
point of the hodograph. 

In order to find the normal com- 
ponent /»i , let us first suppose a point to move in a circle with con- 
stant speed V, 

* Invented by Sir W. R. Hamilton. 
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Let the radius of the circle be r, and take any two points Pi and 
Pa on the circle. Then the velocity at Pi is r tangent at Pi or per- 

?endicular to r at that point, and tne velocity at Pa is r tangent at 
*a or perpendicular to r at Pa. 
Now construct the hodograph by making OQi parallel and equal 
to the velocity at Pi and OQt parallel and equal to the velocity at 
Pa , etc. 

Evidently the hodograph is also a circle of radius v, and the 
speed in tide hodofi;rapn is also constant, since the point P moves 
with constant speed and makes a revolution in the same time as its 
corresponding point Q in the hodograph. Let t be the time of revo- 
lution ; then —7— is the speed of ^ in the hodograph or the accelera- 

V 

tion of P in the path ; and since this speed at any point Q, is at ri^t 
angles to OQi or r, it is normal to the path at Pi or parallel to CPi. 

We have then /n = -7-. But the speed in the path is t? = -— . 

r T 

Hence t = — , and substituting, we have 

V 

f -**" 

T 

We can obtain the same result as follows : Since the point P 
moves from Pi to Pa in the same time that Q moves from ^1 to $a , 
and the angle PiCPa is equal to the angle QiUQt , we have 

fn:v::v:r, or fn= — . 

r 

Since we have supposed v constant in magnitude, the tangential 
acceleration/* is zero, and therefore /» in this case is the magnitude 
of the total resultant acceleration /. 

A normal acceleration, then, has no effect upon the speed, but 
only changes the direction of motion. 

Let us now suppose that the speed v is not constant, the point 
still moving in a circle. Then the hodograph will not be a circle. 

But if the two points Pi and Pa are indefinitely near, so that the 
arc Pi Pa is indefinitely small, the velocities at Pi and P can be 
taken as equal still, and we shall still have 

fn\v:\v:r, or /n= — . 

r 

Again, if the point P moves in any curve whatever, a circle can 
always be described whose curvature is the same as that of the 
curve at any given point. The radius of this circle is the radius of 
ciu^ature p at the point. 

In this case, then, we should have 

fniViiV: p, or /n=— . 

Therefore, in general, whatever the path may be and whatever 
the speed in the path — 

The magnitude at any instant of the normal component of the 
acceleration is equal to the square of the speed at that instant 
divided by the radium of curvature. 
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(1) A point moves with uniform velocity in a straight line. What 
is the hodograph t 

Aos. A point. 

(8) A point moves with uniform acceleration either in a straight 
line or a curve. What is the hodograph t What is the speed in the 
hodograph t 

Aus. A straight line. Uniforiu. 

(5) Show that the direction of motion of any point S on the cir- 
cumference of a circle Tolling with velocity v on a straight line is 
perpendicular to AB at any instant, when A is the point of contact 
of the circle with the etraigkt line at the instant considered. 

(4) AB is a diameter of a circle of which BC is a chord. When 
is the moment about A of a velocity represented by BC the greatest t 
Ana. When £(7 and JC are equal. 

(6) A pmnt is moving with uniform speed of a mile in S min. 
40 sec. round a ring of 100 /(. radius, fknd the acceleration. 

AoB, 10.89 ft.-per-sec. p«i sec. tovarda the centre. 

(6) A point moves in a horizontal circle with uniform speed v, 
starting from the north point and moving eastward. Mnd the 
integral acceleration when it has moved {a) through a quadrant ; 
(6) a semicircle ; (c) three quadrants. 

Ans. (a) p V^ 8W.; (i) 2o. W.; (a) s ^2, NW. 

(7) If the compoTient velocities of a moving point are represented 
by the sides of a plane polygon, taken the same way round, the 
algebraic sum of their moments about any point in their plane is 

Ans. If the poljrgon closes, the resultaot velocity is zero. If It does not 
close, the line necessary to make it close taken the other way round is the re- 
sultant. In either case the algebraic sum of the moments Is zero. 

(8) Show that the hodograph of a point moving with uniform 
speed in a circle is a circle in which the corresponding point moves 
also with uniform speed. 

(9J Show that the locu^ of the extremity of a straight line repre- 
senting either of the two equal components of a given acceleration 
is a straight line perpendicular to the etraigkt line representing the 
given acceleration and through its middle point. 

(10) Let the velocity of a point moving in a straight line vary as 
the square root of the product of its distancee from two fixed points 
in the line. Show thm its instantaneous acceleration varies as the 
mean of its distances from the fixed points. 

Ans. Let i be one distance and a-\-» the other. Then from page 51, Chap. 
V, n = TT = A vVa + *). where £ is a constant. 



~ dt 



££._ ^fcatfa + atwfa _ k'a + Qk'i _ A'(a + & 



'"'^--at-m^^i 



a of the distances is 



. + (« + »)_ a + 2« 
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(Ip If the algebraic 8um of the moments of the component ve- 
locities of a moving point about any two points P and Q are each 
zerOy show that the algebraic sum of their momenta about any point 
in the line PQ will be zero, 

(12) A moving point P has two component velocities one of which 
is double the other. The moment of the smaller about a point O in 
the plane is double that of the greater. Find the magnitude and di- 
rection of the resultant velocity, 

Ans. If a is the smaller component and a, fi are the inclinations of the 
greater and smaller components respectively to PO, the resultant is 

a j/b'\-A cos (P -{- a\ and it is inclined to PO at an angle whose sin is 

2 sin a -f- sin fi 
|/5 + 4cos(y5+aj 

(13) The velocity vofa point moving in a straight line varies as 
the square root of its distance sfrom a fixed point in the line. What 
is its instantaneous acceleration f 

ds /— ~ 

Ans. We have v = 3- = A; ys, where A; is a constant. • Hence 

at 

__ dv_^ kds __ kv _«*__** 

(14) Two railway trains move in directions inclined 60^ The 
one, -A, is increasing its speed at the rate of 4:ft.-per-min, per min. 
The other, B, has the brakes on and is losing speed at the rate of 8 
ft.-per-min. per min. Find the relative acceleration, 

Ans. 4 V? ft. per min. per min., inclined to the direction of A at an angle 
whose sin is ^and to the direction of B at an angle whose sin is i |^f . 

(16) The initial and final velocities of a moving point during an 
interval of two hours are 8 miles per hour E. 30" N. and 4 miles per 
hour N. Find the integral and tne mean acceleration. 

Ans. 4 ys^miles per hour W., 2 V3^miles-per-hour per hour W. 

(16) A point moves in a circle of radius 8 inches and has at a 
given position a speed of 4 in. j^er sec, which is changing at the 
rcUe ofQ in,'per'Sec. per sec. Find (a) the tangential acceleration; 
(b) the normal aeceleration; (c) the resultant aeceleration. 

Ans. (a) 6 in.-per-sec. per sec.; {b) 2 in.-per-sec. per sec.; (c) 2 j/lOin.-per- 
b6c. per sec. 

(17) Newton assumed that the aeceleration of gravity varied in- 
versely as the square of the distance from the earth's centre. He 
then tested this assumption by applying it to the moon. Assuming 
the acceleration at the eartlvs surface 32.2 ft. -per -sec, per sec.y the 
radium of the earth 4000 miles, the distance hstween centres of earth 
and moon 240,000 miles, and the speed of the moon in its orbit 
around the earth 3376 /t. per sec, show that Newton^ s assumption is 
inaecord with fact, 

Ans. The acceleration of the moon's centre towards the earth is ~, or 

r 

(8375)« __ ^^^ ft..per.sec. per sec. 



240000X5280 

But according to Newton's assumption, if g' is the acceleration at the dis- 

tance of the moon, ^ = -^^ = ^. Hence g' = 0.0089 ft.-per-sec. 

per sec. 
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(18) Find the resultant of four component accelerations repre- 
sented by lines drawn from any point P within a parallelogram to 
the angular points. 

Ans. If tB tlie intersection of the diagonals, PC represents the direction 
of the resultant, and AFC its magnitude. 

(19) A ball is let fall in an elevator which is rising with an ojc- 
celeration of 7.2 kitometers-per-min. per min. The acceleration of 
the ball relative to the earth ts 981 cm-'per-sec, per sec. Find its ac- 
celeration relative to the elevator, 

Ans. 1181 cm.-per-sec. per sec. towards the floor. 

(20) Assuming the mean radius of the earth 6370900 meters, the 

?peed of a point on the equator 465.1 m. per sec., acceleration of a 
aUina body 9.81 m.-per-sec. per sec, find with what velocity a shot 
must be fired at the equator with either a westerly or easterly direc- 
tion in order that, if unresisted, it shall move horizontally round 
the earthy completing its circuit in H or H hours respectively, 

Ans. Westerly velocity, 8370.7 meters per sec. ; easterly velocity, 7440.5 
meters per sec. 

(21) If different points describe different circles with uniform 
speeds and with accelerations propo'rtional to the radii of their 
paths, show that their periodic times will be the sams. 

(22) The resultant of two accelerations a and a' at right angles to 
one another is R, If a is increased by 9 units and a' by 5 units, the 
magnitude of R becomes three tim^es tts former valu^e, and its direc- 
tion becomes inclined to a at the angle of its former inclination to a'. 
Find a, a' and R. 

Ans. 3, 4 and 5 units respectively. 

(23) If a tangent be drawn at any point of a conic section, the 
locus of the foot of the perpendicular let fall from a focus on this 
tangent is a circle in the case of the ellipse and hyperbola, and a 
straight line in the case of a parabola. Also the locus of the foot of 
a perpendicular from the vertex of a parabola on a straight line 
draum through the focus is a circle. 

Assuming these properties, show that if a point move in either a 
circle, ellipse, hyperbola or parabola, so that the moment of its ve- 
locity about a focus is constant, the hodograph is a circle. 

(24) Show that if a point moves in an ellipse so that the moment 
of its velocity about the centre is constant, the hodograph is an 
ellipse. [Note that the area of the parallelogram form^ by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 
diameters is constant] 

(25) A bullet is fired in a direction toivards a second bullet which 
is let fall at the same instant. Show that the line Joining them will 
move parallel to itself and that the bullets will meet. 

(26) Determine whether any of the following equations are pos- 
sible or not : 

(1) lOavst + Sv^'s = Sg't* ; 

(2) vH — 4as + Sa = 0', 

(3) 6v + 2g*asH'^ = M^st*. 

Ans. The first gives us ~~ in each term and is therefore possible. The 
second gives us L-J-, L_i- and -LJ , or each term refers to different kinds of 
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quantities, and the equation is nonsense on its face. The third gives us ^^, 
[Ly and [X]', and is also nonsense. 

(27) A. point moves in a straight line so that the number of units 

of distance sfrom the origin at the end of any number of seconds t 

5 8 6 

is given by s=^2 + —t + —P + — ^. Find (a) the number of units of 

distance from the origin at the start ; (&) the velocity v at any in- 
stant; (c) the acceleration a at any instant; (d) the velocity at the 
start ; (e) the acceleration at the start, 

Ans. {a) 2 units of distance ; (6) « = —-}- -jr* + -^t^ ; (<?)« = - + —t ; 

5 8 

id) ^ tinits of distance per sec. ; (e) ^ units of distance-per-sec. per sec. 

(28) A point moves in a straight line so that the number of units 
of acceleration a at the end of any number of seconds t is given by 

a = 7 — -f + 2t^, If Vi is the number of units of velocity at the 

start, and s, the number of units of distance from the origin at the 
start, find the velocity and the distance from the origin at any in- 
stant. 

(29) A point moves in a straight line so that the number of units 
of velocity v at the end of any number of seconds t is given by 

v=5—-t+ -t^. Find the acceleration a and the distance «, if Si is 

A 6 

the initial distance. 

Ans. a = - - + -^, 

3 6 

(30) A point has three component accelerations in the same plane 
given by f\ = 40, /a = 50, /s = 60 ft.-per-sec, per sec., making with the 
axes of X and Y angles given by oci ='60°, A obtuse ; fii = 30°, a, 
obtuse ; as = 120°, fis obtuse. Find the resultant acceleration. 

Ans. We have A = 150°, a^ = 130°, /?, = 150^ Hence 

/x = — 35 ft.-per-sec. per sec. ; /y = — 43.3 ft.-per-sec. per sec., and 

fr = 55.67 ft.-per-sec. per sec., 

making the angles with X and Y given by 

a = 128° 57' 17", b = 141° 2' 43". 

(31) A point has three component accelerations, fi = 40, fa = 50, 
/a = 60 ft.-per-sec. per sec, making with the axes of X, Y, z angles 
given by a, = 60°, /?i = 100°, yi obtuse; a^ = 100°, /5, = 60°, y^ acute ; 
at = 120°, /?> = 100°, ys acute. Find the resultant acceleration, 

Ans. We find the angles y (page 12) by the equation 

cos' y ^ — cos (a + /?) cos (a — /8). 



.V 
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Henoe y, = 148' 2' 81". 7. y, = 81° 57' 28 '.8, r» = 81' Sr 28".8 ; 
/x =: — 18.6824 ft.-per-8ec. per sec, /y = -f- 7.685 ft.-per-sec. per seo.» 
/s = -|- 59.891 ft-per-sec. per sec., ft = 62.78 ft.-per-sec. per sec., 

Tn«.1rin£r with the axes of X, T, Z angles given by 

o= 07M9'86''. ftrrSS^O'Sfi". c = 18** 46' 42". 

(32) Investigate the motion of a point whose initial velocity in a 
horizontal direction is 0, and in a vertical direction — 32 ft per sec. 
The horizontal acceleration is /« = + 16 ft-per-sec, per sec,^ and the 
vertical acceleration f^ = + U ft, -per -sec, per sec, 

Ans. The resultant acceleration is (page 51) 



and it makes an angle X with the horizontal whose cosine Is 

cos A = 



and an angle /i with the vertical whose cosine is 

4« 



cos /I = 



VWTW 

The horizontal velocity at the end of any time is 

'Ox = 16«. 
The vertical velocity at the end of, any time is 

t>y=-32 + 2<». 
The resultant velocity is 

« = V(160« + (2«« - 82)« = 2<« + 8^ 
and it makes an angle a with the horizontal whose cosine is 

8^ 

and an angle fi with the vertical whose cosine is 

^'^ = ?+16- 
The distance s described in any time is 

«= |t»+82«. 

The tangential acceleration is 

/, = a =/, coe or +/,coB /» = 1« X ^^ + 4< X J^J = 4t 

The normal acceleration is (page 52) 

/» = 4<f5^ j^ = 16. 
The radius of curvature is (page 58) 

_g«_ (2<«+32)»^ 
The horizontal distance described is 
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The vertical distance described is 

Eliminating t, we have for the equation of the path 

(33) Investigate the motion of a point whose initial velocity in 
the direction of the axis of x is +2 p. per sec,; in the direction of 
the axis of y, 0; in the direction of the aocie of z, +4 ft, per sec. 
The acceleration in the direction of the axis ofxisfx==0; in the di- 
rection of the aocis of y,fy= + sft.-per-sec. per sec.; in the direction 
of the axis of z^fz= + ^ft-per-sec, per sec, 

Ans. The resaltant acceleration is (page 51) 

/= |/o« + 3«4-5«= 4/34, 
which makes an angle X with the axis of x whose cosine is 

cos A = — T= =0; 

|/34 

with tho axis of y an angle jii whose cosine is 

3 



COS/Ll = 



1/84* 

with the axis of z an angle v whose cosine is 

5 

cos V = — r=r. 

V34 
The velocities in the direction of w, y and z are 

Vx = 2; Vy = 8<; t>, = 4 -f W. 
The resultant velocity is 

«= V2« + (3<)« + (4+5V = V34i« + 40« + 20, 
which makes angles a, fi and y with the axes of x, y and z given by 

2 ^ 3^ 

cos a = ■ ; cos p = 



y34i«+40«+20 ' 4/34««+40« + 20 ' 

4+5^ 

cos ^ ^^ — 

|^84«« + 40« + 20' 

The distances described in tho direction of x, y and z are 

« = 2<; y = |«"; « = 4^ + |<'. 

If we eliminate t, we have 

3 . 

« = 2a; -t- ■^*. 

These ore the equations of the projection of the path upon the planes of 2^ 
and as. 
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MOMENT OF DISPLACEMENT, VELOCITY, ACCELERATION. 

LINE REPRESENTATIVE. 
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BBSOLUTION AND COMPOSITION OF MOMENTS OF DISPLACEMENT, TELOCITY, 
AGGBLBRATION. ANALYTICAL DETERMINATION OF RESULTANT VELOCITY 
AND MOMENT FOR CONCURRING VELOCITIES, ACCELERATIONS AND DIS- 
PLACEMENTS. 

Moment of Displacement, Velocity or Acceleration about a Oiven 

Point. — ^The product of the magnitude of a displacement, velocity 
or acceleration by the magnitude of the perpendicular let fall from 
any given point upon its direction gives the magnitude of the 
moment of the displacement, velocity or acceleration with reference 
to that point. 

The perpendicular is called the lever arm, and the point is the 
centre of moments. 

Thus if AB is the line representative of any displacement, ve- 
locity or acceleration, and the perpendicular 
? from any point is », the moment relative to O 

/ is ± AB X p. If AB is a displacement d, we 

have ± dp. If it is a velocity v, we have ± vp. 
If it is an acceleration/, we have ± fp. 

The (+) sign indicates that the radius vector 
moves around O coimter-clockwise as in the 
figure. The (— ) sign denotes clockwise rota- 
tion. 

If we draw a line 00' through O parallel to AB, it is evident 

that the moment of AB is the same relative to any point in this line. 

Hence, so far as the moment is concerned, a displacement, 

velocity or acceleration may be considered as laid off from any 

point in its line of direction. 

Moment of Displacement, Velocity or Acceleration about a Oiven 
Axis. — Let OF be a given axis and y 

AB any displacement, velocity or ac- 
celeration. 

Take any plane XZ perpendicular 
to the axis Or, intersecting this axis 
in O. Project AB upon this plane in 
A'B'. N<5w AB can be resolved at A 
into a component parallel to A'B' and 
a component perpendicular to A'B' 
and therefore parallel to the axis OY. 
The component parallel to OY 
causes no rotation about Y. The 
moment of AB about the axis is then the moment of A'B^ aboutiihe 

intersection O of the plane XZ with the axis. 
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Hence the moment of a displacement^ velocity or acceleration 
about a given ama is the moment of the component in a plane per- 
pendicular to the axis about the point of intersection of that plane 
with the ascis. 

Here again, so far as moment about any axis is concerned, a 
displacement, velocity or acceleration may be taken as laid off from 
any point in its line of direction. 

Moment of Displacement.— If AB = d is a displacement, we have 
then for its moment about any point O, 
M = ± dp, and dp is twice tne area of 
the triangle AOJB, 

Hence the moment of a displacement 
about Any point is twice the area swept 
through by the radius vector from that 
point. 

The unit of moment of a displace- 
nient is then the square of the unit of 
length, as one square foot. 

If we draw 00' parallel to AB and 
erect a perpendicular DO' at the middle 
point of Aj3, then DO' =p and the moment about O is equal to the 
moment about any point in the line 0(7. If O'A = O'B = r, and 
the angle AO'B = 5, then we have for the displacement d 

d = 2r sm ^ . 

Moment of Velocity — Acceleration. — If AB = u is a velocity, we 
have for its moment about any point O, -W = ± vp. 

Hence the moment of a velocity about any point is twice the 
areal velocity of the radius vector. 

The unit of moment of a velocity is then the square of the unit 
of length per unit of time, as one square foot per second. 

If AB = / is an acceleration, we have for its moment about any 
point O, M= ±fp. 

Hence the moment of acceleration about any point is twice the 
areal axsceleration of the radius vector. 

The unit of moment of an acceleration is then the square of the 
unit of length per unit of time squared, or one square ft.-per-sec. 
per sec. 

Line Eepresentative of Moment of Displacement — Velocity — Ac- 
celeration. — Since moment of displacement, velocity, acceleration, 
has thus both magnitude and direction, it is a vector quantity like 
displacement, velocity, acceleration themselves, and like them can 
be completely represented by a straight line. 

Thus fhe length of a Ime represents the magnitude of the 
moment dp, vp orfp. This line is always taken perpendicular to 
the plane of rotation of the radius vector, which is therefore known 
when the direction of the line representative is known. Finally we 
denote the direction of rotation in the plane by placing an arrow- 
head on the line, so that when we look along the line in the direction 
of this arrow, the rotation is alivays seen clockwise. 

B Thus the line AB denotes by its length the magni- 
tude of the moment dp, vp orfp. The plane of rotation 
of the radius vector is at right angles to this line, which 
is therefore coincident with the axis of rotation. The 
direction of rotation is clockwise in this plane when 
K ' we look from A to B. 
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Kesolntion and Composition of Moments. — The principles, there- 
fore, of pages 35 and 36 hold good for moments of displacements, 
velocities and accelerations, as well as for displacements, velocities 
and accelerations themselves.. We have then the triangle and 
polygon of moments. 

Sign of Components of Moments. — The signs of the line repre- 
sentatives of the components along the axes of X, F, Z of a moment 

of displacement, velocity or acceleration 
foliow the same rule as for com][>onents of 
displacement, velocity or acceleration (pages 
36, 44, 50). 

Hence components in the directions OX, 
OF, OZ are positive (+), in the opposite 
direction negative (— ). If then we look 
along the line representatives of the compo- 
nents towards the origin O, the rotation is 
always seen counter-clockwise. Therefore 
rotation from X towards F, F towards Z, Z 
•towards Xis positive, in the opposite direc- 
tions negative. 

For polar co-ordinates, directions away from the pole are posi- 
tive, towards the pole negative.* 

The algebraic sum of the moments of any number of component 
displacements, velocities or accelerations, about any point in their 
plane, or about any axis, is equal to the moment of the resultant 
displacement, velocity or acceleration about that point or axis. 

Let AB^ AC represent 
two component displace- c 

ments, velocities or acceler- 
ations of a point A. Then 
the resultant is AB. Let O 
be any point in the plane of 
the components either out- 
side or inside the angle be- 
tween the resultant and either component. 

Then in the first case 

area OAR = area OAB + area BAR — areai^OJ?, 

and in the second case 

area OAR = area OAB -*- area ROB — area BAR, 

In both cases 

area BAR = area ROB + area OAC, 

since all three triangles have equal base BR, and the altitude of 
BAR is the sum of the altitudes of ROB and OAC. 
We have then in the first case 

area OAR = area OAB + area 0AC7, 

and in the second case 

area OAR = area OAB — area OAC. 




* Evidently, then, we measure angles in the plane XF from OX around 
towards OF; in the plane YZ from OF around towards OZ; in the plane ZX 
from OZ around towards OX, as shown by the arrows in the figure. 
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But twice the area OAR is the moment of the resultant AR, and 
twice the areas OAB and OAC are the moments of the components 
AB and AC about O. Hence the moment of the resultant is equal 
to the algebraic sum of the moments of the components. 

If we have a third displacement, velocity or acceleration at A, 
the resultant of this and AR would be the resultant for all three. 
Hence the principle holds for any nimiber of components. 

Again, let AB, BC, CD represent 
the components of a point A. Then 
the resultant is AD. Let OF be an 
axis and XZ a plane perpendicular to 
the axis. Let a6, be, cd be the projec- 
tions on this plane of the component 
velocities. 

We have just proved that the mo- 
ment of ad about O is the algebraic 
sum of the moments of the compo- 
nents ah, he, cd. 

But the moment of each of these 
about O is the moment of AB, BC, CD about the axis (page 60). 
Hence the moment of the resultant AD about the axis is equal to 
ttie algebraic sum of the moments of the components AB, BC, CD> 

The moment of acceleration of a moving point relative to any 
fixed point in the plane of its motion is equal to the time-rate 
of change of the moment of its velocity abont the same point. 
A «i B Let AB = t?i be the instantaneous velocity of 

fdt ^ PO^^^ -^ ^^^ t ^^ instantaneous acceleration. 
ja T£en ill any indefinitely small time dt the 
change of velocity is BC=fdt, and the resultant 
velocity is AC = v in the plane of Vi and /. Take 
a point O in the same plane and drop the per- 
pendiculars li , I and p upon the directions of 
Vi , V and f. 

Then, since the moment of the resultant is equal to the algebraic 
sum of the moments of the components, we have 





vl = Vili +fdt . p, or ^ = 



Vl — Vili 

dt 



If the path is a circle of radius r, then Z = Zi = r, and we have 
relative to the centre 

fp=ftr. 

We obtain the same result as follows : 
Resolve the acceleration / into copaponents/t 
tangent to the circle and/« normal. The latter 
component passes through the centre, and its 
moment is zero. We have then the moment of / 

equal to the moment 
of the other com- 
ponent, or 

fp =ftr. 

General Analytical Determination 
of Eesnltant Velocity and Moment 
for Any Number of Concurring Com- 
ponent Velocities in the Same Plane. 
—Let the point P be given by the 
co-ordinates a?, y. Let the component velocities of P be Vi , Vs , Vs , 
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etc., all in the same plane XY and making with the axes of X and 
F the angles ctx, fix; «■ , /i^a ; «• , A , etc. 

Let v oe the resultant velocity making the angles a and h with 
the axes of JTand F respectively. 

For the component velocities parallel to Xand F we have 

Vx = Vx cos ax + v% cos <x% + Vt COS a, + . . . = ^t;cosa; ) 

Vy = Vx cos Px + V% COS /5a + V, COS /5» + . . . = Sv COS p. ) 

In these summations components towards the right or upwards 
are positive, towards the left or downwards negative. 
The resultant velocity is then 



Vr = i^Va,' + Vy\ (2) 

making with the axes of Xand F angles a and h given hy 

cos a = — , cos 6 = -i^ ; (3) 

Vr Vr 

The moment of the resultant velocity with reference to O is the 
algebraic sum of the moments of the component velocities Vx and 
Vy. lip is the lever arm of Vr , we have, paying regard to the sign 
for direction of rotation, for the moment Af, about the axis OZ^ or 
the moment in the plane XY^ 

Mz = VrP = VyX — Va^ (4) 

Hence the lever-arm is 

Mz ,^ 

In these equations Vx, Vy, x and y are positive in the directions 
OX, OF and negative in the opposite directions. With these con- 
ventions the equations are general. 

If Mz comes out positive, the direction of rotation about O is 
counter-clockwise ; if negative, the direction of rotation is clock- 
wise as shown in the figure. 

In the first case the line representative is positive and therefore 
passes through O in the direction OZ, In the second case it has 
the contrary direction. In both cases, if we look along the line rep- 
resentative towards the origin^ the direction of rotation will be 
seen as counter-clockwise. 

Since Vr may be considered, so far as the moment at O is con- 
cerned, as acting at anypoint in its line of direction (page 60), 
let us take it acting at jE^ the intersection of the line of direction 

of V with the axis of F. Then we have for the distance OE^ 

Mz 
Vx X OE := — Mz, or OE = . The tangent of the angle which 

Vx 

Vr makes with the axis of Xis -— . Hence the equation of the line 
of direction of the resultant velocity v is 

Vy^ Mz ,^x 

y = ^-x (6) 

Vx Vx 

If in this equation we make a? = 0, we find the ordinate of the 

point in which the direction of the resultant velocity Vr intersects 

the axis of F, viz., 

Mz 
OE^y'^--^ (7) 



/ 
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If we make 2^ = 0. we find the abecissa of the point in which the 
direction of the resultant velocity Vr intersects the axis of X^ idz., 

^ = ^ (8) 

Vy 

Oeneral Analytic Determination of Eesnltant Velocity and Mo- 
ment for Concurring Component Velocities not in the Same Plane. — 

Let the point P be given by 
the space co-ordinates x, y, z, 
and let the component velocities 
of P be Vi, Va, Vs, etc., making 
with the axes of X, F, and Z the *Ma^ 
angles «i, fli^ yi ; a«, fi^, r% ; a%, 
fii, y*, etc. 

Let Vr be the resultant velocity 
making the angles a, 5, c witn 
the axes. 

We have then for the compo- 
nent velocities parallel to X, F. _ „^_ ^ 
and Z ^^9 

Vx = t?i COS «i -I- 1? J COS a% + Vi cos a% = 2v cos « ; \ 

ry = UiCos/?i 4- UaCOsA -f- v«cos/?« =2i?cos/?; ( . . (1) 

Vs — VxCOByi + raCOSra + ^a COS ^a =^t;cOSr. 5 

In these summations components in the directions OX, OF, OZ 
are positive, in the opj^site du'ections negative. 
The resultant velocity is then 

Vt = Vvx* + V + v»', (2) 

niiaking with the axes of X, Fand Z angles a, h and c given by 

cosa= — , cos & = -?'-, cosc=— (3) 

Vr Vr Vr 

The moment of the resultant velocity Vr with reference to O is 
the algebraic siun of the moments of the component velocities Vx , 
Vy and Vz . 

We take the positive direction of rotation in each of the co- 
ordinate planes in the direction indicated by the arrows in the 
figure. Thus, 

rotation about Z from XtoY) 

*' X " F ** Z > are positive; 

in the contrary directions, negative. 

We have then for the moments about the axes 

moment about Z parallel to plane XF, Mz = VyX — Vxy^ ) 

'' X " ** ** YZ, Mx=^Vzy-vyZ'A. . . (4) 

'* '' Y '* ** " ZX, My = VxZ --VyX.) 

In these equations Vxy Vy, Vz and a?, y, z are positive in the direc- 
tions OX, OF, OZ, and negative in the opposite directions. With 
these conventions the equations are general; and ii Mz Mx, My 
come out positive, we have rotation in each plane counter-clock- 
wise as indicated by the figure ; if negative, clockwise. 

In the first case the line representatives pass through O and 
have the directions OZ, OX, OF. In the second case they have 
opposite directions through O. In any case the direction of rota- 
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tion is always counter-clockwise when toe look along the line repre- 
sentative towards O. 

The equations of the projections of the line of direction of the 
resultant velocity Vr upon the co-ordinate planes are found as in 
the preceding Article, since each may be considered as acting at 
any point in its line of direction : 



on plane XY, y = -^x ; 

Vx Vx 

Vy Vy 

«' " ZX, X=^Z-^. 

Vt Vt 



• • • • • 



(6) 



If in these equations we make 2; = 0, we find the co-ordinates of 
the point in which the direction of the resultant velocity Vr pierces 
the plane XY, viz., 

a^ = _^, y = ^ (6) 

Vz " Vg 

If we make a? = 0, we have for the co-ordinates of the point 
where it pierces the plane YZ, 



, My 

Vx 



Vx 



(7) 



If we make y = 0, we have for the co-ordinates of the point 
where it pierces the plane ZX, 



, Mx ^ 

Vy 



Mz 



(8) 



Combining the line representatives of the moments given by 
(4) we have 

Mr = VrP= VMx* + My'' + Mg' 

Hence 



• • • 



(9) 



Mr 

P=z . 

Vr 



(10) 



The line representative for the resultant moment Mr passes 
rough 
given Dy 



me representative tor tne resultant moment Jlfr pass 
through O ana makes the angles d, e, f with the axes of X, F, Z 



Mx My ^ Mz 



cos d = -_-=-, cose = 

Mr 



W *^^^=Jfr- 



• • • 



. (11) 



Looking along this line representative towards O, the direction 
of rotation is always counter-clockwise. 

The projections of this line representative upon the co-ordinate 
planes make angles with the axes given as follows: 



projection on XF tangent of angle with X = =~ ; 

Mx 

My' 



li 



n 



** YZ 

'' ZX 



l( 



(( 



(( 



({ 



(( 



(t 



(( 



«( 



z = 



Mx 
M, 



(12) 



Z J 



If we maker« = 0, we obtain the equations of the preceding 
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article. If we make x,y^ z zero, we have the equations of i>a^e 37 
if we put V in place of a. 

General Analytic Determination of Sesnltant Acceleration and 
Moment for Concurring Component Accelerations. — The equations of 
the last two Articles hold good for a point having component accel- 
erations as well as for component velocities. We have only to sub- 
stitute / in place of v. 

General Analytic Determination of Eesnltant Displacement and 
Moment for Concurring Component Displacements. — ^The same equa- 
tions hold for a point having component displacements. We have 
only to substitute d in place of v. If we then make a?, y, « = we 
have the equations of page 37. 



EXAMPLES. 

(1) A point P given by the co-ordinates a? = + Sft., y=+ ^ft., 
z =0 has the component velocities v^ = 40, t?« = 60, Vt = 60 ft, per 
sec. J making the angles with X, Y and Z, a^ = 60*, fii = 150°, y\ = 
90°; a, = 120°, /?. = 30°, r^ ==90**; a, = 120% fit = 160°, yt = 90°. 
Find the resultant velocity and the resultant moment about the 
origin. 

Ans. The component velocities are in one plane and 

t>a; = + 20 — 26 — 80 = — 36 ft. per sec.; 

«» = - 34.64 + 48.« - 51.96 = - 48.8 ft. per sec. 



The resultant «r = V«x' + vy* = 55.67 ft. per sec, making with the hori* 
zontal the angle cos a = — = ^=-s=, or o = 128* 57' 17", and with the vertical 

f»r 00.07 

angle cos6 = ^ = Z^, or 6 = 141* 2' 43". 
ty 00.07 

The moE^ent of the resultant velocity Vr with reference to is Jfz ^ — 130 
+ 140 = + 10 sq. ft. per sec. 

The direction of motion of the radius vector in the plane XT\& therefore 
counter-clockwise. 

The lever-arm p = ►^-^ = about 0.18 ft. 

The equation of the line of direction of the resultant velocity is ^ = 1.287a; 
+ 0.286 ft. 

The intercepts on the axes are y' = + 0.286 ft., a/ = — 0.281 ft 

(2) A point P given by co-ordinates a; = + 3/t, 2^ = + 4/f., z = 
+ 5 ft. has the component velocities Vi = 40, ra = 50, Vt = 60 ft. per 
sec. J making the angles with X, F, Z, ai = 60% A = 100% yi obtuse ; 
aa = 100% /?a = 60% y% acute ; a. = 120% fit = 100% y^ acute. Find 
the resultant velocity and the resultant moment about the origin. 

Ans. We find the angles y (page 12) by the equation 

cos* y ■= — co% (a -\- fi) 00& {a — fi). 

Hence y^ = 148* 2' 31".r, y^ = 31* 57' 28".3, yt = dV 67' 28".8. 
«aj = + 20 -8.6824 -30= -18.6824 ft. per sec. 
tV = - 6.946 4- 25 - 10.419 = -j- 7.635 ft. per sec. 
Vz =- 33.937 + 42.421 + 50.907 ^ + 69.891 ft. per sec. 
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The resultant velocity is 



dr = 4/V + V + V = 62.78 ft. per sec» 
making with the axes of X, T, Z angles given by 

cos a == ^ g;!j^, OP a = 107My 86"; 

4-7 ftS5 
co8ft = ^jy^, or 6 = 88* C 88" ; 

ooe« = ±g^, or «= 18- 46' 43". 

The moments in the co-ordinate planes are 

Jf, = + 22.905 + 74.7296 = + 97.6346 sq. ft. per sec. 
JG = + 237.564 - 88. J75 = + 199.389 
Jfy = - 93.412 - 178.173 = - 271.585 

The resultant moment is 



«( « « «< 



Mr = VJf»' + Jf»* + Jf** = 350.78 sq. ft. per sec. 
The line representative makes with the axes of <X, F, Z angles given by 

cosd = ^ = + ^-f ^ . or d = 66° 21' 87"; 

Mr 4U7.0 

Looking along this line towards 0, the motion of the radius vector is 
counter-clockwise. 

The equations of the projections of the direction of the resultant velocity t)r 
upon the co-ordinate planes are : 

on plane ZF, y = - 0.408a; + 5.226 ft.; 

on plane YZ, » = + 7.778y - 26 115 ft.; 

on plane ZX, a; = — 0.3148 + 4.572 ft. 

The point in which the direction of the resultant velocity pierces the plane 
XFls given by a?' = + 4.572 ft., y' = + 3.357 ft. 

The point in which the direction of the resultant velocity pierces the plane 
YZ is given by y' = + 5.226 ft., »' = + 14.56 ft. 

The point in which the direction of the resultant velocity pierces the plane 
^Xis given by »' = - 26.115 ft., a;' = + 12.788 ft. 

(3) A point given by the co-ordinates x=: + S ft,, y ^ + 4t ft., 
z = 0, fias the component accelerations fi = 40, f^ = 50, /a = QOft.-per- 
sec. per sec., making the angles with X, Y and Z, a^ = 60°, fii obtttse, 
y, = 90° ; /?, = 30°, oTj obtuse^ y^ = 90° ; a^ = 120°, /?« obtuse, r« = 90°. 
Find the resultant acceleration and the resultant moment about Uie 
origin, 

Ahs. (page 64). The component accelerations are in one plane and 

/aj = 4- 20 — 25 — 30 = — 35 ft.-per-seo. per sec. 

fy- -^ 34.64 + 43.3 - 51.96 = - 43.3 ft. -per sec. per sec. 

The resultant fr = Vfi^+fy* = 55.67 ft.-pernsec. per sec., making with 
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the horizoBtal the angle oob a = -^^ ^^, or a = 128' 57' 17", and with 
thevertioal the angle ooe & = ^ = ^=i||^, or 6 = 141' 2' 48". 

/ 00.07 

The moment of the resultant acceleration with reference to is 
Mz = — 180 -4- 140 = -(- 10 square feet-per-sec. per sec. The direction of mo- 
tion of the radius vector in the plane XY is therefore counter-clockwise. 

The lever-arm p of the resultant is p = ^=-s=- = about 0.18 ft. 

00.07 

The equation of the line of direction of the resultant acceleration is 
y = 1.287ie + 0.28d ft. 

The intercepts on the axes are y' = + 0.28d ft., aj' = — 0.281 ft. 

(4) A point aiven by the co-ordinates a? = -*- 3/t., y = + 4/t., 
= -t- 6 /^. ha8 the component accelerations /i = 40, /« = 50, /« = 60 
ft.'per'Sec. per sec.., making the angles with JT, !r, Z, ai = 60*, 
/Ji = 100% ri obtuse; a, = 100% /?, = 60% r« acute; a, = 120% 
fit = lOO"*, rt acute. Find the residtant acceleration and the result- 
ant moment about the origin, 

Ans. (page 65). We find the angles y (page 12) by 

oos'x = — cos (« + fi) cos (a — yS). 
Hence yi = 148' 2' 81 ".7, r« = 81' 57' 28".8, r« = 81' 57' 28".8. 

/b= + 20 - 8.6824 - 80 = - 18 6824 ft.-per-sec. per sec; 

/y=-6.ft46 + 25-10.419 =+ 7.685 •• " '* « " ; 

/, = -83.987-f 42. 421 + 50.907 = -f 59.891 '* " " '• " 
The resultant acceleration is 



• 



fr = V/»' +/»* +/* = 82.78 ft.-per-8ec. per sec., 
mairing with the axes of X, Zand Wangles given by 

cos a = ~^!^ . or a = 107' 19' 86"; 
COS 6 = =y^. or 6 = 88' C 88"; 

co8c=±gig^, or<s= 18- 46' 42". 

The moments in the co-ordinate planes are 

Jf, = + 22.905+ 74.7296 = + 97.6846 sq. ft.-per-sec. per sec 
Jf»= + 237.564 -38.175 = + 199.889 " ** " " " " 
My-" 93.412 - 178.173 =- 271.585 " " " " ' " 

The resultant moment is 



Mr = 4/ JG?" + ift'" + Jf." = 350.78 sq. ft.-per-sec. per sec. 
The line representative makes with the axes of X, T, Z angles given by 

^ Mx +199,389 , K^oo./o,^» 

cosd = -^ = X_f_, or d= 55' 21' 87"; 

My -271.585 ^,^, ,,, ^„ 

«^^^ = ltf =-407:6-'^'^ = ^^^ ® ' 

- Jlf» +97.6346 _ _,_- _,^, -. ,, 
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Looking along this line towards 0, the motion of the radios vector is coun- 
ter-clockwiBe. 

The equations of the projection of the direction of the resultant acceleration 
/upon the co>ordinate planes are : 

on plane XT, y = - 0.408s» + 6.226 ft.; 
on plane TZ, f = + 7.77^ - 26.115 ft. ; 
on plane ZX, a; = - 0. 314« + 4.572 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane XT is given by a? = + 4.572 ft., y* = + 8.357 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane YZ is given by y' = + 5.226 ft., «' = - 14.56 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane ZXSa given by »' = - 26.115 ft., «' = + 12.788 ft. 

(5) A point given by the co-ordinates a? = + 3 ft,^ y = + 4 /*., 
js = has the component displacements di = 40 /t, as = 50 ft.j 
dt = 60 /^, m>aking the angles with X, Y and Z, a, =?= 60°, fi^ obtusSy 
;^, = 90^ /?, = 30°, a, obtuse, ^s = 90 ; a, = 120', fl» obtuse, r» = 90*. 
Find the resultant displacement and moment about the origin, 

(6) A point given by the co-ordinates x= +B ft., y =: + 4 ft.^ 
z ^ + S/t, has the component displacemsnts di = 40/t., d, = 50 W., 
di = 60 jt., m^aking the angles with X, Yand Z, ai = 60°, fii = 100°, 
yi obtuse; a^ = 100°, /?« = 60°, r« acute; a, = 120°, /?. = 100°, r» acute. 
Find the resultant displacement and momsnt about the ortgin. 
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OHAPTEE VII. 

ANGULAR REVOLUTION OF A POINT. ANGULAR SPEED. 

BATE OF CHANGS OF ANGULAB SPEED. EQUATIONS OF MOTION OF A POINT 
UNDEB DIFFBBENT RATES OF CHANGE OF ANGULAB SPEED. ANGULAR 
SPEED IN TERMS OF LINEAR YELOCITT. RATE OF CHANGE OF ANGULAR 
SPEED IN TERMS OF LINEAR. MOMENT OF LINEAR YELOCITT IN TERMS 
OF ANGULAR SPEED. MOMENT OF TANGENTIAL ACCELERATION IN TERMS 
OF RATE OF CHANGE OF ANGULAR SPEED. NORMAL ACCELERATION IN 
TERMS OF ANGULAB SPEED. MOTION IN A CIRCLE. 

Angular Eevolntion of a Point about a Oiven Foint.---When a 
point moves in any path whatever from the initial position Pi to 
the final position P, in any given time, we have callea the distance 
PiPa the linear displacement (page 34). 

If we choose any point in space O as a pole 
and draw the radius vector OPi to the initial 
and OPa to the final position, we call the an^le 
PiOP^ = 6 the angular revolution of the pomt 
P about O. 

Since the angle B is measured in radians, it 
is independent of the length of the radius vec- 
tor, or the distance of Pi and Pa from O (page 6). 

It is also independent of the position of the plane of revolution 
PxOP% in space, or of the direction in space of the angular revolu- 
tion. 

It has, however, magnitude and sign ( +) or (— ), according as the 
radius vector moves in this plane in one direction or the other. 

Angular revolution has then magnitude and sign, but not direc- 
tion. It is therefore a scalar quantity like distance described by a 
point, and cannot be represented by a straight line. 

The student must not confound angular revolution with "angular displace- 
ment/' which, as we shaU see hereafter (page 170), has like linear displacement, 
direction as weU as sign and magnitude, and is therefore a vector quantity 
which can be lepresenteid by a straight line. 

Angular Eevolntion of a Point about a Oiven Axis.— The angidar 
revolution in any eiven time of a moving point about a given line 
or axis is the angle between perpendiculars from the initial and 

final positions of the |)oint to the axis. 

Thus let OA be a given axis. Pi and Pa 
the initial and final positions of the mov- 
ing point, and PxB, PaC perpendiculars to 
OA. Then the angle between PiB and 
PaC is the angular revolution about OA, 
whatever the path between Pi and Pa. 

This angle is the same as the an^e 
pCPiy if we complete the rectangle CPi. 
As the straight line pPt is thus the pro- 
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jection of the line PiP* on the plane PtCjp, we see that the angular 
revolution ahout the axis is the angular revolution of the projection 
p of Pi ahout the point C 

Mean Angular Speed of a Point about a Given Point or Axis.— The 
an^lar revolution per unit of time is the mean angular speed of a 
point ahout a given point or axis. 

Like angular revolution it has then magnitude and sign accord- 
ing to direction of motion in the plane of revolution, but is inde- 
pendent of the position in space of that plane. It is therefore a 
scalar quantity hke Unear speed (page 16). 

When the mean angular speed varies with the time it is variable. 
When it has the same magnitude no matter what the interval of 
time it is uniform. A point moving with uniform angular speed evi- 
dently describes equal angles in equal times. 

Instantaneous Angular Speed of a Point about a Given Point 

or Axis.— The limiting value of the mean angular speed when the 
interval of time is indefinitely small is the instantaneous angular 
speed. If the instantaneous angular speed is variable, the mean 
angular speed has different values for equal intervals of time. 

The term angular speed always signifies instantaneous angular 
speed unless otherwise specified. 

Angular speed like mean angular speed is therefore a scalar 
quantity, having magnitude and sign according to the direction of 
motion in the plane of revolution, but independent of the position 
of this plane in space. 

The student must not confound axiTOlar speed with "angular velocity/' 
which, as we shall see hereafter (page 174), has direction as well as sign and 
magnitude and is therefore a vector quantity. 

Numeric Equations of Angular Speed.— The unit of angular speed 
is evidently one radian per second. We denote the magnitude of 
the angular speed thus measured by the letter go. 

If then di IS the angle measured in the plane of revolution from 
any fixed line to the initial position of the radius vector and B to the 
final position of the radius vector, we have for the mean angular 
speed 

"=-7^- • • • W 

When the interval of time is indefinitely small, we have in the 
Calculus notation, for the instantaneous angular speed, 

dO 
""^di (^) 

Sign of Angular Speed. — These equations are precisely the same 
as equations (1) and (2), page 16, simply substituting for «. The 
sign follows the same rule. Thus when the angle is increasing the 
value of GO is positive (-I-), and when decreasing it is negative (— ). 

Equation (1) is thus general if we take angles in any one direc- 
tion m the i)lane of revolution measured from a fixed line in that 
plane as positive, and in the opposite direction as negative. 

Angular speed, then, whether uniform or variable, mean or in- 
stantaneous, IS independent of direction in space. It is entirely 
comparable to linear speed (page 15). 

Change of Angular Speed. — ^When the angular speed of a point 
varies, the difference between the final and initial instantaneous 
speeds for any interval of time is the integral change of angular 
speed. 
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Mean Kate of Change of Angular SpeecL — The integral change of 
angular speed per unit of time is the mean rate of change of angu- 
lar ^peed. 

When the mean rate of change varies with the time it is vari- 
able. When it has the same magnitude no matter what the inter- 
val of time it is uniform. 

Instantaneous Bate of Change of Angular Speed. — The limiting 
value of the mean rate of change of angular speed when the inter- 
val of time is indefinitely smalTis the instantaneous rate of change 
of angular speed. 

Rate of change of angular speed should alwavs be understood as 
meaning instantaneous rate of change unless otherwise specified. 

Rate of change of angular speed may be zero, uniform or vari- 
able. When it is zero the angular speed is uniform and the same 
as the mean speed for any interval of time. 

When it is uniform the. rate of change of angular speed is the 
same as the mean rate of change for any interval of time. 

When it is variable the mean rate of change has different values 
for equ€il intervals of time. 

Numeric Equations of Bate of Change of Angular Speed. — ^The 
imit of rate of change of angular speed is then one mdian-per-sec. 
per sec. We denote its magnitude thus measured by the letter a. 

If then ooi is the initial and oo the final instantaneous angular 
speed, we have for the mean rate of change of angular speed 

00 — OOi 

"=-r-' • <«> 

and for the instantaneous rate of change of angular speed 

doo <PB 

""^li^dF ^*> 

Sign of Sate of Change of Angular Speed. — These equations are 
precisely the same as equations (1) and (2), page 25, simply substi- 
tuting a> for V and for a and a for a. The value then of a is posi- 
tive (4-) when the angular speed increases and negative (— ) when 
it decreases during the time. 

It is evident that this sign has no reference to position in space. 
Rate of change of angular speed is then a scalar quantity. 

The student must not confound rate of change of angular speed with 
"angular acceleration," which, as we shall see hereafter (page 175), has direc- 
tion as well as sign and magnitude and is therefore a vector quantity. 

Equations of Motion of a Point under Difforent Bates of Change 
of Angular Speed. — We have equations preciseljr similar to those 
for linear speed, page 27. We have only to substitute ai for v, a for 
a, B for 8. 

(a) Rate of Change of An^ar Speed Zero. — In this case if Oi is 
the initial angle mea.sured in the plane of revolution of the radius 
vector from a fixed line in that plane, and B the final angle, we have 

00 = — T— -, or oot=^B — Bi (1) 
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(b) Rate of dumge of Angnlar Speed Uniform.— When the rate 
of change of angular speed is uniform, the instantaneous rate of 
change of «.Tigiila.r speed at any instant is equal to the mean rate of 
change for any interval of time. 

If 00 1 and 00 are the initial and final instantaneous angular speeds, 
we have then for the rate of change of angular speed 

00 -~ 00 I 

^=-r' <^> 

The value of a is (+) when the angular speed increases and (~) 
when it decreases during the time. 
From equation (2) we have 

00 = ooi -^ at (3) 

The average angular speed is 

g =001 + -at (4) 

The angle descrihed in the time t is 

B^B^ = ^^-±^t = ood + ^at\ ... (5) 
Inserting the value of t from (2) we have 

« * 00^ — flOi' 

Hence oo* = coi" + 2a(B — Oi) (7) 

In applying these formulas, a is positive (+) when the angular 
speed increases and negative (— ) when it decreases during the 
tune, without regard to direction of revolution. 

If angles 6, 0i in one direction are taken as (+), angles in the 
opposite direction are (— ). 

Angular speeds oo, ooi are positive (+) when motion is in the 
assumed positive direction, and negative (— ) when in the other 
direction. A positive t denotes time after the begimiing of motion, 
and a negative t time before. 

[(c) Bate of Change of Angular Speed Variable.]— If the rate of change of 
angular speed is variable, we have from (1), in Calculus notation, 

dS 

""^di^ (^> 

doo d'B 

''=11= dP' w 

and from (8), 

- 6, = / oodt (10) 

The preceding equations can be directly deduced from these as on page 28. 

Angular Speed in Terms of Linear Velocity. — If a point moves 

A from Pi to P« in any path in the time t, the 

A /" linear displacement in that time is the 

/^^''~Z:::^^x chord PiP,. 

' ^\J^^ — ' 5^^ ^^ ^® i^Q O as a pole, the angular dis- 

A. ^^ placement of revolution is PiOP» = 0. The 

y \^/^ mean linear velocity is 

/j^ chord P iP, 

and the mean angular speed is —• 

V 
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From Pi draw PiN perpendicular to OPt. Then if angle PiPtN 
= 0, we have 

PiN= chord PiPi . sin <p. 

Dividing by f , we have 

PiN _ chord PiP, . sin 
t " f 

But PiN= r sin 6, where r is the radius vector OPu Hence 

rsinQ __ chord PiPi . sin 
t " t 

If now the time is indefinitely small, ' * becomes the in- 

stantaneous velocity v, and <p becomes the angle APiv = e between 
the radius vector OPi and the instantaneous velocity t?, and sin© 

becomes 0, and -r- becomes the instantaneous angular speed a>. Hence 

V 

vsine ,.. 

rco = t?sme, gr oo = (1) 

T 

In general, then, whatever the path or wherever the pole. 
The magnitvde of the angular speed at any point is equal to the 
magnitude of the component of the linear velocity at that point per- 
pendicular to the radius vector^' divided by the magnitude of the 
radius vector. 

If the pole O is taken at the centre of curvature, so that OPi is 
equal to the radius of curvature p, then € = 90° and we have pa) = v 

V 

or a? = — . 

p 
Kate of Change of Angular Speed in Terms of Tangential Linear 
Acceleration. — If ft = aiB the magnitude of the linear tangential 
acceleration or rate of change of speed at any point, then we can 
prove, precisely as in the preceding Article, that 

ft sin e 

« = =^— T— , (2) 

r 

where a is the magnitude of the rate of change of angular speed. 

Hence the magnitude of the rate of change of angular speed at 
any point is equal to the magnitvde of the component of the linear 
to/ngential acceleration at that point perpendicular to the radius 
vector^ divided by the magnitude of the radius vector. 

If the pole O is taken at the centre of curvature, e = 90** and we 

have pa = ft or a = — . 

P 

Moment of Linear Velocity in Terms of Angular Speed. — ^We can 
resolve the linear velocity v at the point P into a component v cos e 
along the radius vector and a component ^ 

vsiae perpendicular to the radius vector. y^ 

The moment of the first relative to the pole , 5^^JL_— ».i> 

is zero. Since the moment of v is equal to 
the algebraic sum of the moments of its com- 
ponents (page 62), if we take moments about 
the pole, we have 

vp = v sin € . r. 
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But we have just seen that vemesz rw. Hence 



vp = r'flo. 



(3) 

That is, the magnitude of the moment of the linear velocity at any 
point relative to the pole is equal to the magnitude of the angular 
speed at that pointy multiplied by the square of the magnitude of the 
radium vector. 

Since v sin 6 is the normal component of v, v sin e . r is twice the 
areal velocity of the radius vector {psLge 61), 

Moment of Linear Tangential Acceleration in Terms of Bate of 
Change of Angular Speed. — ^We can resolve the tangential accelera- 
tion ft into components along and perpendicular to the radius vector 
and thus ohtain, precisely as in the preceding Article, 

(4) 



fP =ftPt = ^'«- 



Hence the magnitude of the moment of the linear tangential ac- 
celeration at any point relative to the pote is equal to the nuignitude 
of the rate of change of angular speedy at that pointy multiplied by 
tne square of the magnitude of the radius vector. 

Since ft sin e is tne normal component of /t , /t sin € . r = r'a is 
twice the areal acceleration of the radius vector (page 61). 

Normal Linear Acceleration in Terms of Angular Speed. — ^We 
have seen (page 53) that when a point moves in any path, the 

magnitude of the normal acceleration/^ is given hy /^ = — , where 

p is the radius of curvature. 

If we take the i)ole at the centre of curvature, then, we have v = 
poo, and hence 

V* 
fn= -^ =^ P^" = ^^ W 

The magnitude of the normal linear a^cceleration at any point is 
equal to the magnitude of the radius of curvature at that point ^ 
multiplied by the magnitude of the sqvxire of the angular speedy or to 
the velocity voo in the hodograph (page 52). 

Since for any path roo :^v sin e, we have 



V = 



Hence, in general, 



roo 
sine 



_ ..,3 ^v^ ^ 



r'oo' 



f =Vco = poo' = — = . , 
^ p p sm' € 



where r is anv radius vector when the pole is not at the centre of 
curvature, and e is the angle of v with this radius vector. 

Motion in a Circle. — For a point moving in a circle we have 
€ = and r = p. Hence from (1), page 75, we have 



V 

V =:roo, or a)= — , 

r 



(1) 



If r is unity, we have the numeric equation (» = v, that is, the 
number of units of angular speed is equatto the number of units of 
linear speed at distance unity. 



From (2), page 139, we have 



f^ = ra^ or a = 



ft 

a = — . 

r 



&) 
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If r is unity, we have the numeric equation a ^ft , that is^ the 
number of nmts of rate of change of angtUar speed is equal to the 
number c^ unite of linear tangential acceleration at distance unity. 

From (5), page 76, we have in any case 

/n = v^ (3) 

or the normal linear a>ccelemtion is equal to the velocity in the 
hodograph (page 52). Inserting the value of v from (1), 

/n = »^=^. or <»'=-^ (4) 

If r is unity, we have the numeric equation fn = v* = »', that is, 
the number of units of the normal linear acceleration is equal to the 
square of the number of units of linear velocity at distance unity ; 
or the square of the number of units of angular speed is equal to the 
number of units of the normal linear acceleration at distance unity. 

We have also for the total resultant linear acceleration 

f^Vfe+fn\ (6) 

Since the component /n passes through the centre, the moment 
of / relative to the centre is equal to the moment of /^. Hence 

w =z= r'o7, (6) 

/jp =/^r = r*a (7) 

give the moments of v and/ with respect to the centre. 

If the point starts from rest and acquires the velocity v in the 

time f, under constant tangential acceleration, we have /^ = — , 

Graphic Bepresentation of Kate of Change of Angular Speed. — 
We can represent intervals of time hy distances laid off horizontally 
and the corresponding angular speeds by distances laid off vertically 
and thus obtam the same diagrams as for linear speed given on 
page 29. 

EXAMPLES. 

(1) T?ie angular speed of a point moving in a plane about some 
a^ssumed point changes from 60 to 30 raaians per sec, in passing 
through 80 radians. Find the constant rate of change of angular 
speed and the time of motion. 

•^®* ^ = ~o7Z — rr = — 10 radians-per-sec. per sec. The minus sign de- 
notes decreasing speed, t = = 2 sec. 

(2) Draw a figure representing the motion in the preceding 
example^ and deduce the results directly from it. 

Ans. Average speed = — ~ — = 40 radians 

per Bee. Hence 40* = 80 or < = 2 seconds. Also ^r» ,^ ^ 

80 — 60 1 |<»-ao 

a = 5 = — 10 radians-per-sec. per sec. 
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(3) A point moving in a plane has an initial speed of 60 radians 
per sec. about an assumed point and a rate of change of speed of 

+ 40 radians-peT'Sec. per sec. Find the speed after 8 sec.: the tim>e 
required to describe 300 radians ; the change of speed white describ- 
ing that angle ; the final speed. 
Ans. See Example (9), page 31. 

(4) If the motion in the last example is retarded, find (a) the 
angular revolution from the start to the turning-point; (b) the angle 
described from the start after 10 sec. ; the speed acquired and the 
angle between the final and initial positions ; (c) the angle described 
during the time in which the speed changes to — 90 radians per sec.^ 
and this time ; (d) the time require by the moving point to return 
to the initial position. 

Ans. See Example 10, page 82. 

(5) A point moving in a plane describes about a fixed point 
angles of^l20 radians, 228 raaians and 336 radians in successive 
tenths of a second. Show that this is consistent with uniform rate 
of change of angular speed, and find this rate, 

Ans. a = 10800 radians-per-sec. per sec. 

(6) Two points A and B move in the circumference of a circle 
vnth uniform angular speeds oo and go*. The angle between them at 
the start is a. Find the time of the nth meeting, the angles described 
by A and B, and the interval of time between tux) successive meet- 
ings. 

Ans. See Example (21), page 21. 

mi jixi- XI. X. ^ ±« + (» — l)2jr 
Time of tne nth meetme:, tn = ^-^^ 7-^ — . 

° GO ± 00 

Angle described by J. is = ootn. 

" •* 5 is T a. 
Interval of time between two saccessive conjunctions is 

tt — ti = U — tt = , , 

00 ^ 00 

where we take the (-|-) or (— ) sign for a according as ^ is in front of or behind 
A at start, and (-}-) or (— ) sign for oi' according as the points move in opposite 
or the same directions. 

(7) What is the anqular speed of a fly-wheel 5 ft. in diameter 
which makes 30 revolutions per minute, arid what is the linear ve- 
locity of a point on its circumference f Also find its linear normal 
acceleration and the moment of its velocity with reference to the 
centre. 

Ans. ic radians per sec.; 2.5^ ft. per sec., tangent tocirc; 2.5;r' ft-per- 
sec. per sec; 6.25;r sq. ft. per sec. 

(8) Find the linear and angular speed of a point on the earth's 
equiator, taking radius 4000 miles ; also the linear nomud accelera- 
tton. 



% 



Ans. 1635.9 ft. per sec.; -^ radians, or VSl* per hoar; 0.112 ft.-per-sec. per 



GUM* 



(9) The angular speed of a wheel is -rit radians per sec. Find the 

4 

linear speed of points at a distance of 2 ft., 4 ft. and 10 ft. from the 
centre, also the linear normal acceleration. 
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Q 

Axis. ^ie, 8«, 7.69r ft. p^r sec. 

5-«*, -jjr*, -^jr* ft.-per-sec. per sec. 

o 4 o 

(10) If the linear speed of a point at the eqvator is r, find the 
speed linear and angular at any tatittide A« 

Ana V COS A. ; -^ radians per hoar, or IS"* per hour. 

(11) A point moves with uniform velocity v. Find at any instant 
its angular speed about a fixed point whose distance from the path 
is a. 

Ana. -r- radians per sec., where r is the radius vector. Uniform velocity 
r 

means uniform speed in a straight line (page 43). 

Hence the angular speed of a point moving with uniform si>eedin a straight 

line is inversely proportional to the square of the distance of the point from a 

fixed point not in the line. 

(12) The speed of the periphery of a mill-wheel 12 feet in diame- 
ter is 6 feet per sec. How many revolutions does the wheel make 
persecJ 

Ans. jr — revolutions. 

(13) The time is between 5 and 6 o^clock, and the hour and min- 
ute hands are together. What is the time % 

Ans. 5 h. 27 m. 16 sec. (see Example (6) ). 

(14) Express in degrees and radians the angle made by the hands 
of a clock at 3.35 &clock. 

Ans. 102.5 deg., 1.79 radians. 

(15) Find the multiplier for changing revolutions per minute into 
radians per second. 

Ans. 0.10472 rad. per sec. = 1 rev. per min. 

(16) The minute and second hands point in the same direction at 
12 &clock. When do they next point in the same direction % 

Ans. 1 min. 1^ sec after twelve. (See Example (6) ).' 

(17) Two clocks are together at XII. When the first comes to /, 
it has lost a second; when the second comes to I, it has gained a 
second. How far are they apart in 12 hours f 

Ans. 24 sees. 

(18) Two men start together to uxHk around a circular course, one 
taking 75 minutes to the round, the other 90. When vnll they be to- 
gether again at the starting-point f 

Ans. 7.5 hours. (See Example (6)). 

(19) l%e hour-hand of a watch is ^ of an inch long, the minute- 
hand I of an inch, and the second-hand i of an inch. Compare the 
lineal speeds of their points and the angular speeds. 

Ans. 6 : 112 : 2800; 1 : 12 : 720. 

(20) Deduce the equivalent of longitude for one minute of time 
and for one second of time. 

Ans. 15' to 1 min., 15" to 1 sec. 
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(21) The diameter of the earth is nearly 8000 milea. Bequired 
the circumference at the equator and the linear speed at Uxtitvde 60*. 
Ans. 25000 miles; 521 miles per hour. 

{2Z) The wheel of a bicycle is 52 inches in diameter and performs 
5040 revolutions in a journey of 65 minutes. Find the speed in 
miles per hour ; the angular speed of any point about the axle ; the 
areal velocity of a spoke ; the relative velocity of the highest point 
with respect to the centre, 

Ans. 12 miles per hoar; 8 : 12 radians per sec; 19.06 sq. ft. per sec.; 12 
miles per boar. 

(23) In going 120 yards the front wheel of a carriage makes six 
revolutions more than the hina wheel. If each circumference were a 
yard longer, it would make only 4 revolutions more. Find the cir- 
cumference of each wheel, 

Ans. 4 yards and 5 yards. 

(24) If the velocity of a point is resolved into several components 
in one plane, show thai its angular speed about any fixed point in 
the plane is the sum of the angular speeds due to the several compo- 
nents, 

(25) A point moves with uniform speed vin a circle of radius 

r. Show mat its angular speed about any point in the drcumfer- 

. V 
ence w -— . 
2r 

(26) Show that the angular speed of the earth about the sun is 
proportional to the apparent area of the sun^s disk. [The radius 
vector from the sun to the earth sweeps over equal areas in equal 
times.] 

(27) A point P moves in a parabola with constant angular speed 
about the focus S, Show that its linear speed is proportional to 

SP^' 

(28) A point startina from rest moves in a circle with a constant 

rate of change of angular speed of 2 radians-per-sec, per sec. Find 

the angular speed at the ena of 20 sec. and the angular displacement 

of revolution; also the linear speed and distance described and 

me number of revolutions ; also the linear tangential acceleration 

and the normal linear acceleration at the end of 20 sec, 

400 
Ans. 40 rad. per sec.; 400 radians; 40r ft. per sec.; 400r ft; ^r— revolu^ 

Alt 

tions; 2r ft.-per-sec. per sec. tangential acceleration; 1600r ft.-per-sec. per sec. 
normal acceleration. 

(29) A point moving with uniform rate of change of angular 
speed in a circle is found to revolve at the rate of 8i revolutions in 
the eighth second after starting and 7i revolutions in the thirteenth 
second after starting. Find its initial angular speed and its uni- 
form rate of change of angular speed ; also the initial linear speed 
and rate of change of speed; also the initial normal acceleration. 

Ans. 20.29r radians per sec.; — 0.4« radians-per-sec. per sec; 20.2;rr ft. 
per sec; — 0.47rr ft.-per-sec. per sec; 408. 04a V ft.-per-sec. per sec. 

(30) A point starts from rest and moves in a circle unth a uni- 
form rate of change of angular speed of 18 radians-per-sec. per sec. 
Find the time in which it makes the first, second and third revolu- 
tions. 

i^ 2V^-4/2^ ^ ii^izAl^ sees 



CHAPTER Vin. 



DIFFERENTIAL EQUATIONS OF MOTION OF A POINT.* 



Free Motion of a Point — Sectangnlar Co-ordinates.— Let a moy- 
ing i>oint have a position at any instant given by the co-ordinates x^ y and 
j?, and let the distance described in the interval of time dt be ds^ and let 
the direction of motion make the angles a, >3, y with JT, F, Z, Then wo 
have 



dx a ^y cLz 

cos a r= ^-, COSP = 3^ , cos K = -=-. 

ds ds ds 



(1) 



The magnitude of the velocity is 



V = 



dt' 



(2) 



and its components in the direction of the axes are 



ds dx 

Vx = v cos a = -r cos a = -r- : 

dt dt' 

^ ds a dy 
dt dt 



ds 



dz 



i" 



(8) 



"0: 

7° 



X 



♦I?* 



y 



X 



% = t) cos y = ^T cos r = ^j. 

dt dt ^ 

We have Vx positive towards the right, negative towards the left; t?y posi- 
tive upwards and negative downwards ; Vz positive in the direction OZ^ 
negative in the opposite direction (page 44). 

Squaring equations (3) and adding, since cos' oc + cos* fi + cos* ^^ = 1, 
we have 

— • - V . V = (!)•= (-)% (DV (I)-, . . (., 

or 



Let the acceleration be / and its components in the direction of the 
axes JT, F, Z be /» , /y , /« , then we have 

^ d^x ^ d^y ^ _d^2 ff,. 



* This Chapter must be omitted by those not familiar with the Galcalos. 
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The aoceleratioii / is then 



We haye fx ppsitiye towards the right, negative towards the left; fp 
positive upwaros, negative downwards; /« positive in the direction OZ, 
negative in the opposite direction. 

The tangential acceleration /t = a is the rate of change of speed, or 



^ dv (Ps 



(8) 



Differentiating (4) and substituting (6), we haye 
vdv =:fxdx +fydy +fgdz. 
Hence 

1^ == 2 A/aKto + /,<^ +/«<fe) + Const I 

ds d^9 

Dividing by ds, since ^ = ^» ^^^ ^^ ~ ^T » ^® ^*^® ^°^ ^^ 

^ dv d^8 ^dx ^ ^ dy ^ .dz 



(9) 



"" <fo d^^ ds dt^^ ds dt"' * ^ ^ 



The normal acceleration /n, as wehaveseen (page 76), is/n= — , where 

P 
p is the radius of curvature at the point. We have from analytical 
Geometry 



Hence 



'?'&hm'*{w 



and the acceleration/ is 

f=Vff+fn' (116) 

If we denote by $ the angle which the acceleration / makes with the 
radius of curvature p, and by 6 the angle which it makes with the tangent 
to the curve, we have d + e = QO"* and 

1$)' 

^ ' (12) 



tan € = — = 



m 



The moment of the velocity about the origin is the sum of the mo- 
ments of the components. The moments in planes parallel to ZY, YZ, 
ZXare: 



^^ dy <& 1 

about «, -^« = 3^ • * "■ ^ • yj 



<i 



4C 



,, dm dy 



dx 



da 



y» ■3^tf=:7r-«~T*-^- 



dt 



dt 



(18a) 
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The moment about the origin of the resalfcant velocity t? If jp is its 
lever-arm is then 



Vp zn: Mz= J^M^ + My^ + Jf^" (136) 

The line representative of this moment makes the angles ^, e, /with 
the axes of X, F, Z given by 

J ^x My ^ Mz 

cos(Z = — , cos 6 = -^, cos/=-^- (14) 

Looking along this line representative towards the origin, the direction 
of rotation is always counter-clockwise. 

In the same way the moment of the acceleration about the origin is 
the sum of the moments of the components. We have then precisely the 

same equations as (13), (14), only we put ^, ^, -i in place of 

doR dn Sst 

TTi -Til 3r i^ order to find the moments in the co-ordinate planes. 
at at az 

Application of the Preceding FormnlafL— Equations (3) and (6) are 

the general equations by which the motion of a point is determined. 
Applications of the use of the equations just deduced will be given here- 
after. We can only indicate here the general application. 

If ;? = 0, we have motion of a point in a plane only. The correspond- 
ing equations are at once obtained by making z and dz zero wherever they 
occur in the general equations. 

If we also make /? = and ^ = 0, we have motion along the axis of x 
only. Hence taking a; = ^^ we have from (3) 

«=-; £rom(6),/=/, = o=^; 

which are equations (8), (9) of page 51. 

If the velocity v in any case is given, it can be resolved by (3) into its 
components Vxy vy^ Vz. Then by differentiating as indicated by (6) the 
components A, /y, /« of the acceleration /can be found, and the accelera- 
tion / can then be found by (7). 

If the component accelerations are given, we find by integration the 
component velocities and then the resultant velocity. 

If the path is required, each of equations (6) must be integrated twice, 
thus introducing two constants of integration for each. The constants 
of the first integration will depend on the initial velocity, those of the 
second on the initial position. We thus obtain equations involving a?, y, z 
and t, and by eliminating t we obtain an equation between x and y, or y 
and z^ or z and a?, that is, the equation of the projection of the path on 
the co-ordinate planes. 

Differential Polar Equations for Motion of a Point in a Plane. — 
Let X and y be the rectangular co-ordinates, and 
r and B the polar co-ordinates, of a point P in a 
plane. Then 

i» = rcos0, y = r sine (15) 

Differentiating and dividing by dt, we have 

dx dr . . «cW 

t?a?= ~= — -COS0 — rsme —-; (16) 

dt dt dt 




«y = -^ =::7^eme+i*C08e-53^. 
dt dt dt 



(17) 
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Squaring and adding, since sin' 6 + cos'O = 1, we have for the magni- 
tude of the Telocity 

- = (S)'= {§)'* -©■ <>" 

If r is constant, the path is a circle. In this case -j^ is zero and v = 

at 

do 
r—- = rooj where oo is the angular speed (page 76). 

The Telocity along the radius yector is 



dr dx ^ dy , ^ 
dt dt dt 



(19) 



The velocity perpendicular to the radius vector is 

dB dy r. dx ' a 

T'-r- ^ — 2. cos 6 sm 0. . 

dt dt dt 



(30) 



d^x d^y 
Since by (6) — ^ and --^ are the horizontal and vertical components 

of the acceleration, we have, by differentiating (16) and (17), 

^'=dt^ = \di^'i-dt) \'^'-^('di-di''''d^^^ ^''> 

^^ = W=\dF'idt) \'''''^(^di-dt'''d^)'^'' (^^> 



The acceleration along the radius vector is then A cos + /y sinO, or 



^sin0 + -cose = _-ry 



(23) 



d^r . 



If r is constant, the path is a circle. In this case — ■ is zero, and the 

acceleration along the radius vector is/n = — roo', where 00 is the angular 
speed (page 76). The (— ) sign denotes direction towards the centre 
(page 50). 

The acceleration perpencficu2ar to the radius vector is 



or 



/yCOsO— /csinO, 



<«•■ 



. . (84) 



d/r . 



If T is constant, the path is a circle, and ;=- is zero, and the acceleration 

perpendicular to the radius vector is /t = ra, where a is the rate of 
change of angular speed (page 76). 
Equation (24) may be written 

From equation (13a) we have, by inserting the values of x, y and -=-, 

dt 
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dt 



from (16), (17), for the moment of the velocity with reference to the 



pole, if p is the lever-arm, 



M 



Vp = Mm = f*— = f^COf 

at 



(26) 



where oo is the angular speed (page 76). 

From equations (14) and (21) and (22) we have in like maimer, for the 
moment of the acceleration, 

^ f^dr de , d^\ 

^ = Tdrdt-''d^) (^^> 

We see from (25) that this may also be written 



>s> 



(28) 



where ft is the tangential acceleration and a is the rate of change of 
angular speed (page 76). 

Applications of the use of these formulas will be made hereafter. 

General Polar Equations of Motion of a Point in a Plane — Ac- 
celeration CentraL — When the acceleration is always directed to or from 
a fixed point it is called central acceleration, and the fixed point is 
called the centre of acceleration. Let this fixed point be the pole. 

Then, since the direction of the acceleration always passes through the 
pole, its moment with reference to the pole is zero, and we have from (28) 



where c is a constant of integration. 

d8 
HI^ow -j-= 00 = angular speed, and from page 75 we have 

dt 

Too = v sin 6, 

where e is the angle which the velocity 
at any jwint makes with the radius vector. 
Therefore 

.dB , 
r* — = f^oo = rv sm € = e, 

dt 

From page 76 we see that r'<» is the mo- 
ment of the velocity and is equal to twice the 
areal velocity of the radius vector. 

Hence in central acceleration, the moment of 
the velocity about the pole is constant, the area described by the radius 
vector in a unit of time is constant^ and the radius vector tJierefore de- 
scribes equal areas in equal times. 

The constant c is twice the area described by the radius vector in a unit 
of time (page 61). 

If jp is the perpendicular let fall from the pole upon the direction of the 
velocity, we have 




From (80) we have 



f>p = r'— - = roa = ro sm e = c. 
at 



dJ^ e , c 

^^z=a) = - and « = -. 
dt 1^ p 



(30) 



(31) 
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Hence for central acceleration the anatUar speed at any point of the 
path is inversely as the square cf the radius vector ^ and ths linear velocity 
at that point is inversely as the perpendicular disia/nce from the centre ^ 
acceleration to ths tangent to tMpath at tJuU point. 

If /is the central aceeleration along OP, then the component of /nor- 
mal to V is fn =/8in €, or, since from (30) sin e =^,fn ss/^« But from 

T r 

page 58 we have seen that fn = — , where p is the radius of onrvature. 
Hence 



/E=t, or ^^V^U^pA 
r p 4\ r J 



But 2p sin 6 = 2/0- is the length of the chord of curvature 2PB through 

the pole. (See figure page 85.) 

From page 28 we have for a point moving from rest with uniform rate 
of change of speed a, «■ = 2a(* — *»). Therefore, for central accdera^ 
tion the speed at any point of the path is eqtuil to that acquired by a 
point moving from rest unth constant rate of change of speed f through a 
space equal to one fourth the chord of curvature through t?^ centre qf 
acceleration. 

If the acceleration is central, its component perpendicular to the radius 
vector is zero, since the pole is the centre of acceleration, and we have 
from (24) 



dt dt ^ dt^ 



(82) 



The component along the radius vector is equal to the acceleration 
itself, if the pole is the centre of acceleration, and we have from equation 
(23), if the acceleration is towards the centre^ 



5? 



-G-)'-'-. 



(33) 



where the (— ) sign for /denotes motion towards the centre (page 50). 

Equations (32) and (33) express all the conditions of central accelera- 
tion towards the pole, and therefore determine the motion. 

If the acceleration is away from the pole we have + / instead of — / 
(page 50). 

From (30) we have 



dt^ 



and equation (33) becomes 



_ = --/ = r^-/ 



(84) 



But we have seen, page 76, that r<xP^ is the central acceleration for a 

point moving in a circle of radius r with the speed r<». 

d^r 
The rate of change of length of the radius vector ^, we see from (34), 

is then the difference between the central acceleration/ at any instant and 
the central acceleration at the same instant of a point moving in a circle 
of radius r with the same angular velocity. 

This rate of change of velocity along the radius vector is called the 
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paraoentrie aoeeleration. Its integral or ^ is the yelocxty of aj^roach or 

recession along the radius vector and is called the paracentric velocity. 

(a) To find the ipeed at any point of the path. — Central aeeeleration. 
If we multiply (82) by rdB and (38) by dr and add, we have 

or 
Integrating^ we obtain 



df* + f*de 
d^ 



-cx-^jfdr, (86) 



where Ci is a constant of integration. 

If the law of variation of /is given in terms of r for any given case, 

we can perform the integration denoted by / fdr. 

From (18) we have 

d^ tfr» + r»c«e» 



^ "■ d^« ~ d^ • 
Hence 

«^ = ci - a CfdT. (87) 

We have also from (30) 

i> = - (38) 

P 

Since in (37) th6 valne of v depends only upon r, we see that the speed 
for central acceleration at any ttoo points cfthe path is independent of 
the path, and is the same for any points eqtially distant from the centre, 
the law of acceleration remaining the same, 

{b) To find the time of deseribing any portion of the path.— Central accelera- 
tion. 

Substituting (31) in (36), we have 

dr^ c" /» 

^ + ;5 = <'.-3//a^. (89) 

Hence 

t= r ^ _ (40) 

Jr,Yc^-t-%ffdr 
We bave also from (31) 

from which r must be eliminated by means of the equation of the path and 
the integration performed in reference to 0. 

(c) To find the equation of the path. 

r^dB^ 
Substitute in (39) for df its value from (31), d^ = — j-, and we have 



«'(;^ + ^)=«'-2//d»- 



(42) 
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This equation may be simplified by patting r = —, and it then becomes 



u 



'(^-"■)=«-'/-^ 



(43) 



(d) To ftiid the law of tho aeooloration for any given path.— Antral accelera- 
tion. 

Differentiating (48) with reference to dO, we have 



= c^«^! 



f^&u 



d^u 



\de^ 



") 



(44) 



r'de' 



Substituting in (38) for d^ its value from (31), dt* = -^, we have 

1^}' ^'^> 



._^/l _ d:'r\ 



which is the same as (44) if we put — =zu, 

r 

From (30) we have jf = -^, and from (18) tfdt" = dr* + f^dB\ 



Therefore 



i^dt' 



r*de' 



dr" + r"(fe« 
Substitute this in (42) and we have 

"^ ^JfdT. 



i>' 



= Ci 



(46) 



(47) 



Differentiating with respect to p, 

/= 



(?dp 
p*dr 



(48) 



The law of acceleration is given by (44) or (45) or (48). 
From (38) and (35) we have 

^,^_^2_drdB 



(49) 



an expression which will often be found useful in reductions. 

Differential Equations for Constrained Motion of a Point in a 
Plane. — For free motion of a point in a plane we have from (6) for the 
horizontal and vertical components of the acceleration 

Under the action of these components, the point, if free to move, de- 
scribes some curve. 

But if it is constrained to move in a given curve, these components 
will be changed by reason of the normal acceleration N due to the given 
curve. 

If thus /is the acceleration of a free point P, fx and/y its horizontal 
and vertical components, N the normal acceleration due to the given 
Y J, . curve, and 6 the angle of the tangent at P 




with the horizontal, we have 
^ =fy + Naoa 6. 



(50) 



(51) 
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If iV is zero, the motion is unconstrained and we have (6). These two 
equations, together with the equation of the given curve, are sufficient to 
determine the motion completely. 

In applying them, fx is positive towards right, negative towards left, 
and the horizontal component of N follows the same rule. We have fy 
positive upwards and negative downwards, and the vertical component of 
jy follows the same rule. 

If we multiply (50) by %dM and (51) by %dy and add, we have, since 

Sine = -^ and cos = ^-, 



2dxcPx + Myd^ ar^ j , ^ ^ \ 



dt 

dx^ + dv* 

The first member of this equation is the differential of Z-^-^ = 

at 

d^ 

— = «*, or is equal to ^^odv. Hence 

vdv^fxdx ^fydy, 
or 



r>^ =z2 I {fxdx +fyd/y) + Constant. 



(52) 



This is precisely the same result as that obtained for free motion, equa- 
tion (9). 

Hence we conclude that if there is no acceleration except that of iVdue 
to the curve alone, or if /« = 0, /y = 0, the speed on the curve is constant 
and unaffected by the curve. 

If there is an acceleration besides that due to the curve, the speed will 
be unaffected by the curve and the same as if the point were free. 

If the acceleration of the free point is parallel to the axis of y, we have 
/a; = and 

t)* = 2 ffydy + Constant (53) 

If in this last case fy is constant, we have 

t)« = 2/yy + Constant (54) 

If the distance of the point from the origin y = «i when t> = t?i , we 
have 

t)« =«,» +?/'y(y-«0, (55) 

which is precisely the same as for uniform rate of change of speed for a 
free point, as given by eq. (7), page 56. 

Regard must be had to the signs in applying these equations to any 
special case. Velocity and acceleration upwards are positive, downwards 
negative ; to the right positive, to the left negative. 

(a) To find the time of motion of a point on a given curve. 

da 
In aU cases dt= — . Hence when the nature of the curve and the 

speed at any point of it are known, the value of v may be found from (52) 
and substituted, and then t may be found by integration. 

If the acceleration of the point is constant and equal to /and parallel 
to y, we have from (55) 

dt- ^ (56) 

|/«i' 4- ^/'y (y — «i) 



00 KINEMATICS — GBHSRAL PAIKCIFLES. [CHAP. VIII* 

(6) To find the nwrmal a««tl6rftti«ii dvt to tko ourro. 

If we multiply (60) by ^ and (51) by ^ and subtract, we have, sinoe 



cdnO 



— ^ 



doi 



, , cos 6 = -r-» and isr* + dy* = <ii». 

Of (M 

-_ . dy ^ dx ^ dxd^y — dy^ 
N^ f.j^ ^/y^ + -^^ 



ds 
Eliminating dt by the equation « = --, we hare 

dJb 

j^_ ^dy . <to . ^, daxry-Jy<P 
iT- /«- -A- + t) ^ .. 

But if p is the radius of curvature of the constraining curve at the 
point Xj y, 

d^ 



Hence 



<tod*y — dydhs 



ss/^sine — /ycoso + — . . 



%^ 



. (57) 



The first two terms give the normal component of / for free motion. 
The last term is the normal acceleration due to the curve. 

If A and/y are zero, the only acceleration is that due to the curve and 

iV = — (page 76). 
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TRANSLATION. 



CHAPTER L 



BEOTILINEAR MOTION OF TRA.NSLATION. 

VJOJjma ■BODY. AOCBLEBATION INYBRSBLT AS TRB Si^UABB OF TECB 

DISTANCE. 

Tranfllation. — We have defined tranBlation (pa^e 13) as motion 
of a rigid sjstem, such that every straight line joining any two 
points remains always parallel to itself. The paths of all the points 
are therefore parallel at everjr instant and equal for any given 
interval of time, cmd the velocities of all the points at any instant 
are equal and parallel. 

If these velocities are uniform, that is, if all points move in 
parallel straight lines with egual speed, the translation is uniform. 
If these velocities change either m magnitude or direction, the 
translation is variable. 

When, then, a body has motion of translation only, the motion 
of the body is the same as that of any one of its points, and the 
study of the kinematics of a point is therefore the study of the 
translation of a body* 

Rectilinear Motion. — If the direction of the acceleration of a 
point does not change and always coincides with the direction of 
the velocity, then the velocity may change in magnitude but can- 
not change in direction, and we have motion in a straight line. 

In such case the magnitude of the velocity is the speed in a 
straight line, the magnitude of the acceleration is the rate of change 
of speed and may be either imif orm or variable, and the equations 
of pages 28 or 51 apply. 

Acceleration is Proportional to Force. — Although we axe now 
studying change of motion without reference to its cause, it will be 
well for the student to keep in mind the fact that no material body 
can change its own motion. Any change of motion is always found 
to be due to the action of other bodies. This action of external 
bodies upon the body considered to which change of motion or ac* 
celeration is due is called force. 
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The student may figure to himself such a force as the pressure 
or pull of an imponderable spiral spring upon the body, the axis of 
the spring having always the direction of the acceleration, and the 
spring moving with the body, so that its pressure or pull is exerted 
during the entire time of acceleration and is always proportional 
to the acceleration. 

If the acceleration changes in direction, the axis of this spring 
changes, so that it is always in the same direction as the accelera- 
tion. 

If the acceleration changes in magnitude, the pull or push of the 
spring changes corres^ndiiigly. 

If the acceleration is uniform, that is, does not change either in 
direction or magnitude, the axis of the spring does not change in 
direction and its pull or push is constant. 

The force of gravity upon bodies near the surface of the earth is 
like the action of such a spring. Its action is practically constant 
in intensity and direction. 

The student should note that the direction of the force or accel- 
eration is not neceaaarUy that of the motion^ except in the case of 
rectilinear motion. 

Thus in the case of a point moving with uniform speed in a 
circle, the direction of motion at any instant is tangent to the 
circle, but the acceleration is always directed towards the centre. 

Central Acceleration. — When the acceleration is thus always 
directed towards or away from a fixed point, it is called central ac- 
celeration, and the fixed point is called the centre of acceleration. 

If the direction of the acceleration is towards the centre, the ac- 
celeration is negative (page 50) and the force attractive. If away, 
it is positive and the force repulsive. 

Uniform Acceleration — ^Motion Eectilinear — Force Attractive. — 
When the direction of the uniform acceleration coincides with that 
of the motion, we have motion in a straight line with uniform rate 
of change of speed, and equations (2) to (7), page 28 or 51, apply. 

The most common instance of such motion is that of a body fall- 
ing freely near the earth's surface.* In this case the acceleration 
due to CTavity is known to be practically constant and is always 
denoted by g. We have then simply to replace a or /by gr in equa- 
tions (2) to (7), page 28 or 51. We shall take g = S2.2 ft.-per-sec. 
per sec. or 981 cm.-per-sec. per sec. unless otherwise specified. 

Value of g. — The value of g is usually given in f eet-per-sec. per 
sec. or in centimeters-per-sec. per sec. 

It has been determined by much careful experiment and found 
to vary with the latitude A and the height h above sea-level. 

* Strictly speaking there is no known instance in nature of a uniform ac- 
celeration (or of a force which does not vary in magnitude and direction). The 
acceleration g due to gravity (or the force of gravity) varies inversely as the 
square of the distance from the centre of the earth for a body outside the 
earth, and directly as the distance for a body inside, i.e., in a shaft or well. 

But, as we shall see, the variation due to this cause is insensible for all 
ordinary distances. The decrease of ^r at a distance of a mile above the earth's 
surface is only about the 2000th part of its value at the surface. Also two 
radii of the earth are sensibly parallel when near together. It is therefore 
customary and practically correct to speak of ^ as a constant acceleration at any 
place. 

It should be borne in mind, however, that even then the resistance of the 
air very materially modifies the results for falling bodies. "We can therefore 
only assume g as constant for fall in vacuo. 



CHAP. I.] KECTILINEAE TRANSLATION^. 93 

The general value is given by 

g = 32.173 - 0.0821 cos 2A - 0.000003^, 

where h is the height above sea-level in feet, and g is given in f eet- 
I)er-sec. per sec, or 

g = 980.0056 - 2.5028 cos 2X - 0.000003^, 

where h is the height above sea-level in centimeters and g is given 
in centimeters-per-sec. per sec. 

It will be seen that the value of g increases with the latitude, and 
is greatest at the poles and least at the equator. It also decreases as 
the height above sea-level increases. 

The following table gives the value of g at sea-level in a few 
localities: 

Latitude. 

Equator 0° 0' 

New Haven 41 18 

Latitude 45** 45 

Paris 48 50 

London 61 40 

Greenwich 51 29 

Berlin :.. 6230 

Edinburgh 65 57 

Pole 90 



United States 



U9 
(25 



9 


9 


F. 8. Units. 


C. S. Units. 


32.091 


978.10 


32.162 


980.284 


32.173 


980.61 


32.183 


980.94 


32.182 


980.889 


32.191 


981.17 


32.194 


981.25 


32.203 


981.54 


32.255 


983.11 


32.162 


980.26 


32.12 


979.00 



For calculations where great accuracy is not required it is cus- 
tomary to take gf = 32 ft.-per-sec. per sec. or gf = 981 cm.-per-sec. 
per sec. 

For the United States g = 32| is a good average value and is 
therefore very often used. 

In exact calculations the value of gfor the place must be used. 

Formulas for a Body Projected Vertically Up or Down. — We 
have then, for a body projected vertically upwards in vacuo, 
simply to put — gf in place of / in equations (2) to (7), page 51. We 
thus obtain 

to v = Vi — gt', (1) 

L 



t = :HilU'; (2) 

i 3 

j +t?i f ^ « - ai = ^^-^^t = Vit — -grf'; (3) 



1 



^ _ 2(8 — 8i) _ Vi± VVi"" — 2g(,8 - 8i) . ^ (4^ 

+Si v + vi g 

v* = Vi' — 2g{8 — ai) ; • (5) 



a — ai = — X — W 

2g 

If the starting-point is below the origin, we should change the 
sign of 8u 

If the body is projected downwards, we should change the signs 
of v,vi, 8 and Su we see that this is equivalent to simply chang- 



94 KIITBMATICS OF A POIKT— KBCTILINEAB TRANSLATION. [CHAP. L 

ing the sign of gr in all equations, leaving the signs of the other 
quantities unchiuxged. 

When the final velocity v is zero, we have from (2), for the time 
of rising to the highest point or the ** turning-point,^' • 

9 

For the time of rising to the highest point and returning to the 
starting-point we make a — ai = in (4) and obtain ^ 

9 
Hence, the times of rising and returning are eqtuiL 

For body falling we have T = \ the minus sign denoting 

time before the start necessarv to acquire the velocity Vu 

The distance from the starting-point to the turning-point is 

found from (6), by ma>king t> = 0, to be ^— . 

The distance -^ or ^ is called the height due to the velocity vi or 

v\ that is, the distance a body must fall from rest in order to ac- 
quire the velocity Vx or v. 

When the distances in rising and falling are equal we have 

a — «i =1 0, or ~- = g-, or Vi = t?; that is, the velocity of return is 

equal to the velocity of projection. 

Vi 

If the time of rising is less than T = — , the displacement s-^Si 
is equal to the distance described. But if the time of rising is 
greater than T = — , the body Teacher the turning-point and then 
falls from rest, and the entire distance described is 

distance descHbed = ^ + %g{t - T)' = — - a = ^'' "^ ^ - (7) 

2g 2^^ ' g 2g 

[Application of CalenloB to the preceding Caie.]~We can deduce the pre- 
ceding equations from our general equations (8) to (10), page 51. 

Thus from equation (9) we have, for acceleration directed downwards and 
therefore (— ), (page 50,) 

Integrating, we have 

W!ien t = 0, let © = + «i , the (+) sign denoting motion upwards. 
Then we have Const. = Vu and 

ds 

vrhich is equati<»i (1), page 98. 
Integrating again, 

e^^fit-^ pft» + Const 
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Let e = + Si whMi t = 0, the (-]-) tAgo. denoting distance upwards. 
Then we have Const. =r ti , and 

«-«x=«»<-|^», (3) 

wfaidi is equation (8), page 93. 

From equations (1) and (3) we can deduce all the others page 03. 

The student should note especially that these equations have been deduced 
for body projected upwards or tJi positive. 

If we suppose motion towards the centre or downwards, we should have Vi 
negative. 

Also if the starting-point is below the origin, we should change the sign of 

In all cases we take ff minus, as long as the acceleration is directed down- 
wards. 



EXAMPLES. 

Unless otherwise specified p = 82.2 ft.-pernsec. per sec. or 981 cm.-per-sec. 
per sec. All bodies supposed to move in vacuum. 

(1) A point moves with a uniform velocity of 2 ft per sec. Mnd 
the distance from the starting-point at the end of one hour. 

Ans. 7200 ft. Motion in a straight line. 

(2) Two trains have equal and opposite uniform velocities and 
ea>ch consists of 12 cars of 60 ft. They are observed to take 18 sec. 
to pass. Find their velocities. 

Ans. 22.78 miles per hour. 

(3) Two points move urith uniform velocities of 8 and 16 ft. per 
sec. in directions inclined 90°. At a given instant their distance is 
10 ft. and their relative velocity is inclined 30° to the line joining 
them. Find (a) their distance when nearest ; (6) the time after the 
given instant at which their distance is least. 

5 ^ 
Ans. (a) 5 ft. ; (6) 7« y 3 sec. 

(4) A body is projected vertically upwards with a velocity of 300 
ft. per sec. Find (a) its velocity after 2 sec.; (b) its velocity after 
16 sec.; {€) the time required for it to reach its greatest height ; 
(d) the greatest height rea^shed ; (e) its displacement at the end of 
15 sec.; (/) the spojce traversed by it in the first 15 sec. ; (g) its dis- 
placement when its velocity is 200 ft. per sec. upivards; (h) the time 
required for it to attain a displacement of S20ft.* 

Ans. (a) 235.6 ft. per soft.; (&) 183 ft. per sec. downwards; (6)9.3 sec; 
((Q 1397.5 ft.; {e) 877.5 ft. upwards; (/) 1917.5 ft.; {jg) 776.3 ft. upwards; 
(h) 1.13 sec. in ascending, 17.5 sec. in descending. 

(6) A ball is projected upwards from a window half way up a 
tower 117.72 meters nigh^ vnth a velocity of 39.24 m. per sec..^ Find 
the time and speed (a) uith which it passes the top of the tower 
ascending; (6) the same point descending; (c) reaches the foot of 
the tower. 

Ans. {a) 2 sec; 19.62 m. per sec; (&) 6 sec; 19.62 m. per sec; 

(c) (4 + 2 V'T) sec ; 19.62 |/7 m. per sec. 

I ■ ■ p ■» ■ ■ i ■ ■»» I III II. . , I 

* If the student will refer to the Examples, page 114, he will gain an idea 
of the effect of the air in modifying the motion of falling bodies, and will 
better appreciate the delusive nature of all problems which ignore it. 
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(6) A stone is dropped into a well and the splash is heard in 3. IS 
sec. If sound travels in air with a uniform velocity of 3S2 nieters 
per sec., find the depth of the well. 

Ana. 44.1 meters. 

(7) If in thepreceding example the time until the ^lash is heard 
is T and the velocity of sound in air is F, find the depth, 

Ans. Depth = ^ \{Tg + F) - j/V{%Tg+ F)J 

(8) Show that a body projected vertically upwards requires twice 
as long a time to return to its initial position as to reach the highest 
point of its path, and has on returning to its initial position a 
speed eqiml to its initial speed. 

(9) A stone projected vertically upwards returns to its initial 
position in 6 sec. Find (a) its height at the end of the first second, 
and (b) what additional speed would have kept it 1 sec, longer in the 
air, 

Ans. (a) 80.5 ft. ; (&) 16.1 ft. per sec. 

(10) A body let fall near the surface of a small planet is found to 
traverse 204 ft. between the fifth and sixth seconds. Find the ac- 
celeration, 

Ans. 20.4 ft.-per-sec. per sec. 

(11) A particle describes in the nth second of its fall from rest a 
space equal to p times the space described in the (n — l)th second. 
Find the whole space described. 

g{l - Spf 



Ans. 



8(1 -!>)•• 



(12) A body uniformly accelerated, and starting vnthout initial 
velocity, passes over bfeet in the first p seconds. Find the time of 
passing over the neoct oft. 

Ans. p{ V^— l) sec. 

(13) A ball is dropped from the top of an elevator 4.905 meters 
high. Acceleration of aravity is 9.81 msters-per-sec. per sec. Find 
the times in which it will reach the floor (a) when the elevator is at 
rest; (b) when it is moving with a uniform downward acceleration 
of 9.81 m.-per-sec. per sec.; (c)when moving with a uniform down- 
ward acceleration of 4,905 m.-per-sec. per sec. ; id) tvhen moving with 
a uniform upward acceleration of 4.905 m.-per-sec. per sec. 



Ans. (a) 1 sec; (b) oo ; (c) V^sec.; (d) y - 



3 sec. 



(14) If Si, St are the heights to which a body can be prelected 
with a given initial vertical velocity at ttvo places on the eartn/s sur- 
face at which the accelerations of falling bodies are gi and gf. respec- 
tively, show that Sigi = s^gt. 

(15) A stone A islet fall from the top of a toiver 483 ft. high,^ 
At the same instant another stone B is let jail from a window 161 
ft, below the top. How long before A will B reach the ground f 

Ans. (4/6-2)|/5sec. 
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(16) A baU falling from theiop of a tower had descended a foot 
when another tvas let/aM at a point h below the top. Show that if 

they reach the ground together, the height of the tower is ' ft. 

4a 

(17) If tux> bodies are projected vertically upwards with the same 
initial velocity V, at an interval of t sec., prove that they will meet 



at a height ^(-^ - ~j. 



(18) Tivo stones are falling in the same vertical line. Show that 
if one can overtake me other, it will do so after the same lapse of 
time, even' if gravity ceases to act. 

(19) Bodies are prqjected vertically downwards from heights hi , 
h^ , h% with velocities V\,v%,v%, and all reach the ground at the same 
moment. Show that 

hi — hi hi -^ ht /i» — h^ 

Vi — t?a ~ Vi — Vt "" Vt — Vi ' 

(20) Two points move in straight lines with uniform accelerations. 
Show that if at any instant their velocities are proportional to their 
respective accelerations, the path of either relative to the other will 
be rectilinear. 

(21) Upon the top of a tower 200 feet high is placed aflag-stajf of 
26 feet ; a bullet islet fall from the top of this jUxg-staff, and at the 
instant of its passing the bottom of it a stone is letfaufr(ym a unn- 
dow 44 feet from the top of the tower. At what distance from the 
bottom of the tower will the bullet overtake the stone % Show also 
that this distance is independent of the value of g. In what time 
after the dropping of the stone do they meet f In what time after 
the dropping of the bullet ? How far does the stone fall before meet- 
ing f Take acceleration due to gravity S2.16 ft.-per-sec. per sec. 



Ans. Distance = 200 - 44 + jtA^ = 137.386 ft. 



Time from falling of stone 1.07 sec. Time from falling of ballet 2.84 sec. 
The stone falls 18.615 ft. The ballet falls 88.615 ft. 

(22) A body falls a distance a from rest when another body is 
let fall from a distance a + b below the starting-point of the first. 
How far will the latter body fall before it is overtaken by the for- 
mer f What is the time of jail of the latter body f 

Ans. X = 7—; tune = 4/ ^ — . 
4a y 2ag 

(23) A body is projected upward with a velocity which would 
take it to the height a, and at the same instant a body is let fall 
from a distance above the point of projection of b. At what dis- 
tance below the latter point will the bodies meet f In what time f 

Am.* = ^; time = |/^. 

(24) A body is thrown vertically upward with a velocity Vi. Find 
the time at which it is at a given height h in its ascent. 

Ans, i = *.i±J^5lZM. 

9 

The lower sign gives the time whoi the body is at the height A in ascend- 
ing, the upper in descending. 
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(26) A body is projected vertically umoard and the interval be- 
tween the times ojitepasaing a point whose height is h in its ascent 
and descent is 2t. Jrind this velocity Vi of projection and the whole 
time T of motion. 

9 

(26) A body falling to the ground is observed to pass through 
eight ninths of its original height in the last second. Find the 
height. 

9 
Ans. 5^ = 86 ft. nearly. 

(27) A body fallina under the action of gravity is observed to 
describe 14^.9 jeet ana 177.1 feet in two successive seconds. Find g 
and the time from the beginning of the motion to the first of the two 
seconds. 

Ans. ^ = 82.3 ft.-per-sec. per sec., t=4 sec. 

(28) A falling body is observed at one portion of its path to pass 
through nfeet in t sec. Find the distance described %n the next t 
seconds. 

Ans. «+^** '®®** 

(29) A body is projected vertically upwards with a velocity Sg. 
At what times wilfits height be 4g, and what vnU be its velocity at 
these times f 

Ans. It will be at the height ig at the end of 3 sec. and again at the end of 
4 sec. Its velocity at both these instants is g ft. per sec. upward at the end of 
2 sec. and downward at the end of 4 sec. 

(30) Find the velocity with which a body must be projected up a 
smooth inclined plane, the height of which is h and length I, to reach 
the top. 

Ans. The vertical acceleration is g. The component acceleration parallel 



to the plane is a = y-. Therefore v = ^2al = ^2gh, or the same as the ve- 



gh 

r 

loclty required to project the body to the height h. 

(31) Find the time of failing down the whole length of a smooth 
inclined plane of length I and height h. 

/^^f^ ^a/^ For constant height h the time is directly as the length. 

(32) Find the speed attained by a body in falling down a smooth 
inclined plane the height of which is h and length I. 

Ans. ^2ght the same as in falling through the height h, 

(33) A body is projected doum a smooth plane the inclination of 
which with the horizontal is 45% vnth a velocity of 10 ft. per sec. 
Find the space described in 2i seconds {g = 32). 

Ans. 95.7 ft. 

(34) A locomotive starts down a smooth incline vnth a velocity of 

7i miles an hour. If the ratio of the height to length is 5^, find the 

space traversed in two minutes (g = 32). 
Ans. 2472 ft. 
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Acceleration Inversely u the Square of the Distance from a Fixed 
Point — Motion Rectilinear — Force Attractive.— This is the case of 
a body at a great distance from the earth, under the action of the 
force of gravity, since in such case the acceleration is towards the 
centre of the earth and varies inversely as the square of the dis- 
tance from the centre of the earth.* 

Let 8i be the initial distance from the centre of acceleration, the 
velocity at this point being Vi , and 8 the distance to any other posi- 
tion at which the velocity is v. 

If the acceleration is towaixis the centre or force attractive, it is 
negative (page 50). 

Let a' be the known acceleration at a distajice r', and a the accel- 
eration at any distance s. Then we have 

a:a' ::r^*: «*, or a = — r-. 

Thus for instance, in the case of the earth, a' is g, and r^ is the 
radius of the earth at the locality where g is known. 

We have then, if r is an indefinitely small time, for acceleration 
towards the centre 

£zlEi=a=-41' (1) 

The mean velocity for an indefinitely short time is — ^-^, and 
the distance described in this time is 

V + Vi . 2(« — 8i) 

« — 8, = — - — r, or v+Vi= -^ '. 

2 r 



Multiplying by (1), 

t?* — ri* = J— (« — 8i). 

But if the time is indefinitely small, 8* will equal 88i , and hence 

or 

t?" = t?i' - 2aV^- - -^ (2) 

If the body falls, 8i is greater than 8 and the last term becomes 
essentially positive. If the body is projected upwards, 8i is less 
than 8 and the last term is essentially negative. Equation (2) holds 
good, then, without change in eitner case if the acceleration is 
towards the centre, or force attractive. It also holds for any path 

* This is the ' law of universal gravitation " as discovered by Newton. It 
is also known as the law of the inverse squa/res. 

It is regarded as rigidly true for every particle of matter acting upon every 
other particle. But, as we shall see, it is not rigidly true for bodies of finite 
dimensions acting upon similar bodies, unless those bodies are homogeneous 
spheres or spherical shells. 

The earth is not a sphere and is not homogeneous. Therefore it is not 
rigidly true that it attracts external bodies with a force inversely as the square 
of the distance from the centre. The deviation from this law for bodies at 
great distances is, however, insensible. 



* , * * 

>. . " > ■ 
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straight or curved if 8, «i , r' are me(xsured dUmg the path, and a' is 
the tangential acceleration or rate of change of speed at distance /, 
and V and Vi are the speeds final and initial. 

If the €kcceleration is away from the centre, or force repulsive, 
we should have the sign before the last term (+) instead of (—), or 
the sign of a' is changed in (1) and (2). 

If the body falls tcom rest from a distance Si , we have from (2), 
by making Vi = 0, for a body falling from rest, 

v« = 2aV«^i- - L\ foMng (3) 

If the body is projected upwards and the velocity v is zero at 
the height «, we have from (2), for a body projected upwards to a 
distance 8, 

(4) 



Vi* = 2aY^l j rising. 



Cor. 1. If the distance ai is infinite, we have from (3) the velocity 
acquired in falling from an infinite distance, 



v = -|/. 



2a'r'^ 



8 

and from (4) the velocity of projection in order to go to an infinite 
distance is 



= + |/? 






In the case of a body attracted by the earth we have a' = gr. If 
then in the first case « = r' and in the second case 8i = r*, we have 
for the velocity acquired in falling to the surface of the earth from 
an infinite distance, or the velocity necessary to project a body to 
an infinite distance from the surface of the earth, in vacuo, 



t? = i?i = =F V^gr^. 

If we take g = 82^ ft.-per-sec. per sec. and the mean radius of 
the earth 3960 miles, we have 

/64i X 3960\* ^ ^ ^^ .- 
v = Vi = { — ^— -- — ) = T 6.95 miles per sec. 

\ 5<^0 J 

The (— ) sign for falling and the (+) sign for upward projection. 
Cor. 2. If we put equation (3) in the form 



"• = ^'(^)' 



we see at once that if 6i — a is a small distance compared to a, so 
that the entire fall takes place near the earth's surface, aai will bc^ 
practically equal to r^ and we shall have 

v« =s 2er(ai — a). 

This is the same formula as for uniform acceleration g towards 
the earth, the initial velocity being zero (page 93). 

[Application of Calenluf to the Preoeding Case.] — ^We can deduce the preced- 
ing results from our general equations (8) to (10), page 61. 
Thus for acceleration towards the centre we have, as before, 



r 
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For acceleration away from the centre we should have (4-) instead of (—) 

{page 50). 

d$ 
Multiply by ds, both lides, and then, since ^ = «, we hAve 

Integrating, we have 

-g- = — J- + Const. 

When « = «i , let d = + ©i for body projected upwards and « = — ©i for 

body projected downwards. Then in both cases Const. = -^ , and in 

both cases 

*' = «.'-Ste'r'.(i-i) («) 

These are the equations (1) and (3) of the preceding Article. They hold, as 
we see, for motion towards or away from the centre, provided the acceleration 
is towards the centre. For acceleration away from the centre we change the 
sign of a\ These equations also hold for any path, straight or curved, if «, 
«i, / are measured along tJie 'path, and a! is the tangential acceleration or rate 
of change of speed at distance /, and d and ej the speeds final and initial. 

If the initial velocity is zero, we have for a hodj falling from rest 



Since « = -=-, we have from (8) 



e»^2ay«^i-iy 



(8) 



where we take the (~) sign for the radical to denote motion totoa/rds the centre 
(page 44). This can be put in the form 

To put this in a form convenient for integration, add and subtract i8i to the 
numerator of the first term. We then have 

Integrating, we have 

(«i« — «■)' — ^versin — = ( ] ^ + Const. . . 

1C8\ 

Let i = when « = «i , then Const. = jr-. Hence* for the time of falling 

3 

* We have fC — versm — = ^ — cos (1 = cos ( 1 . 

From trigonometry, 2 cos* y — 1 = cos 2y. Let ^ = cos"M 1 ) . Then 

cos 2y = 1 and cos«y = — , or y = cos"*!/ "* "^^ ?y = 2 cos"*i/ — . 



(4) 






Hence 2 cos" '4/ — = jr — versin"* — 
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from rest we hftve for acceleration towards the centre 



•=(s^)M"-'>*+--"'(i)*} 



(6) 



If we had taken motion a/way from the centre, we should have obtained, 
instead of (4), 

- {«i« - ^^+ g- versm - = ( -j;— J < + Const- 
Let tz=0, when « = 0, and Const = 0, and we have 

Equation (6) applies to a body projected upwards to any height a, Si being 
the height at which it would come to rest. 

If we make « = «i in (6), or « = in (5), we find the time of reaching the 
turning-point in rising or reaching the centre in Tailing from rest 



T= 






CHAPTEE IL 



SIMPLE HAKMONIC MOTION. MOTION IN RESISTING 

MEDIUM. 



Simple Haxmonic Motion. — ^The motion of a point moving in any 
path in such a manner that the tangential acceleration is directly 
proportional to the distance, alon^ the path, from a fixed point in 
the path is called simple harmonic motion. Such motion may be 
rectOinear or curvilinear. 

The vib]^ations of such bodies as a timing-fork or a piano-wire 
are approximate examples of such motion, and hence the term 
** harmonic." The vibrations of an elastic body, such as the air, are 
examples of such motion. 

It is also, as has been stated (note, page 92), the motion of a 
body under the action of gravitation, within a homogeneous 
sphere, as it can be shown that in this case the acceleration due to 
gravity is proportional to the distance from the centre. 

The motion of the piston of a steam-engine when moved by a 
crank and connecting-rod approximates the same motion if the 
rotation of the crank is imiform, the approximation being closer 
the longer the connecting-rod. This will be evident from the fol- 
lowing Article. 

Simple Harmonic Motion in a Straight Line — Force Attractive. — 
Let a point M move with uniform speed in a 
circle of radius CM= r. 

Then the acceleration /n is always direct- 
ed towards the centre and equal to fn = rco', 
where a> is the constant angular velocity 
(page 76). 

The projection of fn upon the diameter A* 
CA is floV cos MCP. But r cos MCP is the 
distance CP = « of the projection P of M upon the diameter CA, 
Therefore the projection of fn upon the diameter is a = 00% or, 
since 00 is constant, a is directly proportional to the distance 
CP = 8. The motion of P is therefore narmonic 

If then a point M moves with uniform speed in a circle, its pro- 
jection P wpon any diameter moves vnth harmonic motion in the 
diameter^ the centre of acceleration being the centre of the circle. 

Let a' be the known acceleration in the line AC of P at a given 




distance r' from the centre. Then a' = oaV and 00 =a / u , and the^ 

103 
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the 



speed of If is rw = ^y ^* '^^ projection of this speed on 
diameter is .^^r cos CMP- MPa/^. 

But MP = f^r'— «* ; hence we have for the velocity of the point 
Pin the lino iiCat the distance « = CP from C, 

v' = pV-«*) (1) 

or, if Vi is the initial velocity, 

where a! is the knout n acceleration of P at a given distance r' from 
O. 

Thus the point P starts from rest at the distance « = r from C. 
The velocity increases as the distance « decreases, till P arrives 
at the centre C where the velocity is a mayimum and equal 

to r = r y~ Then the velocity decreases and finally becomes 

zero when P arrives at A! at the distance « = — r on the other side 
of C7. Equation (1) holds good for motion towards or away from 
the centre if the acceleration is towards the centre, or force attract- 
ive. It also holds for any path straight or curved if «, r, r' are 
measured along the path and a' is the tangential acceleration or 
rate of change of speed at distance r', and t? and v' the speeds final 
and initial. 

Cob. 1. Since the uniform speed of If in the circle is fy%^ ^® 
time occupied by Pin passing from A to A' and back to A is 



r 4*^ 



But if a is the acceleration at any distance «, and /n is the ac- 
celeration at the extreme distance r, we have for harmonic motion 

'"L-^l. — L — A 
a' ^ fn^ a ""fiJ** 

Hence the time T of a complete oscillation is 

fi) ^ a 

The time T of a complete oscillation depends therefore only 

8 1 

upon the constant ratio — = -, and is independent of the range r 

or amplitude of the oscillation. For this reason the oscillations are 
said to be isochronous, or made^in equal times, no matter what the 
range or amplitude. 

Cor. 2. Since the motion of a body under the action of gravity 
in a homogeneous sphere is harmonic (page 93), if we put g for a' 
and let r' be the mean radius of the earth, we have from (1) the 
motion of a body falling under the action of gravity towards the 
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centre of the earth in a well or shaft, assuming the earth to be 
a homogeneous sphere and neglecting resistance of the air. 
In such case (1) becomes 

^^pir + sHr-^B). 

If the fall takes place for a short distance compared to r' and 
near the surface, we have r + a practically equal to 2r^ and hence 

which is the same as for uniform acceleration (/, the initial speed 
beine zero. 

We obtained the same result (page 93) for a body external to 
the earth. The equations of page 93 hold good, therefore, in all 
practical cases, whether the fall takes place above the earth or 
within the earth, neglecting resistance of the air. 

Amplitude — Epoch — Period — Phase. — The range r ss CA ss CA' 
on either side of the centre of acceleration, 
in hcurmonic motion, is called the amplitude. 

A complete oscillation is from A to A' and 
back to A. The time of an oscillation, as we 
have seen, is independent of the amplitude. 
From A to A' or A' to A is a vibration. A 
vibration is half aii oscillation. The time of 
a vibration is half that of a complete oscillation. 

If Pi is the initial position from which the time is counted, or 
the position of P at zero of time, the time of passing from A to Pi 
is called the epoch. The epoch may also be defined with reference 
to the auxiliary circle, as the angle ACMi in radians. This is the 
epoch in angular measure. 

The epoch in angular measure is then the angle described on the 
auxiliary circle in the interval of time defined as the epoch. 

The epoch locates the position of P at zero of time. 

The entire time which elapses from any instant until the moving 
point again moves in the same direction through the same position 
18 called the period. The time from Pi to A , then back through 
Pi to A, and finally back from A to Pi , is a period. It is evidently 
the time of a complete oscillation from A back to A. 

That fraction of the period which has elapsed since the moving 
point P last occupied A is called the phase. Measured on the 
circle, it is the ratio of the angle A CAT radians to 27t radians. 

Thejf^hase locates the position of P at any instant. 

It therefore varies with the time or with the position of P. The 
phase at zero of time, then, multiplied by 2^ radians gives the 
epoch in angular measure, and multiplied by the time of an oscilla- 
tion gives the epoch in time. 

[Application of GaJcoliis to Harmonic Motion. — We may deduce the 
results obtained for simple harmonic motion (page 104), as well as others, from 
the general equations (8) to (10), page 61. 

We have, as before, a = -;« (page 104). For acceleration away from the 

centre we have a positive, for acceleration towards the centre a negative (page 
50). 
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If motion is towards the centre, we take the (—) sign ; if away from the 
centre, the (+) sign. 

If «i is zero, or there is no initial Telocity, we have 



s ] 



-1* 
cos — . 

r 



(5) 



t = rooat 

If we make « = in (1), we hkve for the amplitude 

This reduces to ± r when Vi = 0. 

If we integrate (8) between the limits of t and ^ = when « = i2, that is, if 
we count the time from the end of the amplitude where f>\ = 0, instcHBul of from 
« = r, we obtain 



. -1 « ^ * V«' I * 



(«) 



and hence 






-1 s 
COS -. 



(7) 



If in (5) we make « = ^ r or in (7) make » = ^ B, we have in both cases 
for the time of a vibration, ic y -y^ and hence for the time of a complete 



oscillation T = 2^ 



vf- 



Therefore tKb timt ofoaeffUUian or vibration is not 

affected by the initial velocity. 

All these equations (1) to (7) hold for motion either towards or away from 
the centre, provided the acceleration is towards the centre. 

They adso hold for any path, straight or curved, provided r', r and s are 
measured along the path and a' is the rate of change of speed at the distance r'. 

II. Aeceleration Away from the Centre.— In this case we have the accelera- 
tion positive and hence 

dv , a' 

Multiplying by da, we have, since -jr-z^v, 

at 



vdv = -ysds, 
r 



Integrating this, we have 



«• = 



aV 



4- Const. 



When « = 0, let « = «i. Then Const. =vi* and 



From (8) we have 



r 



(8) 






«.'+J«*, 
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where we take the (+) b^ ^or motion away and the (-*) sign for motion 
towards the centre. We can pat this in the form 



di 



= d:/f*. 



If we iniegnte this between the limits of ( and t = when « = 0, we hare 
logn («+ |/^ + J,.«J = ± t|/| + logn •.j/j. 



Hence 



8 T a'l /J? I 



9) 



where e is the base of the Naperian qrstem of logarithms. 



g =s 82.16 ft.-per-8ec. per sec. or 980.28 cm.-per-8ec. per sec. 

(1) If the radius of the earth is 6370900 meters and the accelera- 
tion of gravity 9.81 meters-per-sec, per sec,, what shotdd be the value 
of a'r* in eg. (2), pa^e 99, if s and Si are given in kilometers f 

Ans. 898171.88 cubic kilometers-per-sec. per sec. 

(2) A body falls to the earth from a point 1000 miles above the 
surface, Fina its speed on reaching the surface, neglecting resist- 
ance of the air and faking the earth^s radius 4000 miles. 

Ans. e = 8.12 miles per sec. 

(3) In the last example find the distance from the earth's surface 
when the speed is 2 miles per sec. 

Ans. .535.2 miles. 

(4) With what meed must a body be projected vertically at the 
earths surface so that it may never return f (Assume the earth to 
have no atmosphere and not to be rotating,) 

Ans. The speed is the same as that which a falling body would have fall- 
ing from an infinite distance, or i? = 6.95 miles per sec. 

(6) At what point on a line joining the centres of the earth and 
moon would the rate of change of speed of a body be zero f (At the 
moon's surface a = 6.6 ft,-per-sec, per sec; radius of moon 1080 
miles; distance between centres of earth and moon 240000 miles,) 

Ans. Let x = distance of point from earth's centre and Xi from moon's 
centre, and B earth's radius, r moon's radius. Then x-^-Xi = 240000, and 

^ = ^. Hence aj = 215893 miles. 



Xi 



X' 



(6) A point whose motion is simple harmonic has velocities 20 
and 2^ ft, per sec. at distances 10 and 8 ft, frmn the centre of ac- 
celeration. Find (a) its period, (b) its acceleration at unit distance 
from centre. 
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Ans. We hsre 625 = ~V - 64) and 400 = ^n* - 100). Theiefoie 

T T 

y^ = ^andperiod=^ = ^sec. a = - ^ = -^= - 6.26 ft.- 

per-sec. per aec 

(7} 3%e period of a simple harmonic motion is 20 see, and the 
maximum 'velocity ts 10 ft, per sec. Find the velocity at a distance 

of — ft. from the mean position. 

Ans. — -= = 20 sec., therefore -: = rrw^. Where « = 0, ri = — <ft 

^ t- 100 IT 



Hence i^ = — ( —^ ^rl or « = 8 ft. per sec. 



(8) A point moves from rest towards a fixed point 10 meters dis- 
tant, its ax:celeration being everywhere 4 times its distance from a 
fixed point At what distance wiU it have a velocity of 12 meters 
per sect 

Ans. 8 meters. 

(9) Find the mean speed of a point executing a simple harmonic 
motion during the tims occupied in moving from one to the other 
extremity of its range, its maonmum speed being 5 ft per sec. 

Ans. The distance is 2r. The time — ^. The mean speed ^V^^' 

Y r' 

When # = 0, we have 25 = -rr*, or r 4/ -, = 5. Therefore mean speed is — 

f r fC 

ft per sec. 

(10) If Tbe the period and a the amplitude of a simple harmonic 
motion, and if v be the velocity and s the distance from the centre at 
a given instant, show that 






(11) A point oscillates about a centre, its acceleration being pro- 
portional to its distance. Show that the ratio of its maximum ve- 
locity to the square root of the excess of the square of its m^aocimum 
velocity over me square of the velocity which it has when at a given 
displacement from the centre is equal to the ratio of its maanmum 
displaoement to the given displacement. 

(12) A point has a simple harmonic motion whose period is 4 

1 
min. 12 sec. Find the time during which its phase changes from — 

tog ofaperiod. 

Ans. 21 sec. 

[Body Projeetod in a Eetiiting X^dlmiL— Aoeelcration Proportloiial to the 
Square of the Telocity— Motion BootUinear.]— When a body moyes in a resisting 
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mediam such as air or water it loses velocity or has a minos acceleration, 
which is osaallj assumed to vary as the square of the velocity. 
We have then 

« = ^=-^'' (1) 

where is a constant depending upon the shape and dimensions of the body 
and the density, or mass of a unit or volame, of the body and mediam. 

This constant is called the eaeMdetU of rMUtance. For instance, for a 
sphere, if d is the diameter and J the density of the medium and 8 the density 
of the body, we have, as is proved in Vol. II, Statics, 

_^ 8 

We can put (1) in the form 

cdt = -^. 

e* 

Let = «i when i = and integrate, and we have 

-(i-y- " '4(i-9 « 

•=Tq^- « 

From (2) and (8) we can find the time for any velocity or the reverse. Since 

« = -=7^, we have from (8) 
at 

Integrating and ma.king « r= when ^ = 0, we have 

#= --logn(l + cfjQ; (4) 

c 

or osing common logarithms, 

2.802686, ,. , ^ _ 

« = log(l + coiO (5) 

c 

From (4) we have 

t = t f. (6) 

where e = 2.718282 = base of the Naperian system of logarithms. 

From (6) and (6) we can find the distance for any time or the reverse. 

From (6) we have evit = «** — 1, and substituting this in (8) we have 

•=-^' w 

or 

«=-logn-; (8) 

or using common logarithms 

2.302686 , vi 

* = — 7— ^"«7 W 

From (7) and (9) we can find the velocity for any distance or the reverse. 

From (8) we see that when the velocity becomes zero the space traversed is 
infinite, and from (2) the time is infinite. Although then the velocity dimin- 
ishes as the time increases, as we see from (3), it cannot become zero in any 
finite distance or time. 

i . 
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[Body Falling under the Aetion of Orayity in a Beiistinff Medium.] —Let /be 
the uniform acceleration dae to any attractive force. In the case of gravity we 
have* 



/ 



-'H} 



where ^ is the density or mass of a unit volume of the medium and 6 is the 
density of the body. The acceleration /acts away from the starting-point and 
the retardation cf^ acts towards the starting-point. If then we take this point 
as origin, we have 

w=^-'^ (i> 

where e is the coefficient of resistance and has the same value as in the preced- 
ing Article. 

Let k be that velocity for which the retardation is equal to/ so that/ = cA;'. 
/ 
Then ^ = t^i and equation (1) becomes 

l=-^-|.*' <») 

We can write this in the form 

*=7^ <») 



Litegrating, we have 



When < = 0, let « = Vi, Then Const. = — -- logn - ' ' . Hence 

'-W''' \k^m+v.y ("> 

or using conmion logarithms, 

__ 2.802585A; (k + v)(k-v^) 

2/ '°«^ (*-.«)(* +1,0 ^^^ 

From (4) we have, it 6 = 2.718282 = base of Naperlan system of logarithms, 

2ft 



*ter'"^-0 



k — Vi ' 
From (5) and (6) we can find the time for any given velocity or the reverse. 

* As we shall see hereafter, the mass of a body multiplied by g gives the 
weight of the body, that is, the force of gravity. It is also a well-known fact 
that a body immersed in a fluid has its weight diminished by the weight of an 
equal volume of the medium. 

If then Fis the volume of the body, Vdg is its weight in vacuo and V^g 
is its loss of weight due to the medium. Hence Vdg — VJg is the weight 
when Immersed. Since VS is the mass. 



F(8/= Vdg- V^g, or / 



-.{^-i\ 
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Since t = -37, we have 

d» _«le 

dt " di* 

and therefore from (8) we have 

•=V^*«''1F3^' f^ 

or using common logarithms, 

2.80258W , *» - «i« ,ox 

From (7) we have 

fP = A^-(jfc«-fH«)d" *• , (9) 

where = 2.718282 = base of the Naperian system of loguitluna. 

From (8) and (9) we can find the distance for any velocity or the reverse. 

We see from (9) that when s is great, v approacnes k, and k is the limiting 
value of V, If tne initial velocity & zero or less than k, v will continually ap- 
proach k, but can never exceed k. If the initial velocity is greater than k, 9 
will diminish continually down to k and can never become less than k. 

[Body Projeeted Upwardi vnder the Aetion of Gravity in a Beiisting Ke» 
dlom.] 

In this case we have, taking k as before, since /is negative and the resist- 
ance is negative, 

-=f = -/-P (»> 

which can be written (ft = — 3- rs-; — ;. 

Integrating and determining the constant by the condition that when ^ = 0, 
« = «j = initial velocity, we have 

< = * tan-i^*^=-2L . . 0> 

We have also as before ^ = ■^, and therefore, from (1), 

- ^__ed£_ 

Integrating this, and ma.king « = 0, when v = «i , we have 

or in common logarithms, 

2.802585ib^ , *» + «i* 

•=— ^r"^"«^-F+v- <4> 

The time in which the velocity becomes zero and the body reaches the turn- 
ing-point is, from (2), 

r=|tan-»^. (5) 

and the corresponding value of s is, from (4), 

. 2.802585*' , /, , «i«\ 

A = — J — ^""^y^+wj W 
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At the end of the time T the body begins to return and fklls from a slate 
of rest, or c, = 0. 

We have tben from the preceding Article, making tt = 0, 

, _ 2.803B85A , A + e „ 

•md 

2.80268Sf, if 

»««IiTr5 (8) 



ich 1 
Then putting * = in (8) and e = w, we hai 



Let It be the velocity with which the body retoms to the atarUng-point. 



ir Bnbstitnting for h ite valae, 

t = -~ « 



?-i?=B- <'»> 

Wb see then that v is lees than «i, or the body retuma to the point of pro- 
jection with a velocity leaa than the velocity of projection. 

Values of -^ and c. — For motion in a reaieting medium, under 

the action of gravity, we have/ = 9(1 — t-). where ^ is tbe density 
of the medium and S that of the body. 

For iron in water we may take -: = 7.2. 



" mist or rain in air " " " j ~ ^^-^ 

" lead in wat^ " " " j— H-M. 

" " " air " " ". 2=M23.6X, 

The coefficient of resistance for a sphere (Vol. H, Statics) is 

" fc" 168i^ 
where r is the radius of the sphere. 
For a cone we have 

SJr" 



where r is the radius of the base and h the height If the cone 
tenniaates in a cylinder of length I, we have 

26(31+ h)(r' + h*)- 
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EXAMPLES.* 

g = 82.16 ft.-per-sec. per sec. 

(1) A lead bullet 1 inch in diameter is projected vertically with a 
velocity of 2000 ft, per sec. Find (a) the time of ascent with and 
without resistance of the air ; (6) the distance to which it ascends 
with and without resistance of the air; (c) the velocity and time of 
return with and without resistance of the air. 

Ans. We have in this case ^ = 9428.61, k» = 67888.1852 and A; = 259.49 

ft. per sec., / = 82.1556 ft.-per-sec. per sec. 
{a) The time of ascent in vacuo is 62.19 sec. 

- . ^ 259.49 , , 2000 ,^ _ 
^*" ^=821556*^" '259:49 = ^^-^««- 



In air A = 



(i) The height of ascent in vacuo is 63189 ft. 

2. 808685 X 67338.1852 / 4000000 \ „.™ « 
323556 ^*« i* + «-7mi8ra J = ^ **• 

(c) The velocity of return in vacuo is 2000 ft. per sec. 

4000000 
In air //« = 40000OO ' ^' « = 357 ft. per sec. 

^■*" 67838.1852 

(d) The time of return in vacuo is 62.19 sec. 

_ . _, 2.302585 X 259.49 , 259.49 + 257 ^, ,^ 

^^t-T= 2X32.1556 ^^e 259.49-257 = ^^'^^ ^• 

(2) A lead bullet 1 inch in diameter is let fall in the air. Find 
the velocity at the end oft = l sec,<, 2 sec,^ 3 sec,, 10 sec,, 20 sec,, with 
and without the resistance of the air, 

Ans. We have k = 259.49 ft. per sec; /= 82.1556 ft.-per-sec. per sec.; 

im \ 

k\6 * — 1/ 
6 = 2.718282; and from eq. (6), page 111, making «i = 0, t) = -^^^ -- 

Let * = 1, 2, 8. 10 and 20. and we have « = 81.98, 63.03, 92.33, 219.3 and 
255.86 ft. per sec.; while in vacuo we would have « = 32.16, 64.82, 96.48, 
321.6 and 643.2 ft. per sec. 

(3) In the previous eocample what is the greatest velocity the bullet 
can attain f 

Ans. k = 259.49 ft. per sec. As we have seen, this velocity is attained 
quite early, after which the velocity is uniform. 

(4) An iron cannon-ball 1 ft. in diameter is projected vertically 
upwards in the air with a velocity of 2000 ft. per sec. Find (a) the 
time of ascent; (b) the distance to which it ascends; (c) the velocity 
vnth which it returns ; id) the time of return, 

Ans. We have in this case ^ = 5983.28, k? = 513040, * = 716.268 ft. per 
sec.,/= 32.1546 ft.-per-sec. per sec. 

* An examination of these problems will give the stadent an idea of the 
effect of the air in modifying the motion of a falling body and enable him to 
reaJize the inaccuracy of neglecting it. 






CHAP, n.] BESISTING MEDIUM — EXAMPLES. 115 

(a) The time of ascent is T = 27.82 sec.; in vacuo, 62.19 sec. (See Ex. 

(1).) 

{b) The distance of ascent is A = 84680 ft.; in vacuo, 62189 ft. 

(c) The velocity of return iau = 674.8 ft. per sec.; in vacuo, 2000 ft. per 
sec. 

(d) The time of return iat — T = 88.9 sec.; in vacuo, 62.19 sec. 

(5) An iron cannon-ball 1 ft in diameter is let fall in the air. 
Find the velocity at the end oft = l see., 2 «ec., 3 «ec., 10 aeCf 40 aec^ 
60 sec. 

Ans. We have k = 716.268 ft. per sec., /= 82.1546 ft.-per-sec. per sec. and 
Vi = 0. Hence from eq. (6), page 111 : I 

For ^= 1 2 3 10 40 60 sec. I 

« = 32.12 64 95.85 801.5 677.8 709.7 ft. -per-sec. ;j 

In vacuo we would have \ 



V = 82.16 64.82 96.48 821.6 1286.4 1929.6 ft. per sec. 

(6) In the previous example^ what is the greatest velocity the can- 
non-hall can attain f 

Ans. k = 716.268 ft. per sec. And this is attained in little more than a 
minute. 

(7) In Example (5) what are the distances passed through f 

Ans. From eq. (8) we have, making Vi = and taking the values of v 
already found, 

For « = 1 2 3 10 40 60 sec. 

s = 16.03 64.29 144.2 1561 18000 81992 ft. 
In vacuo we would have 

« = 16.08 64.82 144.72 1608 25728 57888 ft. 

(8) A lead shot i inch in diameter is let fall in the air. Find the 
greatest velocity it cari attain, and the velocity and space traversed 
in t = 1,2, 3, 4, 5, 6, 7 and 8 sec. 

Ans. We have -^ = 9428.61. /= 32.1556, A* = 8417. 

Greatest velocity = A; = 91.7 ft. per sec. 

for t=: 1 2 3 4 5 6 7 8 sec. 

t> = 30.89 55.49 71.76 81.23 86.85 89.01 90.35 91.08 ft. per sec. 

In vacuo, 
9 = 82.16 64.82 96.48 128.64 160.8 192.96 225.12 257.28 ft. per sec. 

« = 15.67 60.27 123.56 199 283.8 370.7 458.1 545.5 ft. 

In vacuo, 

16.08 64.82 145.72 257.8 402 578.8 787.9 1029.12 ft. 

(9) What is the greatest velocity a rain-drop i inch in diameter 
can aequire, falling in the air f 

Ans. We have -j = 813.82, / = 32 12, * = 27 ft. per sec. 

(10) An iron cannon-hall 1 ft. in diameter is let fall in water. 
Find (a) the greatest velocity it can attain; (&) the final velocity 
and the space passed through in ^ = 1, 2, 3 sec. 

Ans. We have -j- = 7.2, /= 27.7. 

Therefore, (a) k = 23.06 ft. per sec. 

(6) For < = 1 2 8 sec. 

V = 19.22 22.68 23.02 ft. per sec. 
« = 11 88 32.8 53.94 ft. 
We see that the maximum velocity is reached in about 8 sec. 



L 
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In the preceding examples it is assumed that the density of the 
mediimi is imchanged, and that the acceleration of gravity is con- 
stant. Near the earth's surface both assumptions are practic€dly 
true. We have edso assmned that the acceleration varies as the 
square of the velocity. Exx>eriments would seem to indicate that 
this is not strictly accurate. 

The effect of resisting media upon the motion of projectiles is 
therefore best taken account of by means of empirical formulas 
based upon experiment. 

We have given the preceding examples in order to call attention 
to the fact that the influence of the medium, even of the air, is such 
as to very materially modify the results oi the formulas of page 
93, which hold good only in vacuo and are not even approximately 
true except for large and heavy bodies for the first few seconds of 
fall. The examples of page 95 are therefore devoid of practical 
value except under such limitations. 

For very ^eat distances the density of the air and the accelera- 
tion of gravity are not constant, so mat our present assumptions 
are then no longer in accord with fact. 



CTTAPTEB m. 



TRANSLATION IN A CURVED PATH 



BIBBCTIOIT OF AOOSLBBATION CONSTANT. PABABOLIC MOTION. 

PBOJSCTILB IN A BBSISTINO MEDIUM. 



MOTION OF 



Curved Path. — ^When a point moves in a path such that the di- 
rection of the acceleration coincides with the direction of motion 
and does not change, the motion is rectilinear, no matter what the 
law of variation of the magnitude of the acceleration may he. Such 
motion we have discussed m the preceding Chapters. 

If the direction of the acceleration, however, does not coincide 
with that of the motion, then, whether it is constant in direction 
and magnitude or not, we have motion in a curved path. 

When a rigid hody composed of many points moves so that 
every straight line through any two of its points remains parallel 
to itself in all positions of the body, it has a motion of translation 
only, and we may treat the body as if it were a point. 

For motion in a curved path the differential equations of page 
81 apply. 

Uniform Acceleration Inclined to Direction of Motion.— If the ac- 
celeration is uniform, that is, constant in magnitude and direction, 
its component in any given direction is uniform, and the equations 
for rectilinear motion, page 93, apply to the component motion in 
that direction. 

The most common case of curvilinear motion under uniform ac- 
celeration is that of a body projected with any given velocity in 
any given direction at the surface of the earth, neglecting the 
resistance of the air. In such case the acceleration due to gravity 
is practically uniform and equal to g ft.-per-sec. per sec. 

Let the initial velocity of projection Vi of the point P make the 
angle APB = ai with the hori- 
zontal. 

"Let the co-ordinates of any 
point M of the path or trajectory 
be PB = X and BM= y. 

Let the angle MPB = 0. Let 
/be the uniform vertical accel- 
eration (in the case of gravity/ 

If we make Op parallel and 
equal to the velocity Vi at P, and 
Cwi parallel and equal to the ve- 
locity V at any point M of the 
trajectory, then jpm =/t is the 
integral acceleration for the time 
t during which the point passes 

from P to ilf, and the straight line pb is the kodograph (page SB) 
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for motion from P to the point C, where the velocity is horizontal, 
and Ob is the velocity at this point. 

The velocity of p in the nodograph is the acceleration in the 
path (page 52). Therefore the pointo moves with uniform velocity 
/ from ptob, while P moves from P to C 

We see atj once that the horizontal component of the velocity Vi 
is 06 = Vx, or 

Ob = Vx = Vi cos ai (1) 

The horizontal distance passed over in any time t^ while the 
point Pmoves from P to Af, is then PB = a?, or 

PB =:x = Vit cos ai (2) 

The vertical component of the velocity Vi is 6p = Vi sin ai up- 
wards. But the acceleration / is downwards. Hence the vertical 
velocity at the end of the time t is bm =:bp — pm = % , or 

bm = Vy=Viam(Xi^ft (3) 

The vertical velocity at the beginning of the time ^ is t?i sin ai . 
The mean vertical velocity durmg the time t is then 

2v, sin ai - ft ^, ^. 1 ^ 
^ :^ = Vi sm cri — —/T. 

The vertical distance passed through in the time t is then 
BM = y, or 

BA--AM=BM^y = Vitaixiai'-tft'' (4) 

If we combine (2) and (4) by eliminating f , we have for the eqtia- 
tum of the trajectory 

y = ajtanai — -—— ^f — - — (5) 

^ 2vi' cos' ax ^ ' 

This is the equation of a parabola. 

The time of reaching the highest i>oint C is the time of describ- 
ing the vertical distance DC. Call this time Tv . Since at this point 
the vertical velocity is zero, we have, by making Vy = in (3), 

rp __ Visinai 

If we substitute this for t in (2) and (4) we obtain the co-ordinates 
of the vertex C of the parabola, 

T>r\ ^ Vi" sin ax cos ai t?i*sin2ai 
irD = aj^ = ■- = ; 

/ 2/ 

^^ .2/ 2i;i«cos'ai 

The parameter of the parabola is then ^ = ^'' ^^' ^' . The di- 

^y^ f 

rectrix is parallel to PD at a distance above the vertex C equal to 

one half the parameter or — ^ — o/""^ , or at a distance of —^ above 

P. That is, distance of the directrix above P is the height due to the 
velocity Vu 

If we had taken the origin at the vertex C and let oce and yc be 
the new co-ordinates, then the horizontal velocity at C would be 
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t7i COS <x, and the horizontal distance passed over in any time t would 
be a;c = Vitcoaau The mean vertical velocity would be —ft and 

the vertical distance yc = ^ft*. Combining and eliminating t, we 

obtain 

a 2t?i* cos' ai 
xc^ = J yc. 

which is the equation of a parabola referred to its diameter CD and 
the tangent at the vertex C. The parameter is as before ^^ ^ ^\ 

To find the velocity at any point of the trajectory. — ^The magnitude 
of the velocity at any point M is the resultant of the vertical and 
horizontal velocities, or, from (1) and (3), 

v« = vx"" + V = t?i' — 2vift sin «! + /"f • (6) 

The same result is obtained at once from the hodograph from 
the triangle 0pm, 

Insertmg the value of y from (4), 

v^ = vx^-2fy (7) 

If the acceleration is due to gravity, we replace/ by gr, and have 

-- = y. But we have just seen that -^r- is the distance of the 

directrix above P. Therefore -jr- T-yis the distance of the direc- 

2g • 

V* 

trix above any point -flf, and -- is the height due to the velocity v. 

Hence, the ^peed at any point is the same as that acquired by a body 
falling from the directrix to that point. 

To find the direction of the velocity v at any point AT, the mag- 
nitude of which is given by (6) and (7), let a be the angle which it 
makes with the horizontal. Then we have directly from the hodo- 
graph, since angle mOb = a, 

t?sina = Visinai —ft ; 

t?cosa = riCOSai. 

Therefore, from (2), 

ft ft* 

tan or = tan on = tanai — ^^, ... (8) 

Vicosai X ^ ^ 

or 

fx 

tan a = tan m t^ — = — (9) 

Vi* cos* ai ^ ^ 

To find the time of flight in a horizontal direction, and the horizontal 
range.— If in (4) we make y = 0, we have for the time Th in which 
the body reaches the line PX, or the time of flight in a horizontal 

direction, 

«, 2vi sin oci 

Th = ^^ — 1 ^^^^ 

Inserting this value of ^ in (2), we have for the horizontal range 
PX, 

r. 2t?i'sinaiC0S«i Ui'sin2a:i ,.^. 

Ph = y = Y (^^) 
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This is twice the distance PD. 

The gpreatest value sin 2^1 can have is unit^, and this occurs 
when 3<xi = 90" or «! = 46°. Therefore the horizontal range, neg- 
lecting resistance of the air, is greatest for an angle of elevation of 

45% and is equal to -^. 

To find the greatest height attained, and the corresponding time. — 
Put the vertical velocity given by (3) equal to zero, and we have 
for the time of attaining the greatest height 

2', = i^i^,, . (13) 

or just half the whole time of flight as given by (10). 

Insert the value of the time given by (12) in (4), and We have for 
the greatest height attained, Cx/ =s IT, 

H=H!l^ (13) 

Equations (13) and ^Rh given by (11) give the co-ordinates of the 

vertex C. 

To find the displacement in any given direction, and the cor- 
responding time. — ^Let be the angle which any displacement PM = 
R makes with the horizontal, then we have Bm = y = x tan 9. Sub- 
stituting this value of j^ in (5), we have for the abscissa of the 
point M 

_ 2vi^ cos cti sin (ai — Q) _ Vi'[sin {2ai — 6) — sin Q] .^.. 

^ 7^5Se /cose ' • ^^^^ 

and therefore for the displacement or range PM=z R, 

P _ 2i?i*cosaisin (ai — 0) __ t^i'[sin {2ai — 0) — sin B] . ^ 

^"" /cos'e ■" /cos'0 • • ^^^^ 

If in (15) we make © = 0, we have the horizontal range Rh as 
given by (11). 

If we divide (14) by the horizontal component of the velocity, 

Vi cos ai , we have 

J. *' jf^'^i.* 2^1 sin (or, —0) ,^^^ 

t = time of flight = j-^-t (16) 

/cose ^ ^ 

This reduces to (10) for = 0. 

To findiihe angle of elevation which gives the greatest range in 

any given direction. — ^The range R given by (15) is a maximum when 

sin (2ai — 0) is a maximum, or when2arx — = 90° or ai = - [90' + 

The direction of projection for the greatest range makes therefore 

with the vertical an angle 90 — ai = - (90 — j, that is, it bisects the 

angle between the vertical and the range. 

To find the elevation necessary to hit a given point. — ^To deter- 
mine the direction of the velocity Vi in order that the path may 
pass through a given point given by x and y, we substitute for 

— i — the equivalent value 1 + tan'' ai in equation (5), and obtain 

at once 
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Also from (14) we have 

or, since R cos = a;, 

0.1. .//BeOS' . . A 

We see from (17) that a^ has two values. If a/ is an angle such 
that sin (2ari' — 9) = sin (2ai — 0), then 2a/ — © = 180' — (2ai — 0) or 
ai = 90 — (ai — S) and either ai or ai will satisfy- equation (14). 

With a ^ven acceleration and initial velocity of projection of 
given magnitude, there are therefore two directions of the initial 
velocity, ai and 90 — (on — 0), and therefore two paths by which the 
body may attain the same point. 

K in (17) we put (^)*= 1 + ^^» we have 



/»' 



t?i* 



t?i* =if{y + i^a?» + y^) and tan aj = -^« 

/a? 

Smaller values of V\ make tan a\ imaginary. Larger values of 
V\ give two values for tan ai. In the first case the point cannot be 
attained. In the second case it would be attaiined either in the rise 
or fall of the projectile. 

To find the envelope of all the trajectories correspondinfir to 
different valnes of a\ for a given initial speed Vi, — Equation (5) 
gives the equation of the trajectory corresponding to the angle of 

elevation au If we substitute 1 + tan* ax for — r — , equation (5) 

cos' ai 

becomes 

. /a;"(l + tan* ai) .^^^ 

y = a?tangi~ -^ ^^, \ (19) 

where x and y are the co-ordinates of any point of the ^ath. 

For another angle of elevation ai\ and the same initial speed Vi^ 
w0 have 

/a;i«(l+tan«ari') 



ri = X\ tan ai — 



2ui' 



where Xi and yi are the co-ordinates of any point of the new trajec- 
tory. 




If we make x = Xi and y = yi, we have for the point of intersec- 
tion of the two trajectories, by equating these two equations, 



fx 
2v 



^(tan ai + tan aO = 1. 
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If the angles a/ and cri approach equality, this expression ap- 
proaches the limit 

^tana, =1, or tana, = ^ (20) 

Equation (20) gives then the value of tan ^i when the two tra- 
iectories starting from the same point Pwith the same speed Vi 
have angles of elevation at P whose difference is indefinitely small. 

Substituting this value of tan ai in (19) we obtain 

»=i'-i^ « 

Equation (21) is then the equation of a curve which passes 
through all the points in which every two trajectories starting 
from the same point P at angles of elevation whose difference is 
indefinitely small cut each other. It is therefore the equation of 
the envelope or curve which touches all the trajectories or parab- 
olas described from the same point P with the same initial speed 

Vu 

Equation (21) is the equation of a parabola ACA\ whose axis PC 
is vertical, whose focus is the point P of projection, and whose 
vertex C is in the common direction of the trajectories. 

With the given initial speed Vi, the projectile can reach any 
point within tnis envelope by two angles of elevation and two tra- 
jectories, as proved page 121. It can reach any point in the en- 
velope by onfv one elevation and path. It cannot reach with any 
elevation and with the given velocity Vi any point outside this 
envelope. 

The point, therefore, where this envelope cuts the plane of any 
given range gives the maocimum range in that direction for any 
given Vi. 

Thus the maximum range on a horizontal plane is found from 

(21), by making 2/ = 0, to be -^. The same result is given by (15) 

when we make ai = 45* and = 0. 

Questions of maximum range may thus be readily solved by the 
equation for the envelope. 

From (2) we have cos a = --r, and from (4) sin ai = — — J^.. 

Vit Vit 

Since cos'' ai + sin" on = 1, we have 



x' + (y+ lft'X= vi'^. 



(22) 



This is the equation of a circle whose radius is Vit and whose 

centre is situated vertically below P at a distance PD = —ft\ 

z 

The circumference of this circle is reached in the same time by 

a point starting from P with the velocity Vx in any direction. 

[Application of the CalculoB.] The same results are obtained by the applica- 
tion of the differential equations of motion, page 81. 

Thus in the present case we have for the horizontal component of the 
acceleration, since /is vertical, 

^=«: («) 
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and for the vertical component 

Integrating (a), since for ^ = 0, ^ = «i cos oti, we have 

dx ,^. 

I uaj = ^ = t»i cos ai • , (1) 

Integrating again, since for t = 0. aj = 0, we have 

X = i>itcoBai (2) 

dy 
Integrating (6), we have, since when t = 0, ^ = Vi em ai. 



=z -^ z= vi em ai — ft , (3) 

(tt 

Integrating again, since for e = 0. y = 0, we have 

y = vit sin ai — -^fl^ (4) 

Combining (2) and (4) by eliminating t, we have for the equation of the 
trajectory 

y =: X tan a — jr — s 5-^ • W 

^ 2ci* cos* ai 

We have also 

•' = ©■+ © • 

or, from (1) and (2), 

D» = tj,«-2/lf«'i sin «!+/««« (6) 

Inserting the value of y from (4), 

t?2 =, T,i« - 2/y (7) 

If we differentiate (5), we have, for the tangent of the angle which the 
velocity at any point makes with the horizontal, 

tan cc = -r—- = tan cti 5 5 — (8) 

dx iJi* cos* ai 

These are the same equations as already given, and from them all the others 
are deduced. 



EXAMPLES. 



^ = 82.16 ft.-per-sec. per sec. Resistance of air neglected. 

(1) Show that for parabolic motion the hodograph is a straight 
line. 

(2) The sights of a gun are set so that the ball may strike a given 
object. Show that when the sights are directed to any other object 
in the same vertical line, the ball will also strike it 

(3) Two bodies projected from the same point in directions mwe- 
ing angles /3, p' with the vertical pass through the same point in 
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the horizontal plane through the point of projection. If t and If are 
the times of flighty show that 

sin (fi -^ fi^) ^ r-^« 

sin(ff + ft^ r + ^' 

(4) With what velocity mtist aprqjectile he fired at an elevation 
of 30*" soasU) strike an object at tne distance of 2500 ft. on an ascent 
of 1 in 40i 

Ans. 811.6 ft. per sec. 

(6) Find the direction and magnitude of the velocity of projection 
in order that a projectile nuzy rea^h its m/oximum height at a point 
whose horizontal and verticcu distances from the starting-point are 
b and h respectively. 



Ans. tan oj = -r-, «i = y ^^ — J. « 



(6) A gun is fired horizontally at a height of 144.72 ft. above the 
surface of a lake and the initial speed of the ball is 1000 /f. per sec. 
Find (a) after what time, and (b) at what horizontal distance^ the 
ball strikes the lake^ neglecting resistance of the air. 

Ans. (a) 8 sec. ; (6) 8000 ft. 

(7) In the parabola described by a projectile^ its speed at any 
point is that which it would have hadnaa it fallen to that point 
from the directrix. 

(8) A particle prcgected at a given elevation with an initial speed 
Vi reaches the top of a tower hft. high and 2hft. from the point of 
projection in t seconds. Find (a) the initial sj^eea of another par- 
ticle which, being projected at the same elevation from a point dis- 
tant 4h ft. from the tower ^ will also reach its summit, and (b) the 
time it wiu require. 

Ans. (a) ^'^ ^ : (b^ J^^±K\ 

(9) A ball is prcjected with a velocity of 100 ft. per sec. inclined 
75° to the horizon. Find (a) the range on a horizontal plane ; (6) the 
range on a plane inclined 30° to the horizon ; (c) ichat other direc- 
tions of the initial velocity would give the same ranges. 

Ans. (a) 155.5 ft.; (6) 207.8 {V^ - 1) ; (c) 15° and 45°. 

(10) Sh^ow that with a given initial speed the greatest range on- a 
horizontal plane isjttst half as great as the greatest range down an 
incline of 30°. 

(11) Show that if two particles meet which have been projected 
with the sam£ initial speed, in the same vertical plane, at the same 
instant, from two given points, the sum of their elevations must be 
constant. 

(12) On a small planet a stone prcjected with a speed of 50 ft. per 
sec. is found to have a maximum range on a horizontal plane of 
400 ft. Find the acceleration of falling bodies at the surface of that 
planet. 

Ans. 6 25 ft.-per-sec. per sec. 

(13) Two stones thrown at the sams instant from points 20 yards 
apart, with initial velocities inclined 60° and 30°, respectively, to the 
horizon, strike a flag-pole at the sams point at the same instant. 
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Sh4yw thUt the initial speeds are cm 1 : V^ ; and that the distance of 
the pole from the nearer point ofprcjection is 10 yards. 

(14) At what elevation must a body he projected toith a speed of 
310.8 /if. per sec. that it may hit a balloon 600 J^. from the earth^s 
surface and at a distance of 1000 ft. from the point of prqjection. 

Ana. 89' 17', or 80* 48'. 

(15) A body is prqjected with an initial velocity of 30 ft. per sec. 
inclined 60** to the horizon. Find the velocity after 2Q sec. 

Ans. 617.8 ft. per sec. inclined 148'* 36'.6 to the direction of the initial 
velocity. 

(16) If from a point A bodies are projected at the same rrumient 
and in the same vertical plane at different angles of elevation, with 
the same initial speed, Vi, the locus of all the positions occupied at 
the end of a given time t is a circle whose radius is vd and whose 

centre is situated vertically below A at a distance -gt^. 

(17) A Jet of water rises with a velocity of 20 ft. per sec. at an 
angle of elevation of 66% Find (a) the height due to the velocity ; 
(b) the greatest height of the jet; (c) the horizontal range; (d) this 
time of reaching the horizontal plane ; (e) the height corresponding 
to the horizontal distance Sft. 

Ans. (a) 6.3 ft.; (6) 6.17 ft.; (c) 9.34 ft.; (d) 1.14 sec.; (a) 4.59 ft. 

(18) A jet ofivater discharged horizontally at a height above a 
horizontal plane of lift, has a range on the horizontal plane 9/5i 
ft. Find the velocity of projection. 

Ans. 15.93 ft. per sec. 

(19) Prove that the angular velocity of a projectile about the focus 
of its path varies inversely as its distance from the focus. 

(20) Show that the envelope of all the parabolas which correspond 
to a given velocity of projection is equal to the trojectory for which 
the direction of projection is horizontal. 

(21) A particle is prqjected over a triangle from one end of the 
horizontal base and, grazing the vertex, falls upon the other end of 
the base. If fi and y are the base angles and a the angle of projec- 
tion, show that tan a = tan fi + tan y. 

{^ For the greatest range on an inclined plane through the 
point of projection the direction of mx>tion on leaving is at right 
angles to that on reaehing the plane. 

(23) A particle is projected horizontally with a speed of 32.16 ft. 
per sec. from a point 128.64 /ee^ from the ground. Find the direc- 
tion of its motion when it Tvas fallen half way to the ground. 

Ans. Inclination to the horizontal = tan ~ ^ 3. 

(24) The qreatest range on a horizontal plane of a projectile 
with a given initial speed being 500 meters, show that the greatest 

range cm a plane inclined 60" to the horizontal is 2 — Vs kilometers. 

(25) A stone is let fall in a railway-carria^ge tra/velling at the 
rate of 30 miles per hour. Find its displacement relative to the 
road at the end of 0.1 sec. 

Ans. 4.4039 feet, inclined S"" 5'.5 to the horizon. 
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<26) T%e vetocitiea of a prv^ectile at any tvx> points of Us path 
being given, find the difference of the altttudea above a horizontal 
plane. 

Fi' - V,' 

Aub. ^- , where V, and V, axe the magnitude of tte given velocities. 

(27) A given inclined plane passes through the point of prelection 
of a projectile which eventually strikes the plane at right angles. 
Find the range of the pnyectile on the inclined plane, the velocity 
of prcgeetion being given. 

Ann. If Sis the inclination of the plane and d the velocitjof projection, 
the required «nge is -^ iZ^^rj- 

(38) A particle begins to slide from rest down an inclined plane 
AB. At the same instant another particle is prqjected from A. 
Bind the condition that the particles may tneet, and ascertain when 
and where this occurs. 



before meetiDg is t = 7, and the distance of the point of meeting from A 

ffCOHfl 

.„ , Sfi Sin 9 
will be j-^. 

(29) Prove that the components of the velocities at the extremities 
of any chord of the path of a projectile, at right angles to the chord, 
are equal. 

(30) Sivift of foot was Hiawatha ; 

He could shoot an arrow from him. 

And run forward vHth such fleetness, 

That the arrow fell behind him I 

Strong of arm was Hiawatha ; 

He coma shoot ten arrows uoward, 

Shoot them with such strenmh and swiftness, 

That the tenth had left the bow-string 

Ere the first to earth had fallen. 
Swpposing Hiawatha to shoot an arrow every second, and, when 
not shooting vertically, to have aimed so that thefiight of the arrow 
might have the longest range, find his speed. 
Ana. About 99 miles an hour. 

(31) If any number of bodies are projected from the same point 
in different directions loith the same initial speed Vi, show that the 
foci of the parabolas they will describe will tie on the surface of a 
sphere whose radius ia J. 

(32) The elevation of a projectile is that for maximum horizontal 
range. Find the time of reaching a point whose horizontal and ver- 
tical distances from the pmnt of projection are ft and k respectively. 



(33) If AB is the range of a prij^ectUe on a horizontal plane, and 
tthe tim^fromAtoanypmnt Fof the trajectory, ajid t' the time 

from P to B, show that the height of P above AB ia sflW. 



1 



r 
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(34) A Tprcgectile is fired from an, elevation of 1.8 meters above a 
horizontal plane with a horizontal velocity of 10 meters per sec. 
How long before it strikes the plane and what is the range f(g= 9.81 
meters-peV'Sec, per sec,) 

Ans. 0.6 sec. ; 6 meters. 

(35) A projectile is fired at an angle of 2Xf at a target distant 12()0 
m,€ters in a horizontal direction, (y = 9.81 meters-per-sec. per sec,) 
(a) Find the initial velocity. 
(6) The time of striking, 

(c) The highest point o? the trajectory, 

(d) Hie velocity of striking, 

Ans. {a) 116.6 meters per sec. ; (5) abont 12 seconds; (c) 173.21 meters; (d) 
Slime as the initial velocity. 

(36) A prqjectHe is fired with an initial velocity of 160 meters per 
sec, from a point 100 meters below a target which is distant horizon- 
tally 1525 meters, {a = 9.81 meters-per-sec. per sec,) 

(a) Find the angle of elevation, 
(6) The velocity of striking. 
(c) ITie time ojfitght. 

Ans. (a) 68^ 28' 50" for bomb, 25'' 16' for ball; (b) 143.8 meters per sec.; 
(«) 27.715 sec. for bomb, 11.24 sec. for ball. 

(37) A projectile is fired at an elevation of 45**, and strikes a tar- 
get at a horizontal distance of 800 meters aria 70 meters lower, (g = 
9.81 meters-per-sec, ^>er sec.) 

(a) Find the initial velocity. 
(6) The final velocity. 
(«) The angle of striking, 

Ans. (a) 84.95 meters per sec. ; (p) 92.6 meters per sec. ; (c) 49*" 33'. 

[Motion of a Projeetile in a Besisting Medium.! — In the preceding examples 
the motion is assumed to be in nacuo. It should be borne in mind that the re- 
sistance of the air completely changes the results of the theoretic formulas. 

The motion of a projectile, taking into account the resistance of the air, is 
best given by empirical formulas based upon experiment. 

If, however, we assume that the magnitude of the acceleration decreases 
directly with the square of the velocity, we may deduce by means of our gen- 
eral differential equations, page 81, Chap. VIII, the equation of the trajectory 
for very small angles of elevation. The same method which we shall use 
holds good for any other assumption as to the law of acceleration. 

The assumption is not strictly accurate, but will serve to illustrate the 
method of deduction. 

Let / be the constant acceleration due to gravity, the value of which is 

given page 111, and let c be the coefficient of resistance, so that c has the 

value given page 113. 

ds 
Thus, since the velocity at any point is t) = --7-, we have the retardation 

Cut 



"-(f)' 



by assumption. We have then from equation (6), page 81, 



since cos a = — , for the horizontal component of the tangential acceleration 






dt* 



and, since sin a = ^, for the vertical component of the tangential accelera- 
tion 

^ _ _ f _ ,/^V^ (2) 






^J<. 
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DiTiding (1) by ~, wa have 

dt ^ dx ^- 

Integrating this, we have 

^Sn^ = -e9+a, (8) 

where C is a constant of integration. Let Vi cos ai be the component of the 
initial velocity Vu parallel to «, a, being the angle of elevation at the point of 

dm 
projection; then when « = 0, — = Cj cos ai, and = logn Vi cos a. There- 
fore, from (8), 

^=a "©icosai, (4) 

where e is the base of the Naperian system of logarithms, 2.718382. Hence 

dy dy dx _«• dy .„ 

If we multiply (2) by dx, and (1) by dy, and subtract, we have 

<Py(te - d^xdy _ 

5? = -/^ («) 

Inserting the value of d^ from (4), we have 

^v^^i^ = _ _j^;_^. (7) 

daj* t»i*cos»ai 

The first member of (7) is equal to d-^. We have also 

d^ + dy^ = d^. or (l+g)* = ^, or d^^—^^. 

\ ^) 
Substituting these values In (7), we have 

U+m^^ = —J^a.. (8) 

\ ' do? I dx «i* cos* ax ^ ' 

If we assume the angle of projection ax as very small, so that thetrajeetory 
is very flat, we have approximately in such case 

(d^\'k 
l + -5pj =1. 

Thexef ore (8) beoomes 

tf^=- Z"*" ^. (9) 

dx t?i' cos* ax ^ ' 

Integrating (9), since when « = 0, -^ = tan ax , we have 

|^=t«i«.-.5-j^-T-(«*»-l) (10) 

dx 2<Jt>i*co8*ai\ J ^ ' 

Integrating (10), we have, since for a; = 0, y = 0, 

y = (B tan ai + . /^ , ^ a / a f^*^- ^Y • • (H) 

'^ ' 2cvi*cos*ai 4c*«i' cos* a, y y ^ ' 
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Equation (11) is the approximate equation of the path. 
If we expand the last term in a series, we have 

y = a!tanai — rr— ^^^ — 5 -^-f — r (13) 

If the terms containing c are omitted, and/= p, equation (12) is that of a 
parabola, which is the path of the projectile in vacuo. 

The ordinate of the actual curve is therefore less at any distance x than that 
of the parabola for the same distance. 

From equation (4) we have 

-J- = € «i cos «! ; 
at 

and integrating, since for iv = 0, ^ = 0, we have 

c^iCoscri* = «*"- 1, (18) 

which gives the time in terms of the abscissa. 
From (13) we have 

« = — logn (c^i cos ai< + 1), 
t 

or, in common logarithms, \ (14) 

2.802586 , , ^ , ,^ 

X = log (cf>i COS ait-\- 1), 

which gives the abscissa x in terms of the time. 

"The general problem of the path of a projectile in a uniform resisting 
medium, where the resistance varies as the square of the velocity, was pro- 
posed by Keill as a trial of skill to John Bernoulli, by whom the challenge was 
received Feb. 1718. Keill, trusting to the complexity of the analysis, which 
had probably deterred Newton from attempting any regular solution of the 
problem in the second book of the Princi'piat was in hopes that the exertions of 
Bernoulli would prove unsuccessful. Bernoulli, however, having expeditiously 
effected a solution, not only of Keill's problem, but likewise of the more general 
one where the resistance varies as the Tith power of the velocity, expressed a 
determination not to publish his investigation until he had received intimation 
that his antagonist had himself been able to solve his own problem. He gave 
Eeill till the following September to exercise his talents, declaring that if he 
received by that time no satisfactory communication, he should feel himself 
entitled to question the ability of his adversary. At the request of a common 
friend, Bernoulli consented to extend the interval to the first of November. 
It turned out, however, that Eeill was unable to obtain a solution. At length 
Nicholas Bernoulli, Professor of Mathematics at Padua, communicated to John 
Bernoulli a solutipn of Keill's problem, which the author afterwards extended 
to the more general one. Finally, on the 17th of November, information was 
received by John Bernoulli from Brook Taylor, to the effect that he had ob- 
tained a solution. John Berndulli published his own analysis, together with 
that of his nephew Nicholas, in the Acta Erudit, Lips. 1719 mai., p. 216." 
(Walton, Problems in Theoretical Mechanics.) 



CHAPTER IV. 



CURVILINEAR MOTION OF TRANSLATION-CENTRAL 
ACCELERATION, HARMONIC AND PLANETARY MOTION. 



Central Acceleration. — If the acceleration of a moving point is 
always directed towards a fixed point or centa*e of acceleration, the 
acceleration is said to he central. 

The velocity of the moving point at any instant is the resultant 
of the velocity at the preceding instant and of the integral accelera- 
tion during the interveninj^ time. 

But if the acceleration is always directed towards the centre, or 
fixed point, its moment with reference to that point is zero. Since 
the moment of the resultant of any two components ahout any 
point is equal to the sum of the moments of the components, and 
since in this case the moment of one of the components, viz., the 
acceleration, is zero, it follows that t?ie moment of the velocity about 
the centre^ in the case of central acceleration^ is constant. 

Conversely, if the moment of the velocity of a moving point 
ahout any fixed point is constant, the ax^celeration must always be 
directed towards that point. 

If r is the distance of the moving point from the fixed point, p 
the lever-arm, and oo is the angular speed at any instant, we have 
for the moment of the velocity pv = r^oo = c, equal to twice the 
areal velocity of the radius vector (page 76). 

Therefore, in all cases of central acceleration -r'o? is constant, or 

z 

the area described by the radius vector in a unit of time is constant. 

It follows also that in all caries of central acceleration 00 = — , or 

the angular speed is inversely as the square of the radius vector. 

Cases of Central Acceleration. — ^The two most important cases 
of central acceleration are those of harmonic motion^ where the 
central acceleration is directly proportional to the distance from the 
centre, and planetary motion, where it is inversely as the square of 
the distance. 

When the velocity is in the same straight line as the central 
acceleration we have in hoth these cases rectilinear motion. The 
first is simple rectilinear harmonic motion, the second is rectilinear 
planetary motion or that of a hody at great distances from the 
earth. Both these cases have been considered in Chaps. I and II. 

When the velocity is not in the same straight line with the 
central acceleration we have compound harmonic motion and 
planetary motion in general. The first is of ^eat importance in 
the study of sound, li^ht, heat, etc., as well as m ordinary kinetics. 
The second is the motion of planets about the sim and of satellites 
about their primaries. 

180 
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CesM of Harmonic Motion. — We have defined simple harmonic 
motion, page 103, as the motion of a point moving in any path in 
such a manner that the tangential component of the acceleration, a, 
ia directly proportional to the distance, measured along the path, 
from a fixed point in the path. 

Such motion may be rectilinear or curvilinear. In the first case 
it is simple rectilinear, in the second simple curvilinear. 

If the whole acceleration itself, or f, is central, that is, always 
directed towards a fixed point not in the path, and is always propor- 
tional to the distance from this fixed point, the motion ia central 
harmonic, or compound harmonic, so called, because it is the result- 
ant of two simple rectilinear motions, as will he proved in the next 
article. 

Simple rectilinear harmonic motion ia also central, because the 
fixed point is in the path. 

Any Central Harmonic Hotion may be Besolved Into Two Simple 
Rectilinear Harmonic HotionB at £ig;ht Anglei. — Let C be the 
centre of acceleration, and P the position of the moving point at 
any instant. Let the velocity v ol P make 
an angle a with the axis of X, and let the " ^ 

motion of P be harmooic so that the ac- 
celeration of Pis —r, where a' is the ac- 
celeration at a knovni distance r', and r 
is the distance CP. 

The velocity v maj be resolved into 
vcos a and v sin a in the directions CX 
and CY, and the acceleration may be resolved into -jr coe PCA or 



pA 



cos PCB or --^CB, in the same directions. 



-p-CA, and -p-^ 

The component accelerations are therefore directly as the dis- 
tEUQcea CA and CB, and the component velocities are in the direc- 
tions of CA and CB. The central harmonic motion of i', whatever 
the direction of the velocity v, is therefore the resultant of two 
simple harmonic motions in the lines CA and CB at right angles. 

If then any central harmonic motion ia resolved into two com- 
ponents at right angles, the component motions are rectilinear har- 
monic. 

Conversely, the reavJtant of two rectilinear harmonic motions at 
right angles ts a central harmonic motion. Central harmonic mo- 
tion is tiierefore called compound harmonic motion. 

Composition of Uie Simple Rectilinear Harmonic Uotions in Dif- 
ferent Lines. — ^Let the point M move in a circle AM A' of radius r = 
CA = C3f with a constant angular 
velocity m. Then the motion of the 
projection P in the line AA' is 
simple rectilinear harmonic (page 
103). 

Let the point M, move in the 
circle CBM, of radius r, = CB = 
, with constant angular veloci- 
1. Then the motion of the pro- 
jection Pi in the line CB is simple 
rectilinear hamuinic. Let the angle 
BCA between the planes of ^e 
circles be a. 




Fn. 1. 
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Let the time count from the instant when Mi is at B, so that the 
epoch of Pi is zero (page 105). At this instant let the epoch of P be 
e. Then e is the difference of epoch, or, in angular measure, the 
angle of M above or below A at the beginning of the time. In any 
time t, Ml will have moved from B through tne angle ood measured 
from CBy and ilf through the angle ojt ± e measured from CA. 

By the preceding Article we can resolve the harmonic motion of 
Pi into a simple rectilinear harmonic motion at right angles to CA, 
and another along CA. 

The displacement of Pi from C for any time t iBVi cos (ooit), and 
this displacement may be resolved into ri cos a cos (ojit) along CA, 
and ri sin a cos {ooit) perpendicular to CA. The displacement of P 
from C in the same time t is r cos (oot ± e). 

If a point undergoes these displacements simultaneously, its re- 
sultant displacement along CA will be 

X=:r cos (oot ± e) + Ti cos a COS (cBiQ, .... (1) 

and perpendicular to CA 

y = ri Bin acos (ooit) (2) 

The equation of the curve in which the point moves, referred to 
rectangular co-ordinates with C for the origin, will then be obtained 
by combining (1) and (2) so as to eliminate t. Such combination 
(page 131) gives always a central or compound harmonic motion 
ctbout C, the radius vector from C passing over equal areas in equal 
times (page 130). 

Equations (1) and (2) enable us then to find the curve resulting 
from the combination of any two simple rectilinear harmonic mo- 
tions inclined at any angle a. 

If the component motions are at right angles, a = 90'. If the 
amplitudes are equal, r = ri. If the periods are equal, os = <»i, the 
diflcerence of epoch is constant, and, since the epoch equals the pro- 
duct of the phase at zero of time by 2ie radians (page 105), when the 
periods are equal the difference of phase is constant. When, then, 
the periods are equal and e = 0, or the epochs are equal, the phases 
are also equal at any instant. (For definitions of amplitude, period, 
epoch and phase, see page 105.)^ 

Two Component Simple Rectilinear Harmonic Motions in Differ- 
ent Lines with the Same Period. — In this case 00 = 0)1 and e is con- 
stant, or the difference of ejKKjhs is constant and difference of 
phase at any instant is constant. 

We have then, from (1) and (2), 

x = r cos (oot -f- e) -f- ri cos a COS (oot), y = r sin a cos (oot). 

Combining these two equations by eliminating oot, we have 

(ri* sin* a)x* — 2ri sin a{r cos e + ri cos a)ocy + 

(r« + 2rri cos e cos a+ ri* cos* <x)y* = rVi' sin* a sin* e. (3) 

This is the equation of an ellipse referred to its centre and rect- 
angular axes. 

Hence if a point has two component simple rectilinear harmonic 
motions in any directions, of any amplitudes, and any difference of 
epoch, if the periods of the two components are the same, the result- 
ant motion of the point will be central harmonic in an ellipse, the 
centre of acceleration at the centre of the ellipse. The areal velocity 
of the radius vector about the centre is constant (page 130). 

Such motion is called elliptic harmonic motion. Elliptic har- 
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monic motion, then, is compound harmonic motion when the 
periods of the components are the same. 

Equation (3) gives all ctuses of compound harmonic motion for 
equal periods of the components. 

It will be instructive to derive from it special cases. 

(a) Two Component Simple Rectilinear Motions in Different Lines 
with the Same Period and Phase. — In this case we make in (3) ^ = 0, 
and therefore the phases are equal, and we have at once 

r + ri cos a 
Ti sm a ^ 

This is the equation of a straight line passing through the centre 
C The resultant motion is therefore 
central harmonic in a straight line, or 
simple rectilinear harmonic. 

If CA and CB are the amplitudes r 
and Vi inclined at the angle a, the result- 
ant motion has the amplitude CR, in u^^ -^ ^ 
direction and magnitude the diagonal of Fio. 2. 

the parallelogram whose adjacent sides are r and ri, inclined at 
the angle a. 

Conversely, a simple rectilinear harmonic motion whose ampli- 
tude is CR may be resolved, by completing the parallelogram, into 
two others in any two directions, of the same period^ epoch and 
phase. 

If a = 90**, we have y = —a?. Therefore the projection of a 

T 

simple rectilinear harmonic motion on anv straight line is also 
a simple rectilinear harmonic motion of the same period, epoch 
and phase. 

If the component motions are more than two, they may be com- 
pounded two and two, and therefore any number of component 
simple rectilinear harmonic motions in any directions, of the same 
period, epoch and phtuse, give a single resultant rectilinear har- 
monic motion of determinate direction and amplitude, which may 
be resolved into two components in any two directions, of the same 
period, epoch and phase. 

(6) Two Component Simple Rectilinear Motions in the Same Line 
with the Same Period and Different Epochs and Phases. — In this case 

f) we make in (3) a = 0, and obtain 
at once 

(r» + 2rri cos e + rx^)y^ = 0. 

But since for a = 0, 2^ = 0, (see 
Fig. 1,) we have 

r*+ 2rri cos e -h n' = constant. 

In Fig. 3 the points P and Pi 
move in the line AA' with sim- 
ple harmonic motion and the 




Fio. 8. 



diagonal CR = 4/^ -f 2rri cos e + ri', where e is the constant differ- 
ence of epoch and phase. 

Since c is constant and CR is constant, its inclination to CM or 
CMx is constimt. At any instant the resultant displacement is 
CPi + CP = CS^ and the motion of S is therefore the resultant 
motion and is simple rectilinear harmonic, with the amplitude CR^ 
the diagonal of the parallelogram on r and ri. The epoch and 
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phase are intermediate between the epochs and phases of the com- 
ponents. 

If the epochs and phases are the same, e^O and the amplitude of 
the resultant motion is r + ri , or the siun of those of the compo- 
nents. If the difference of epoch or phase is € = 7e radians, the am- 
plitude is r — ri or the difference of those of the components. 

Bv taking CMi and CM of proper lengths we can make MCP and 
ilfiCM what we please without changing CR. Therefore any simple 
rectilinear harmonic motion may he resolved into ttvo others in the 
same line, with any required difference of phase and one of tfiem 
having any desired epoch, the periods being the same. 

Three or more component simple rectilinear harmonic motions in 
the same line and with the same period may be compounded two 
and two, and the resultant will be rectilinear harmonic with the 
same period. 

If the periods are different, the angle MiCM= e will vary and 
CR will vary. When e = 0, CR will have its maximum value r+ru 
When the difference of epoch eis tc radians, CR has its minimum 
V8due r — ru The an^lar velocity of CR is also variable. The di- 
rection of CR will oscillate back and forth about CM, the maximum 

1 Ti 

inclination being sin — . The resultant motion is therefore not 

simple rectilinear harmonic, but a more complex motion. It is, as 
it were, simple harmonic with periodically increasing and decreas- 
ing amplitude, and periodical acceleration and retardation of phase, 
or epoch. 

(c) Two Component Simple Rectilinear Harmonic Motions at Bight 
Angles with the Same Period and Different Phases or Epochs. — ^The 
general equation for this case is given by (3). If the directions 
are at right angles, we have a = 90°. Suppose in addition the am- 
plitudes equal, so that r = ri, and the difference of epoch e = 90°. 
We have then, from (3), 

a?* + ^ = r*. 

Since the motion is central harmonic, according to pa^e 130 the 
areal velocity of the radius vector is constant; and since the radius 
is constant, the speed in the circle is constant. We have already 
seen, pa^e 103, that the projection of the motion of a point moving 
with uniform speed in a circle, upon a diameter, gives rectiUnear 
harmonic motion. The projection upon two diameters at right 
angles gives then two component rectilinear harmonic motions of 
the same period,- with a difference of epoch of 90**, or of phase of 
i, since, when one component has its greatest displacement, the 
other is at the centre with displacement zero. 

It follows also that two component simple rectilinear harmonic 
motions at right angles, with the same period and equal amplitudes, 
differing in epoch by 90° or in phase by one quarter of a period, will 
give, as a resultant, uniform motion in a circle whose radius is the 
common amplitude of the components. 

If the amplitudes are not equal, but oc and e still 90"*, and periods 
the same, we have, from (3), 

ri'aj* + r^y* = r^ri', 

which is the equation of an ellipse referred to its centre and axes. 
The resultant motion is therefore central harmonic in an ellipse, 
whose semi-diameters are r and ri, the centre at the centre of the 
ellix)8e. 
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The same result is evidently obtained by i)rojecting the circle in 
the preceding case upon a plane, so as to obtain the required ampli- 
tude ri, r remaining unchanged. 

(d) Three or More Component Simple Rectilinear Harmonic Mo- 
tions in Different Lines with the Same Period bnt DUFerent Phases or 
Epochs. — ^We have seen from equation (3) that the resultant of two 
simple rectilinear component harmonic motions in any two direc- 
tions, of tiie same period and different epoch or phase, is elliptic 
harmonic motion. 

We have also seen from (a) that any simple rectilinear harmonic 
motion may be resolved into two others of the same period and 
phase or epoch in any two given directions. Any number of given 
simple rectilinear harmonic motions, then, of the same period and 
different phases or epochs may each be resolved into its own pair 
in any two ^ven directions. These pairs constitute a number of 
simple rectilinear harmonic motions in two given lines, all of the 
same period and different phases or epochs. 

According to (6), all in one line may be compounded into one re- 
sultant, and all in the other line into another resultant, these two 
resultants having the same period and different phases or epochs. 
The resultant of these two is, according to equation (3), elliptic har- 
monic motion. 

Hence the resultant of any number of component simple rectili- 
near harmonic motions of the same period^ wnatever their ampli- 
tudes, directions, phases or epochs, is elliptic harmonic motion, 
the centre of the ellipse being then centre or acceleration, and the 
radius vector describing equal arecis in equal times. 

In special cases this becomes, tus we have seen, uniform circular 
motion or simple rectilinear harmonic motion. 

Since the above holds whatever the inclination of the two result- 
ants, elliptic harmonic motion may be considered as the resultant 
of two component simple harmonic motions of the same period 
and different epochs or phases at right angles. 

Oraphic Bepresentation. — We may exhibit graphically simple 
or compound rectilinear harmonic motion by a curve in which 
the abscissas represent intervals of time, and the ordinates 
the corresponding distance of the moving point from its mean 
position. 

In the case of a single harmonic motion we have (page 132) 
x — r cos {oot ± e). If the distance a; is to be zero when f = 0, we 

must have the epoch ^ = « radians, or one fourth of the periodic 

time. This gives x = r sin oot, 

2'Jt 
Since eoz=z-—^ where T is the periodic time, we have for * = 0, 

0? = 0; for * = JT; o? = r; for * = \T, a; = 0; for < = fT, a? = — r; for 
f = r, a; = 0. 




The curve is the curve of sines, or the curve which would be de- 
scribed by the point P (page 103) if, while Af maintained its uniform 
circular motion, the circle itself were to move with uniform speed 
in a direction perpendicular to CA, 
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It iB the simplest possible form assumed b^ a vibrating Btring, 
when it is asemned that at each instant the motion of every particle 
of the string is simple taarmomo. 

If the rectilinear harmonic motion is compound, we tave (page 
132) in general 

x = r COB ((o( ± e) + ri cob (i»i( ± e,). 
If tlLe diBpIacement of one of the motions is zero when t = 0, we 
have « =^;itei = e + m, we have 

x = r sin lat + ri sin {ant + n*). 



1 



X = r sin (at) + r, sin (2»( + Mir). 

If the difference of phase is zero, n = ; and if the amplitudes 
are equal also, we have 

X = r Bin <ut + r Bin (%iat). 




ThiB gives 

Periods Uneqnal — We have 



as shown in the figure. 
"* ' general 



r COB (»( + e), y = r,ca& ((»,( + ei) 



for the twocomponent rectilinear harmonic motions at right angles. 
The elimination of * in any case gives the curve of resiutant com- 
pound harmonic motion. 



If the periods of the components are as 1 to 2, and e ia the 
difference of the epochs, we have for equal amplitudes 

x = r COS (2«>( + e), y = r cos a>(. 



'!(¥■ 



which is the general equation of the 
Thus for e = 0, or equal epochs, 



yi-i..in.}. 
iurve for any value of e 



which is the equation of a parabola. For- 



I'T? = 4y'{r> - y^ 



which is alBO the equation of a parabola. 
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If we make € in succession, 0, 1, 2, etc., eighths of a circumference, 
we obtain a series of curves as shown. 



fi— o 



«-)ijr 



e^Hn B'-Xie 



Z^fC 



HxataiLU^ 







In the same way we can find the curve for any ratio of periods 
and difference of epoch. Thus if the periods are tus 1 to 3 or 2 to 3, 
and we make e in succession 0, 1, 2, etc., eighths of a circumference, 
we obtain the following series of curves : 



e-o 



«-k^ 



f-HTT 



£^\Tt 



£ — ;r 



Period 1:8 







EeriodStS 




Blackburn's Fendnliun. — The motion of a penduliun which 
swings through a small arc is, as we shall see hereafter (page 154), 
simple harmonic, and the proiection of the bob on -^ 
a horizontal plane moves witn simple rectilinear — 
harmonic motion. 

Curves similar to those just given are therefore 
traced by Blact^burrCs pendulum. This consists of 
two pendulimis, CED and EB, arranged so as to 
swing in two planes at ri^ht angles. 

Any difference of period may be made by ad- 
justing the lengths or the penaulums, and they 
may be started with any difference of epoch. If 
the bob B is made to trace its path on a horizontal 

glane, we have, approximately, the compound 
armonic curjsre. 




B 



[Applieation of the CaloTdas to Harmonic Motion — Let a' he the known 
acceleration at the known distance ?*'. Then the acceleration at any other dis- 



tance is -jT, where r is the distance from the centre. 

r 

For the acceleration in the direction of the axis of X we have then 



(1) 



a' 



and in the direction of the axid of T, 

d^ 

the minus sign denoting direction towards the centre. 



(8) 
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Multiply (1) by da and we hare 



Integrating, 

Let jT = 0, when a? = r, then Const. = —r* and 

t)=?<''-«^'<" */;r = -^^ (3) 

where we take the minus sign to indicate that « diminishes as t increases, ox 
motion towards the centre. 

In the same way we obtain from (2), if -^ = 0, when y = n. 



dt 
dt 



'</?= 



«•' y'r.'-i^' 



(4) 



where we take the plus sign to indicate that y Increasea as t incroases. 
Integrating (8) and (4), we have 

''/7+^ =*^"'V °' * = ''«<«]«i/| + 0'[. . . . (5) 

</?+a=sin-i?-. or y = r.8inJt|/^+C.^,. . .' (6) 

where C and Ci are constants of integration. 
Equations (5) and (6) may be written 

« = r cos (7cos <|/~ ~ r sin (7sin < >^^ == 4, cos «l/?+ 4, Bin «4^ 

y = r,cos Ox sin«|/^ + ri sin Ox cos ty^ = Bx sin « j/? + Bt ooAt\/^, 

where ^i = r cos 6', ^j = — r sin C, Bx = r, cos ^i, jB, = n sin Ci. 

If we find from these equations the values of sin and cos in terms of x and 
y and add their squares, we have, by eliminating t, 

a^(Bx' + 5,«) + y^Ax' + A,^) - 2xy{AxB, + A,Bx) = (AxBx - A,B,)^ . (7) 

This is the equation of an ellipse referred to its centre and rectangular 
axes. ^ 

If we take one of the principal axes corresponding with the axis of X, and 

count the time from the end of this axis, we have f or « = 0, y = and — = 

dt 
and a? = r. Therefore, from (5) and (6), (7 = and Ci = 0, and therefore 

Ai = 0, Ax = r, B^ = 0, Bx =z ri, and (7) becomes 

or the equation of an ellipse referred to its principal axes. 
We have also, from (5) and (6), 

* = rcos«/^ and f = - r /J sin « |/ J, 
y = r.8in«|/| and f = ny^co8<-/j 
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Therefore elliptic harmonic motion can be considered as the resultant of two 
simple rectilinear harmonic motions at right angles of the same period and 
different amplitudes, so related that the velocity of one is zero when the ve- 
locity of the other is a maTimum, i.e., one is at the centre when the other is at 
its greatest range. 

They therefore differ in epoch by 90". 

The time of a complete oscillation is for each of these component motions 






2x4/ —,, and this therefore is the periodic time in the ellipse. 

Planetary Motion. — Velocity Inclined to the Central Accelera- 
tion — Acceleration Inyersely as the Square of the Badius Vector — 
Hodograph a Circle. — Since the acceleration is central, we have 

(page 130) r^flo = c, or a? = i^ , where c is a constant and equal to 

IT 

twice the areal velocity of the radius vector. Also by assumption 
we have 



/= 



ar 




where a' is the acceleration at a known distance r^. 

Let P be a point which has the ve- 
locity V, and central acceleration direct- 
ed always towards the point O, the 
radius vector being OP = r. 

Take O' as the pole of the hodograph 
(page 52), and draw OQ parallel and aL 
equal to v. Then the tangent to the 
hodograph at Q is the direction of the 
acceleration / at P and is parallel to 
OP=r. 

Since the angular velocity «? at P is 
* the angular velocity of the radius vec- 
tor r, the angular velocity of the tan- 
gent at O is also <». 

Let C be the centre of curvature of 
the hodograph, so that CQ is perpendic- 
ular to the tangent at Q and CQ = p = 

radius of curvature. Then since the linear acceleration / of P is 

/ 
the linear velocity of §, we have / = pco, or p = — . 

00 

c a'r^^ a!v^^ 

But CO = - and /= --r-. Hence 9 = . The radius of 

r IT c 

curvature p is therefore constant and the hodograph for planetary 

motion is a circle. 

The path which, in consequence of aberraUon, a fixed star seems to de- 
scribe is the hodograph of the earth's orbit, and is therefore a circle whose 
plane is parallel to the plane of the ecliptic. 

The Path for Planetary Motion is a Conic Section. — Draw OR 
perpendicular to C(^ and therefore parallel to r. OR is the com- 
ponent of the velocity v in the direction of the radius vector. Draw 
§iV perpendicular to OGB, ThBujQN is the component of v per- 
pendicular to the fixed line CB, 

But by similar triangles 

OR QN ^ OR O'C 



= 6; 
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that iSf the ratio of the velocitv along the radius vector to the 
velocity at right angles to any fixed Ime parallel to (yCB is con- 
stant and equal to e. 

If then ri and n are the initial and final values of r for an in- 
definitely short time, and di, da the corresponding distances of P 
from any given fixed line A'B' parallel to C^CB, we have 

O'R Ti — Ta /J J \ ,-ix 

-QN^d^^^^"' "'' r. - r. = e(d. - d.). . . . (1) 
Since this holds whenever we take the fixed line A'B\ let us 

take the initial distance di such that di = — , or e = -=^. 

^ di 

Then, from (1), d« = — , or e = -3^, and we have 

Tx _ r% 

d\ di 

that is, the ratio of the distance r of the moving point P from a 
fixed point O to its distance d from a fixed line tuis a constant 
value. 

This is the Property of a Point Moving in a Conic Section. If 
€ = 1, then O'R = QN, and the pole (7 is on the circumference of the 
hodograph, and the path of P is a parabola. 

If e is less than unity, the pole O' is inside the hodograph and 
the path of P is an ellipse. 

If e is greater than unity, the pole O' is outside the hodograph 
and the path of P is an hyperbola. 

When, therefore, a point has a central acceleration inversely 
proportional to the square of the distance from the centre, it must 
move in a conic section with the centre of acceleration as a focus. 

Conversely, if the path be a conic section and the acceleration is 
directed towards either focus, it must vary inversely as the square 
of the distance from the focus. 

In both cases the radius vector describes equal areas in equal 
times (page 130). 

Kepler^s Laws. — By laborious comparison of the observations 
which Tyoho Brahe had made through many years of the planets, 
especially of Mars, Kepler discovered the three laws of planetary 
motion which are known as Kepler's Laws. He gave these laws 
simply as the expression of facts which seemed warranted by the 
observations. 

The three laws are as follows : 

I. The planets describe ellipses^ the sun occupying one of the 
foci, 

II. The radius vector of each planet describes equal areas in 
equal times. 

III. The ** Harmonic Law," so called. The squares of the periods 
of the planets are proportional to the cubes of theirmean distances 
from the sun. 

The second law, as we have seen (page 130), is a necessary con- 
sequence of central acceleration. 

JBYom the first law, as we have just seen, it follows that the 
acceleration must be inversely as the square of the distance. 

The third law is a direct consequence of such central accelera- 
tion, as we shall see in the next Article. 

Verification by Application to the Moon. — Assuming Kepler's 
third law, Newton was led directly to the conclusion that the ac- 
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celeration must be inversely as the square of the distance, as 
follows : 

The moon and other satellites move around their primaries in 
sensibly circular orbits, the centre being at the centre of the 
primajpy. 

If r and Ti are the periodic times of two satellites, then accord- 
ing to Kepler's third law, if r and ri are the radii of the orbits, 
ive must have 

If 00 is the angular velocity of one satellite, we have (page 76) 
roa = — , or a> = — . We have also for the acceleration (page 

77) / = — = r<»* = ^=5-. For the other satellite we have in like 

manner /i = —fpT- ^® have then 

or the acceleration is inversely as the square of the distance. Con- 
versely, if the acceleration is inversely as the square of the distance, 
Kepler's third law is a necessary consequence. 

The numerical verification of this conclusion by the moon is 
given in Example 17 (page 55). 

[Application of the Calcnlns to Planetary Motion.] — The general 
f ormalas for central acceleration have been already given, Chap. VIII, page 
85. 

For any given law of central acceleration we have only to insert the cor- 
responding value oijfdr in these general equations. 

(a) To Determine the Path when the Centaral Acceleration Varies Inversely 
as the Square of the Distance from the Pole. — When the acceleration is inversely 
as the square of the distance we have 



/= 






where a' is the acceleration at a known distance r\ and therefore a!r'^ is con- 
stant. We have in this case 






Substituting this in equation (42), page 87, we have for the differential equa- 
tion of the path 

or, taking ^ as altoays positive, 

dr 
dB = 






c« 



If we put « = a*r'^, and n' = a'V* + Cic', this becomes 

T 

dz 
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InUgrating, wi hare 

e = CM"' - + ConsL 

1 o'r^ + n a**" /^^ T, 
When« = nK«itlw»loM j = ^n_ = _^^.|/__ + ^, let 8 = 

0. Then Const. = aad 

9 — tf = ooB''-, or • = «cos(e-0). 
Replacing the vftlnee of r utd n, we bAve foi the polar eqnatioa of the patli 



n 



n-y^i+^ «»<«-*) 



(1> 



This is the polftr equation of a eottk teetion wltli the pole aX k focns. It 
will be en ellipse, pArftbola oi hypeiboU according as Ci =0. 

From equation (87), page 87, since //dr = , If fi and «, are the 

Initial distance and velocity at anj instant, 

c. = ..--^p w 

and according as this Is = wa have an ellipse, parabola ot hyperbola. We 

see then that the form of the orbit dep&ad* toUly u^ioft tJu magnitude of the initial 
telocitg and not upon, iU dii/reetion. Also if oV is n^ative, that is, -wbon the 
acceleration is directed auoy from the pole, we haiDe (^itayn an, hpperbola. 

Prom page 100 we have seen that the speed attained b^ a bod; starting from 
rest at an infinite distance from the centre and mortng m a s timg ht line with 

/2a'r^ 
an acceleration inversely as the square of the distance Is ^ . 

HencQ the orbit will be an ellipse, parabola or hyperbola according as the 
velocity of projection it leu thaa, e(pi(d to or greater than that acquired from, an 
inftnile dittanM. 

If ei Is the angle of Vi with r, , we have from equation (80), page 85, 



The constants are therefore given bv(3) and (8) and the orbit is determined 
when the iidtlat velocity «i at the aisUnce r, and with the direction f^ are 

(b) Central AooelBratton Invsnely as the Bqnart of the Slitanoe from the 
7ogni — Path an Ellipse. ^When the path is an ellipse we have the case of plan- 
etary motion. 

Let the point P move in the ellipse ABA' with central acceleration aliraTS 
directed towards the son 8 in the focus, and 
varying inversely as the square oi the dis- 
tance or radius vector 8P = r. 
" Iiot the sami-major axis OA = A and the 
eemi-coningata axis OB = B and the eccen- 

«.i.yf = ,. 

Let the angle ASZ of the major axia 
frith aiv fixed Une SX throogb the focns be ^ 
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The extremity A of the major axis nearest to the focus 8 is called in general 
the lo^toer apsis, or, in the case of a planet, the perihelion. The angle A8X is 
the longitude of the per^^eUon. The distance 8A is the lotoer apsidal distcmee, 
or the perihelion dikanee. The other extremity A' is the higher apsis, or, in the 
ease of a planet, the aphelion, and 8A* is the higher apsidal distance, oraphekon 
distance. 

The an^le P8X, or the angle of the radios vector with the fixed line 8X, we 
denote by 5. 

The angle P8A made by the radius vector with the major axis is then 6 — 0. 
This angle is called the true anomcUj/. 

The polar equation of an ellipse with reference to the focus 8ns& pole, 
counting the angle P8A around from the perihelion, is 

l + «oo8(9-0) ^*^ 

But equation (1), page 143, just deduced, is the equation of a conic section, 
which becomes an elUpse, therefore, when 



«' = l + r^.» «d Ad^e')^-^, or il = « 



Inserting the yalues of (2) and (8), we have 



/ 2aV''\ 
_1 , \ ^> / 



^ = 1 + ^* -— <«) 

^ ^ 2aV* - ri«i« ^^^ 

where «i is the initial velocity at the distance ri making the angle ^i with ri. 

The elliptic orbit is thus determined. 

From (6) we see that the semi-major axis A depends only on the distance ri 
and the velocity of projection Vi and is independent of the direction of projection 
€i. In whatever direction the body is projected, the major axis will be the 
same for the same distance and velocity of projection. 

We have also 

-''"-2(1^) <^ 

But we know {page 85) that e is twice the areal velocity of the radius 
vector. If jT is the periodic time, then, since twice the area of an ellipse is 

2itA^ ^1 — «*, we have 



or 

= aV ' = 



But by Eeflbb's third law we have for two different planets 

r» A^ A^ Ai* 



Tx^ "" Ar^* ^' r« " Tx*' 



c« 



Hence -rr: sTt or afr'^ is constant for aU the planets. 

Ail— e*) 

But a' is the acceleration at a distance r', and a'/' is equal in magnitude to 
the acceleration at the distance unity, since the acceleration at any distance r 

The direct consequence of Kepler's third law, therefore, is that/<7r all the 
pkmets the acceleration is the same at the same dista/nce from the sun 
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'* Of all the laws," says Sir John Herachel, " to which induction from pure 
observation has ever conducted man, this third law of Kepler may justly be 
regarded as the most remarkable, and the most pregnant with important conse- 
quences. When we contemplate the constituents of the planetary system from 
the point of view which this relation affords us, it is no longer mere analogy 
which strikes us, no longer a general resemblance among them as individuals- 
independent of each other, and circulating about the sun, each according to its 
own peculiar nature, and connected with it by its own peculiar tie. The re- 
semblance is now perceived to be a true famUy likeness ; they are bound up in. 
one chain ; interwoven in one web of mutual relation and harmonious agree- 
ment ; subjected to one pervading influence, which extends from the centre ta 
the farthest limit of that great system, of which all of them, the earth included^ 
must henceforth be regarded as members." * 

(c) Value of a' for Planetary Motion. — In all our equations for 
central acceleration we see that it is necessary to know the accel- 
eration a' at some known distance r'. 

We are dealing in this portion of our subject with Kinematics, or 
the study of motion only, apart from its causes or the properties of 
matter. It is therefore not the place here to deal with ideas of 
** force " and ** mass.^^ 

It is sufficient to state here that the **mass" of a body is the 
number of standard pounds it will balance at any point of the 
earth^s surface in an equal-armed balance. The umt of mass is 
then the pound. 

It will be proved hereafter (see Vol. 2, Statics) that if ilf is the 
mass of the sun, and m the mass of a planet, the value of a' which 
must be used in all equations for planetary motion is given by 

« = . 9^ (1) 

m 

where m' is the mass of the earth, and g the mean acceleration of a 
body at the earth's surface due to gravity. 

If the two attracting bodies are the earth and a small body of 

7W»' -4- Till 

mass m, then a' = — - — g, or, since m is insignificant with respect 

1*1' 

to m', a' = g. 

If in the preceding Article we had used the value of a' given by 

(1), we should have obtained 

-i^Q^ =-rr- and -^^ Qt =-5^, 
and hence 



/p . iy,* :: 



M -^^ vi * M + Wi * 



We see then that Kepler's third law is not, strictly speaking, ex- 



aV» 



act. The value of —3-, or the acceleration at the same distance, is 

IT 

not, strictly speaking, constant for all the planets. The more accu- 
rate expression of the third law is that the squares of the periodic 
times are directly as the cubes of the semi-major axes and inverse- 
ly as the sum of the mxisses of the sun and planet. 

The error from this source is, however, too slight to be percept- 
ible, the mass of Jupiter, the largest of the planets, being less than 
a thousandth part of that of the sun. 

* Outlines of Astronomy. 
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The motion of translation of the planets is not affected by their 
rotation on their axes, and we may treat tJiem, therefore, as mate- 
rialpoints so far as translation is concerned. 

Tne sun is not, strictly speaking, a fixed point in this sense, but 
both Sim and planet move in orbits, so that the pole or focus is not at 
the sun's centre, and this affects the accuracy of Kepler's first two 
laws. The sun is also attracted by the other planets, and the plac- 
ets attract each other. 

The attraction of the planets for each other sensibly modifies 
their orbits. The ellipse is therefore only an approximation to the 
path, and requires correction. 

Kepler's laws are thus only approximate expressions. If there 
were but two bodies, one fixed and the other free to move, then 
Kepler's first two laws would be accurate, and the third law would 
approach accuracy as the mass of the moving body becomes in- 
si^oificant with respect to the mass of the other. 

(d) To Find the Velooity of a Planet at any Point of its Orbit. — ^Froxn equa- 
tion (37), pa^e 87, Chap. VIII, we have 

t)» = ci - 2 ffdv, 

fdv = , where a' is given in the 

preceding Article, and r' is the mean radius of the earth. Also from equation 
(2), page 142, 

Ti 

where «i is the velocity at the distance ri. Therefore 

t,«=«,« + 2aV«f^-M, (1) 



(j» 



or, sinoe (page 143) aV'« = -jr: jr, 



'=-+-^e-i)- 



^(1 - 6«) 



C« 



From page 85, d» = —,, and for an ellipse, from AnalTtical Geometry, 

^ = 2A-r ' ^^""^ 

A%1 - ey 'Ai^^^'^ ^^ (2) 

Equation (2) gives the velocity for any distance r if the semi-major axis A 
is known. 

Equation (1) becomes the same as equation (2), page 99, for rectilinear mo- 
tion. 

Cob. 1. We see that the velocity is greatest where r is least, or at peri- 
helion, and least at aphelion, where r is greatest. 

Cor. 2. If a point moves in a circle of radius r with a speed Vi, its central 

acceleration is — (page 53). If this acceleration is equal at any instant to 
the acceleration of the planet, we have from equation (7), page 143, 

r ~ r^ ■" ul(l - 6«) ?' 
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Therefore, from (2), 

. , c«(2ii-r) c» 1 

or 

f^ : Ci" :: 2il — r ! A. 

Tliat is, tAtf tqtuvre of the speed in the ellipee is to the square of the speed in 
the circle cu the distcmes of the planet from the unoccupied focus istotM semi- 
mq^ oasis. 

Cor. 8. If ri is the perihelion distance and ri the aphelion distance, we 
have, from (2), 

forr = n, i»* = -t- -; 

for r = r«. «*=— ipir* 
while f or r = -4 we hare 

That is, the speed at the extremity of the minor axis is a mean proportional 
between the speeds at perihelion a/nd aphelion. 

(e) To Find the Time of Beteriblng any Portion of a Planet's Orbit. — From 

equation (89), page 87, we have, when we substitute / fdr = , 

dr^ , c« 2a'r^ __ 

From page 148 we have c' = a'r'^A{l — e^) and Ci = -j-. 

r^A 
Substituting these values and multiplying by -j-^, we obtain 

Hence 

di - M \ i ^^^ 

^ V«' W V^*«^ - (^ - r)» ' 

In order to integrate this expression, let ^ — r = Aez, then 

/ ^»U (1 -> eg)(fg _ / ^'\i ( -dg ■ gg^ ) 

Integrating, . 

t = f— ^*{ cos-i« - 6(1 - e«)* }+ Const. 

When g = 1, or r = J. — ^e, or the planet is at perihelion, let t s^ tu 

Then Const. = ti = the time at perihelion. 

Hence the time for any portion of the path from perlhelicm is 



where z = T* , or r = A(l — e»). 



'-*' = (i^^)*^**""-'^-**>*^' 



(1) 



When » = —l,OTr = A + Ae,iiio planet is at aphelion, and ( — d is the 
time of half a reTolntion, or 

where Tis the periodic time. 




=(?)*■ 
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We bare tlien 



mih«»guareofihtp»riodUtimetime*a*thtcvbtofth4temi-maj<ita. 



inrAH PTiBp. 

(1) Find the apeed and periodic time of a body momng in a circle 
at a distance from the earth's centre of n times the eanh'g radius, 
the acceleration being inversely as the square of the distance. 

iTf- 

(2) A bodjf at a distance ri from the cetUre of the earth is pro- 
jected in a dtreetion which makes an angle of S0° vnth the distanceri , 
with a speed Vi which is to the speed acquired by falling from an 
infinite distance ael to ^3; the acceleration varying inversely as 
the sqwire of the distance. Find the major axis, the eccentricity, 
the periodic time and the position of the lower apsis. 

Ans. 2A = sr,, e=i, T = -?^i/^ , whore r- ia the ladiuB of the 

e&rth. The lower apsifi la at a dlatance^i from the focns. 

(3> A body revolves about a centre, the acceleration directed 
towards the centre and varying directly as the distance. To deter- 
mine the moiion. 

From the general equations of page 8Q we can determine the motion. Id 

the present caae we have / = -^, and therefore / fir = -3-^. 

Bubstitating this in equation (43), page 87, we have for the dMereatial 
equation of the path 

at, Bince dS is always poBitive, 



epnt.=-5-^,. 



*=-?-w 


ana n 


4i-'c* ■ ' 


rem 


g. we have 


de = 






9 = 


i«- 


-.i + c««t 




n, let S = ^. 


Then Conat = ^ and 




(9 - 0) = i 


eos-< 


— . or B = n eoe 


S(S 
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Replacing the vftlae of t, we have after redaction, for the polar equation 
of the path, 



r« = 



2c« 



i-jrfi?^'<'-*) 



This is the polar equation of an dUpw, the pole at the centre of the elUpse, 
where 

A^ = — pTj — 5, — 55 — = i— 5 — s-, and hence B* = 



For the valaes of e and Ci we have from equations (80) and (37), page 87, 

Ci = «i« -| ;—, and c = rit)i sin 6i , 

where Vi is the initial velocity of projection at a given instant, ri the corre- 
sponding distance tiom the centre at tliat instant, and €i the angle of Vi 
with Vi, 

The path is therefore fully determined. 

To find the periodic time, since the area of the ellipse is nAB, and since c is 
twice the area described in a unit of time by the radius vector, we have 

cT=2KAB, or r= ^^M. 
Inserting the values of A and B, we have 

4^6 



T= 



Inserting the value of n*, we have 



/I 



This is the same result found in page 107 for rectilinear harmonic motion. 

(4) A particle describes an ellipse under the action of central ac- 
celeration, directed to the centre of the ellipse. To aetermine the 
law of acceieration. 

The ix>lar equation to the ellipse, centre pole, is 



;^ = I5 + (55-2^)8in«e, 



from which we have 

Differentiating, we have 



and hence 



7*m* 



-i&=(i-i)--. 
=(i-i)-^.-...=-(i-i)(j-^). 
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Differentiatiiig again, 



2drdO ^ 
But from equation (49), page 88, we have cP6 = . Therefore 



Now from equation (46), page 88, we have 

The law of acceleration is therefore that of the direct diitance, 

(6) A particle describes a conic section under the action of central 
acceleratton directed to one of the foci. To find the law of accelera- 
tion. 

The polar equation of either the ellipse or hyperbola, focus pole, is 

^^ ±A(1- g») ^^ r + erco6B=z ±A(1-^). 
1 -|- « cos 6 ' ^ ' 

Differentiating, 

dr + 6C08 Bdr — ^r sin BdS = 0. 

Differentiating again, 

d^r + ecosBdh' — « sin BdBdr — « sin BdBdr — ercoB BdS^ — tfr sin Bd^B = 0. 

But from eq. (49), page 88, d»0 = - ?^^. Therefore 

T 

<Pr + « COS Bdf^ = ercoB 6cw% o' 3E5 = 



dB^ 1 + e cos e* 

Substituting this in eq. (45), page 88, we have 

f.^t.C^ g c os e \ _ c» 1 _ e^ 

J — js\^ r(l + tf cos B)] "" r«r(l + e cos 0) "" ± ^(1 - 6^)7^' 

The acceleration is therefore iwaendy as the square of the distance for either 
ellipse or hyperbola. 

The polar equation of the parabola is 

2-4 

r = z ;;, or r — r cos 6 = 2-4. 

1 — cos 

Differentiating, we have 

dr — (fr cos + r sin BdS = 0. 

Differentiating again, 

<Pr — cPr cos 6 + dr sin Ode + dr sin BdB + r cos 6^6^ + r sin Bd^B = 0. 

But from eq. (49), page 88, <P0 = - ^^; therefore 

jQ J9 « «JA« ^^ r COS 

drr — d*r COS = — r cos 0a0', or 



d0« 1 - cos • 
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Substitating this in eq. (45), page 88, we have 

'^~r«Vr"*"r(l-oo6 6)j"r«r(l - cob 0) ~ 2-4r« ' 



i^ 



The acceleration is therefore iiKMrM^ cm (A« iqucure of the dutanoe for the 
parabola. 

(6) A particle deseribea a hfmerbolic spiral under the axstion of 
central acceleration directed to the pole. To find the law of accelera- 
tion. 

The equation of the hyperbolic spiral, centre pole, ia rO = A. We have 

then Bdr + rd9 = 0, QcPr + drOB + drdB + nP6 = 0. 

2drdB 
From eq. (49), page 88, cP© = . Therefore fldV = 0, or dPr = 0. 



From eq. (46), page 88, we hare then 






or the acceleration is inwrtelp a» the cube of the distance. 

(7) A j^rticle describes the lemniscate of Bernoulli under central 
a^^celerattony the centre being the node, lofind the law of accelera- 
tion. 

The perpendicular from the node on the tangent is p =r ± aTT* Hence 

dp_^ dp _ 12uA« 

dr - 2A^' p'dr ~ f^ ' 

We have from eq. (48), page 88, therefore, 

(8) A particle describes a circle under central ajcceleration di- 
rected to a point in the circumference. Find the law of acceleration. 

The polar equation of the circle is r = 2i? cos 6. Therefore 

<«r = - 2i2 sin 0de, and d^r = -- rdS* - 2B sin Bd^Q. 
But from eq. (40), page 88, 

2drdB AE sin BdB^ 



cpe = - 



r 



r 



Hence 



dv = -«».-?^l^i?^ = «».-2^!^. 



and 



^__ 8jy 



Substituting in eq. (45), page 88, we have 






OHAPTEE V. 

CONSTEAINED MOTION OF A POINT. SIMPLE PENDULUM. 
MOTION ON A CYCLOID. MISCELLANEOUS PROBLEMS. 




Motion on an Inclined Plane — TTniform Acceleration. — Let a 
point have a uniform acceleration fin the direction AE, and let the 
point be constrained to move in the straight line ^ 
AB which makes the angle a with the horizon. 

The component of the acceleration in the direc- 
tion of the motion is then/ sin a. 

The motion along AB is then rectilinear motion 
under uniform acceleration / sin a^ and equations 
(1) to (6), page 93, apply directly, if we substitute / sin a in place 
of a 

If Vi is the initial velocity at A and v is the velocity at J5, we 
have from (5), page 93, 

tj^ — Vi« = ^ sin a, 

where I is the length of the inclined plane AB. But Z sin a = AK 

The speed, therefore^ gained in moving from A to B ia eqvxil to 
that which would he gatned in falling through AE vHth the uniform 
acceleration f. 



The time in falling from A to i^ is from (1), page 93, i' = 

V—Vi 



V—Vx 



and in passing from A to J?, f = 



Hence 



/sin a 

t_ J_ 
f AE' 

or the times are proportional to the distances I and AE, 
The distance passed through along AB is from (3), page 93, 

l = Vit + — /sin a. f", 

where Vi is the initial velocity. 

If the point starts from rest, we have for the distance along AB 

I = — / sin a . r. 

Let AD be the vertical diameter of* a circle and 
AB = I any chord. Join DB, Then we have AB 
= AD cos DAB = AD sin ABC. If AB = Z, we 

I'B have also AB = i/*" sin ABC, Therefore AD = 

^t\ or t =|/?^. This is independent of the posi- 
tion of the chord AB, and therefore t is the same for any chord 
through A or D. 
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Hence for uniform acceleration /, the time of descent down aU 
chorda throtAgh the highest and lowest points of a circle are eqval. 
This property enables us to find the line of swiftest descent to a 

given curve from any point in the same 
vertical plane. 

Thus if EQ is the curve and A the point, 
draw AC vertical or parallel to the direc- 
tion of/, and with centre in AC describe a 
circle passing through A and tangent to 
the ciu-ve EG at P. 

Then AP is the line of swiftest descent 
from A to the curve EG, For any other 
I>oint p in EG^ Ap cuts the circle in some point g, and since the 
time &om A to g is equal to that from A to P, the time from A to 
p is greater. ' 

EXAMPLES. 

^ = 82.16 ft.-per-sec. per sec. Friction, etc., disregarded. 

(1) Find the position of a point on the circumference of a vertical 
circle^ in order that the time of rectilinear descent from it to the 
centre may be the sams as the time of descent to the lowest point. 
Acceleration due to gravity, 

Ans. 80° from the top. 

(2) The straight line down which a particle will slide, under the 
auction of gravity, in the shortest time from a given point to a given 
circle in the same vertical plane, is tJie line joining the point to the 
upper or lower extremity of the vertical diameter, according as the 
point is within or without the circle, 

(3) Find the line of quickest descent from the focus to a parabola 
whose a^ods is vertical and vertex upwards, and show that its length 
is equal to that of the lotus rectum. Acceleration vertical and 
uniform, 

(4) Find the straight line of swiftest descent from the focus of a 
parabola to the curve when the axis is horizontal. Acceleration 
vertical and uniform, 

(5) The times in which heavy particles slide from rest down in- 
clined planes of equal height are proportional to their lengths, 

(6) Show that if a circle be drawn touching a horizontal straight 
line in a point P and a given curve in a point Q below P, PQ is the 
line of swiftest descent to the curve, under constant vertical accel- 
eration, 

(7) Find the straight line of quickest descent from a given point 
to a given straight cine, the point and the line being in the same 
vertical plane. Acceleration constant and vertical. 

Ans. From P, the given point, draw a horizontal line meeting the given 
line in C. Lay off along the given line CD equal to PC, PD is the required 
line of swiftest descent. 

(8) A given point P is in the same plane with a given vertical 
circle av/a outside it, the highest point Q of the circle being below P. 
Find the line of slowest descent from P to the circle. Acceleration 
constant and vertical. 

Ans. Join PQ and produce it to meet the circumference in R, PR is the 
line required. 
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(9) A number of heavy particles start without velocity from a 
common point and elide dawn straight lines in various directions. 
Show that the locus of the points reached by them with a given s^eed 
is a horizontal plane^ ana that of the points reached by them %n a 
given time is a sphere whose highest point is the starting-point, 

(10) The times required by heavy particles to descend in straight 
lines from the highest point in the circumference of a vertical circle 
to alt other points in the circumference are the same. 

Also to descend in straight lines to the lowest point in the cir- 
cumference^ from all other points in the circumference, the times are 
the same, 

(11) If heavy particles slide down the sides of a right-angled 
triangle whose hypothenuse is vertical, they will acquire typeeds pro- 
portional to the sides, 

(12) A point having a constant acceleration of 24ft.'per-sec,per 
sec. is constrained to move in a direction in which its speed changes 
in 1 minute from 10 to 250 yards per sec. Find the inclination of 
its direction of miction to that of the given acceleration, 

Ans. 60^ 

(13) A heavy particle is pr ejected up an inclined plane whose in- 
clination to the horizon is 30°. Mnd the distance traversed during 
a change of speed from 48 to V^ft, per sec. 

Ans. 63.68 ft. 

(14) A point has, when 1 mile up an incline of 1 in 50 {i.e,, one 

having an inclination to the horizon of sin'^ —-A, an upward ve- 

50/ 

locity of 30 miles an hour, (a) In what time will it come to a stand- 
still f (o) If it afterwards slides down, with what speed will it reach 
the foot of the incline f 

Ans. (a) 1 min. 8.4 sec. (b) 68.7 miles per hour. 

(15) A body slides from rest doum a smooth inclined plane and 
then falls to the ground. The length of the plane is IS ft., its incli- 
nation to the horizon 30% and the height of its lowest point from the 
ground 40 ft. Find the distance horizontally from the end of the 

f)lane to the point where the body reaches the ground. [Take g = S2 
t.-per-sec. per sec.j 

Ans. 15|/3'ft. 

Motion in a Curved Path — TTniform Acceleration. — Let ABCD be 
any curved path, and Ad the direction of the acceleration/. Any 
very small portion of the curve, AB, may 
be considered as a straight line. We 
have then, as on page 151, the change of 
speed in moving from A U> B, the same 
as in moving from A to 6 with the con- 
stant acceleration/. So also, in moving 
from B %o C, the change of speed is the 
same as in moving from 6 to c with the 
constant acceleration/. 

Hence the change of speed in traversing any portion of the path 
AD is the same as in traversing with constant acceleration / the 
projection Ad of the path on a line in the direction of the accelera- 
tion. 
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If then vi is the initial speed at A, and vis the speed at any point 
2>, we have _ 

Motion in a Circle— Uniform Acceleration. — ^This is the case of 

the simple pendulum^ which consists of a heavy 
particle attached to a fixed point by amassless in- 
extensible string. 

Let C be the point of suspension and CA the 
radius, and let the acceleration/ be uniform and 
vertical. For any position of the point P the 
angle ACP = 6, and the acceleration may be re- 
solved into a tangential component / sin G and 
into a normal component /cos d. 

The normal component has no effect upon the 
motion in the curve at P. 

If the emjgle 6 is very small, the arc will not 
differ materially from tne sine, and we have sin 9 

arc AJP 

= — J — , where I is the length of the radius CA, 

/xarcAP 
The tangential acceleration at the point P is then a = ^ 

It is therefore directly proportional to the displacement of P from 
A, measured along tne patix. 

The motion of P is thus simple harmonic motion about A as a 
centre (pa^e 103). 

The periodic time is then (page 104) 

^ tangential acceleration \/ f x arc A P ^ j 

The periodic time is therefore for smuU diaplacementa independ- 
ent of the amplitude, and therefore for small arcs the oscillations 
are isochronous. 

The time of oscillation is usually taken as half the periodic time, 
or the time between the instants at which the pendulum reaches 
opposite ends of its swing. Thus the seconds pendulum makes a 
complete oscillation in 2 seconds. 

If 6 is not very small the time is different, but the variation is 
practically very slight. (See page 160.) 

CoR. If the velocity of P at any instant is not wholly in the 
plane PCA, it may be resolved into two components, one in the 
plane PC A and the other perpendicular to it, and both tangential 
to a spherical surface. Hence, in the case in which is small, P^s 
motion may be resolved into two simple harmonic motions of the 
same period; and its motion is therefore (page 135) elliptic har- 
monic motion, the period being the common period of the comi)0- 
nents. The ellipse described will depend upon the amplitude and 
epoch of the components and therefore upon the magnitude and 
direction of the initial velocity of P. 

If B is not very small, and the component motions are of differ- 
ent amplitudes, the periods will have different values, and the 
point P describes curves similar to those given on page 137. 

If the component motions are equal in amplitude and therefore 
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in period and differ in phase by one quarter period, the point P 
moves (page 134) in a circle about the foot of the perpendicular on 
CA as a centre. This is the case of the conical pendulum. 



EZAMPLBS. 

(1) Find the time of oscillation of a pendulum 10 ft. long at a 
plahe at which g = S2jt-per'8ec. per see. 

Ana. 1.75 sec. 

(2) Find the length of the seconds pedulum at a place at which 
flf = 31.9. 

Ans. 8.232 ft. 

(3) Find the length of the pendulum which makes 24 heats in 1 
min. tvhen g = 32.2. 

Ans. 20.39 ft. 

(4) A seconds pendulum is lengthened 1 per cent. How much 
does it lose per day f 

Ans. 7 min. 8.8 sec. 

(5) The length of the seconds pendulum being 99.414 c/n.^ find the 
value of g. 

Ans. 981.17 cm.-per-sec. per sec. 

(6) A pendulum 87.8 inches long makes 182 beats in 3 min. Find 
the value of g. 

Ans. 31.78 ft.-per-sec. per sec. 

(7) If two pendulums at the same place make 25 and 30 oscilla-^ 
tions respectively in 1 sec.^ what are their relative lengths f 

Ans. 1.44 to 1. 

(8) A pendulum which beats seconds at one place is carried to 
another where it gains 2 sec. per day. Compare the values of g at 
the two places, 

Ans. As 0.999953 to 1. 

(9) A pendulum which beats seconds at the sea-level is carried to 
the top of a mountain where it loses 40.1 sec. per day. Assuniing 
the value of g to be inversely proportional to the distance from the 
centre of the earth, and the sea-level tobe 4000 miles from that point, 
find the height of the mountain. 

Ans. 1.88 miles. 

Motion in a Cycloid— Uniform Acceleration.— A cycloid is the 
curve traced bv a point in the circiunf erence of a circle which rolls 
allong a straight Ime. 




If the circle -EP rolls along the line AB, the point P being origi- 
nally at A, the path of P is the cycloid ACB. 
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If C is the poeition of P when the diameter of the circle through. 
Pis perpendicular to AB, the line CD perpendicular to AB ie the 
axis and C is the vertex of the cycloid. 

Let the uniform acceleration / be always parallel to DC and ver- 
tical. 

Let the moving point Q have at ^i a speed zero. Ite speed at 
Qt is then (page 164) 

Let t be the time in which the point would with the same ac- 
celeration and with initial speed zero move from D to C. Then 
CD = ~ft*. Hence 

e" = i^ . N,N, .CD = ^,CD(,CNi - CN,). 

Now by a property of the cycloid 

4CD . CN. = C$i' and iCD . CW, = CQ,\ 
Hence 

2CD 



cycloid is simple harmonic (page 108), where ^ = -7, a' being the 

tangential acceleration of Q at the distance a' measured along the 
curve. If r is the time of a complete oscillation, we have 



'a' ' f 



If t' is the time occupied in moving from Qi to C, 



1./2CD 



• 4 times the 



or the time of a pendulum whose length is 2CD, 
radius of the generating circle. 

As this involves only constant quantities, the time is the same 
whatever be the position of the etarting-point Qt, or the oscillationB 
are isochronous. Hence the cycloid is called a tautockrone. 

A This result is rendered of practical 

importance by one of the properties of 
the cycloid, viz., that if a flexible and 
inexteneible string AB is fixed at the 
end A and wrapped tightly round the 
semi-cycloid AC, the end B of the string 
as it unwinds will describe another semi- 
° cycloid. If then AC and AD are fixed 
semi-cycloids, symmetrical with refer- 
ence to the vertical AB, and AB is a 
simple pendulum, B will describe a cy- 
cloid, and its oscillations will be isochronous whatever their 
extent. 
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[Applieation of the Caleulns.— To Dotermine the Motion of a Point Conitrained 
to Moyo in a Cyoloid, the Aeeeleration being Conitant, in the Direction of the 
Axis and toward! the Vertex.]— Bj the application of the general formulas of 
page 88 we can deduce the results A d B 

already obtained. 

Let the axis OD = 3r, where r 
is the radius of the generating circle 
DP'O, Let the acceleration / act 
downward. Let CN = y. JVP = x 
and the length of arc 0P= 9, Let 
the initial position be Pi at the 
height CNx = h above 0, and the 
speed at Pi be «i = 0. 

We have thus the case of equation (55), page 89, and obtain at once» since 
/ is negative and 81 = h, 

for the speed at any point given by CN = y. When y = 0, we have, at the 

lowest point C, « = |/2^, which is the same as that due to the vertical height 
h. 

By the property of the cycloid we have 

« = arc C7P= 2 Vl^O X CN = 2 ^^2fy = 2 chord OP'. 
Hence 

d«= d: dpi/ — • 

We substitute the minus value in equation (56), page 89, becaase for de- 
scent the arc decreases as the time increases. We have then 



dt 



"4 



dp 



Integrating, since f or t = 0, p = h, we have 



<= y -- . f jf — versin"* ~1 



(1) 



For the time of descent to the lowest point where y = 0, or for* the time of 
one quarter of a complete oscillation, 



The periodic time is then 






or the same as a simple pendulum (page 154) whose length is 4 times the 
radius of the generating circle DP' 0. 

The time is independent of h and is the same no matter what the posi- 
tion from which the point begins to descend. The oscillations are therefore 
iaochronous and hence the cycloid is called the iauU>chr(yne, 

The reason of this remarkable property is easily seen by considering the 
tangential acceleration. 

In the cycloid the chord OP' is always parallel to the tangent TP* The 
tangential acceleration or tangential comi>onent of/ is then 

^' =/8in riy =/sin ODP' ^f% = f^. 



d^ 



OD 



4r 



The tangential acceleration is therefore directly proportional to the distance 
from the vertex measured along the path, and the motion of P is simple har- 
manic (page 108). 
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The periodic time is then (page 104) 

^ - ^*T tangential acceleration - ^*\/ m^ -^^V f 

as already found. _ 

If in (1) we make y = — = -^Nu we have % = s-iZ-^t or half the time 

from Pi to C, The time, therefore, in deecendin^^ through half the vertical 
space to (7 is half the time of passing from Pi to (a 

[To Find a Curve tuoh that a Point Moving on it under the Aetion of Gravity 
will FaM from any one Given Position to any Otner in Less Time than by any Other 
Curve through the flame Two Points.] — This is the celebrated probi«nof the 
"curve of swiftest descent " first propounded by Bernoulli. The following is 
founded upon his original solution. 

If the time of descent through the entire curve is a minimum, that through 
any portion of the curve is a mmimum. 

It is also obvious that tettMsn ofay two etmUguoui equal txjUtist qf a eon- 
tintunulp varying quantity, a nummutn or minimum must lie. 

This principle though simple is of very great power, and often enables us to 
solve problems of maxima and minima, such as require not merely the pro- 
cesses of the Differential Calculus but those of the Calcidus of Variations. 
The present case is a good example. 

p Let, then, PO, ^B and PQ'. QB be two pairs of 
indefinitely small sides of a polygon such that the 
time of descending through either pair, starting from 
P, may be eqtuU. Let QQ' be horizontal fwd in- 
definitely small compared with PQ and QB. The 
curve of swiftest descent must lie bettoeen thbse paths, 
and must possess any property which they have in 
common. Hence if we draw Qm, Qn perpendicular 
to RQ, PQ, and let e be the speed down PQ or PQ^ 
(supposed uniform) and f>' that down QB or Q'B, we 
have for the time from P to .S by either path 

or 

Now if e be the inclination of PQ to the horizon, and O' thatof <)l( we 
have Qn=QQ;ooB 0, Q'm = QQ' cos S', Hence 

cos B cosd' 



This is true for any two consecutive elements at the required curve, and 
therefore throughout the curve we liave, at any point, e proportional to the 
cosine of the angle which the tangent to the curve at that point makes with 
the horizontal. But e* is proportional to the vertical distance A fallen through. 

Hence the curve required is such that the cosine of the angle it makes ^^th 
the horizontal line through the point of departure varies as ue square root of 
the distance from that line. 

Now in the figure of page 157 we have, from the property of a cycloid. 




COB CP'N = cobTPN= cos GDP = ^ == |/' 



DO ^ y DO 



The curve required is thertfore the eyolaid. The cycloid has received on 

account of this property the name of Brachistoehrone, 
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[To Determine the Motion of a Point Constndned to Move in » Cirolo, tbe Ae- 
eeleration being Constant and Vertieal.] — This is the case of equation (55), page 
89. AC B 

Let jDif =y, jyP= «. Let tlie speed at P, be 
Vi = 0. the distance DNi = h. 

For the speed at any other point P we have 
at once from equation (55), page 89, since /y is 
minus and Si = n, 

where y is the distance DN. When y = 0, we have for the lowest point, D, 

which is the same as that due to the vertical height h. 
From equation (56), page 89, we have 




V 2Ah -y) 

The equation of the circle referred to !> as origin ia 

oj' = 2^ — y', 
where r is the radius. Hence 

2ry-y* ' 

Duj,ar a*--r»jr "'^ [^ -^ 2ry - y' ) ^-f/^' 

rdy 



.\d8= ± 



i/2ry - y« 



We substitute the minus value in equation (56), page 89, because the arc 
decreases as the time increases, and obtain 

dt=^j: ^y !L ^y (1) 

|/2/ V{h - y){2ry - y») V¥ V(Ay - S^Xa*" - y) 



If y is small in comparison to 2r, this reduces to 



V^y-t/^ 
Integrating, since v^rhen < = 0, y = A, we have 

When y = 0, 



"2r /• 



This is the time of one quarter of a complete oscillation. The periodic 
time is then 



= 8«4/|. 



This is the same result as on page 154. 

If, however, y is not small in comparison to 2r, we have, from (1), 

-i 



(«=--?= (^-^^ 



W Vhy 



-y* 2^/ Vhy-!/* 
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Expuding [1 — ^1 by the binomial theorem, we have 

ay/ ^ij^rfy*2\2rj^ll.t\ZTl^i.i.l>\'rl 
Thne tbe temui to be integrated are of tl 



n 



n being tbe natural numbers begmciuK with zero. Performing tbe integra- 
tiona, and talEing the limits y = A and y = 0, we have for tbe time of uuc 
quarter oscillation 

This aeriea converges more rapidly as h becomes am&ller. If we take only 
tbe first term we have, as already found, ( = — l/— . 

9 ■^ 

Wb can put h = r — rcosS = 2rsin' — , where S is the semi-angle of oscil- 
lation JDOPi ; or taUng tbe arc as equal to its sine, we have for the first two 

Tbns If the point swings throngh an arc of --- radian or S°.7, on eacli side 
of tbe vertical, tbe time of an oBcillation is increased by about —^^, or in tbe 
case of the seconds pendulum the time of a beat is increased by -- — nf a 

second. For a swing on either ^de of tbe vertical of any amount we have for 
the time of a quarter OBcillation 



For a swing of 60° on either side we have, therefore, 
•t tbe time is increased by about ■— . 
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MISCELLANEOUS PROBLEMS. 

We give here as exercises for the student a number of pioUems ooyering 
the preoedii\g Chapters. Resistance of the air and friction are neglected. 

(1) A courier travels at the rate of 5i miles in 8 hours. Six hours 
after his departure another courier is dispatched from a place 12 
miles behind the startina-point of the first. The secona courier 
travels at the rate of 8 miles in 10 nours over the same route as the 
first. How long before he will overtake the first f 

Ans. 120 hours. 

(2) A man walks on the deck of a vessel from bow to stem ot the 
rate of 3 miles an hour, while the vessel moves at the rate of 7 miles 
an hour. Find the speed of the man with reference to the earth's 
surface. 

Ans. 4 miles an hour, in the direction of the ship's motion. 

(3) A point moves in a given path for 10 seconds with a uniform 
rate of change of speed of + S ft.-per-sec, per sec. Find the final 
speed and the spaoe traversed, if tne point starts from rest 

« = 80 ft. per sec., t = 400 ft. 

(4) A point has an initial speed of 7.7 ft. per sec, and a uniform 
rate of change of speed of + 5.5 ft.-per-sec, per sec. Find the time 
of passing over 2200 ft, 

Ans. # = «!< + -^af*. t = 26.9 sec. 

(5) A point has an initial speed of 7 ft. per sec, and aftn al speed 
of 125 ft, per sec., and describes a distance of 2250 ft. What is the 
uniform rate of change of speed $ 

Ans. f — «j = — , a = 2.4 ft-per-^sec. per sec. 

(6) A point has an initial speed of 100 ft. per sec. and a rate of 
change of speed of 1 ft-per-sec, per sec. Its final speed is 7 ft, per 
sec. Find the tims of miction ana the space described. 

Ans. « = fji — a<, < = 98 sec. ; 

> — «i = 9ii — jrof*, « — «i = 4975.5 ft. 

(7) A locomotive has a speed of 30 miles an hour on a level when 
the brakes are applied. The loss of speed du>e to the brakes is 8 ft- 
per-sec, per sec. Find (a) the speed cu the end of 3 seconds and the 
distance traversed; (b) the time of coming to rest; (c) the retarda- 
tion in order that the locomotive may come to rest in 30 seconds, 

Ans. V = Vi — at. t>i = 44 ft per sec.; a = 8 ft.-per-sec. per sec,; 
(a) 20 ft. per sec., 118 ft.; (6) t = 5.5 sec.; (c) 1.47 ft-per-sec per sec 
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(8) A body falls for 4 seconds in vacuo, Find the final velocity 
and the spa>ce described {g = 32^ ft.-per-Bec. per sec). 

Ans. « = p«, f = — ^<«; 

V = 1281 ft. per sec, s = 257i ft. 

(9) A body falling in vacvo has a final velocity of 250 ft, per sec. 
Find the time of falling from rest^ and the distance described (g = 
32i ft.-per-sec. per sec.)- 

Ans. 7.77 sec.; 971.25 ft. 

(10) A body falling in vacuo from rest describes a distance of 85 
feet. Find the tim>e of fall and the final velocity (g = S2\ ft.-per- 
sec. per sec). 

Ans. 2.8 sec. ; 73.9 ft. per sec. 

(11) A body is projected vertically upwards in vacuo with a ve- 
locity of 40 ft. per sec. Find the height and the time of ascent (g = 
S2i ft.-per-sec. per sec). 

Ans. 24.87 ft.; 1.24 sec. 

(12) A body projected vertically upwards in vacuo returned after 
181 seconds. Find the initial velocity and the height of ascent (g = 
321 ft.-per-sec per sec). 

Ans. 297.64 ft. per sec; 1376 ft. 

(13) A body falling in vacuo has at a given instant a velocity of 
17 ft, per sec.f at a later instant a velocity of 90 ft, per sec. Find 
the time between the two instants and the distance traversed (g = 321 
ft.-per-sec per sec). 

Ans. 2.27 sec; 121.44ft. 

(14) A stone is dropped into a well and the splash is heard in 3 
seconds. If sound travels in air with a uniform velocity of 1090 /f. 
per sec,., find the depth of the well (g = 32 J ft.-per-sec per sec). 

Ans. 130.4 feet. 

(15) A point has two component velocities (or accelerations), at 
right angles, of 35 and 87 units. Find the resultant velocity (or ac- 
celerations), 

Ans. 93.77 units, making an angle with the 35 units of 68° 5'. 

(16) A point has a ryelocity of 120 ft. per sec. Resolve this into 
two component velocities at right angles, (a) one of the components 
being 75 ft. per sec.; (b) one of the components making an angle of 
34° r 3" unth the resultant. 

Ans. (a) 93.68 ft. per sec, the resultant making an angle with 75 ft. per 
sec. of 51" 19' 4". 

(b) 99.343 ft. per sec adjacent to the given angle and 67.306 ft. per sec. 
opposite. 

(17) A point has two accelerations of 115 and 89 ft.-per-sec. per 
sec. at an angle of 147° 8' 3". (a) Find the resultant acceleration ; (6) 
Find the angle between the given accelerations when the resultant is 
equal to the lesser; (c) when it is equal to the greater, 

Ans. (a) 62.865 ft.-per-sec. per sec, making the angle of 88** 4' with 89 ft.- 
per-sec per sec; (6) 130** 14' 44"; (c) 112' 45' 54". 

(18) A point has an acceleration of 77,5 ft.-per-sec, per sec. Re- 
solve it into two components (a) making unth the given acceleration 
the angles 35° 7' 11" and 52° 9' 8"; (6) vmen one of the comj^onents is 
50.5 ft.-per-sec. per sec. and makes an angle of 36" 8' 6" with the re- 
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9uUant; (c) when one of the components ie 60 ft-per-eec. per sec, 
and the other makes an angle of 47" KV 11" with the resultant ; (d) 
when the two components are 46.2 and SBft.'per-sec. per sec. 

Ans. (a) 61.265 and 44.634 ft.-per-sec. per sec. 

{b) 47.27 ft.-per-sec. per sec, making an angle with the resultant of dQ"" 2' 
8". 

(c) 71.88 or 83.48 ft.-per-sec. per sec., making an angle with the resultant 
of 61" 28' 17" or 24** 9' 4". 

(d) The components make an angle of 35° 4', and the resultant makes with 
the component 46.2 the angle W* 2' 18". 

(19) A stream flows with a velocity ofl ft. per sec., and a boat 
whose speed isl.S ft. per sec. is steered tip stream at an angle of 30° 
with the current. Find the resultant velocity. 

Ans. 0.66 ft. per sec. down stream at an angle of 79° 3' with the current. 

(20) What is the ratio of the speed of light to that of a cannon- 
ball moving at the rate of 2400 feet per sec., if light passes from the 
sun to the earth, a distance of 91,500,000 miles, in Si minutes f 

Ans. 402600 to 1. 

(21) ABC is a triangle. Two spheres of radii ri and rt start to- 
gether from A and B, their centres moving along AC and BC with 
velocities which carry them separately to C in the same time. Find 
the distances eaeh has gone through when they meet 

Ans. If a, b and c are the sides of the triangle, the required distances are 

-(c - ri - ri), -(c - r, - r,). 
c c 

{22) If a particle is prqjected vertically in vacuo with a velocity 
^f ^Qt fi'^ ^^ time in which it will rise through the height 14g. 
Ans. 2 sec. and 14 sec. 

(23) A body falling in vacuo is observed to describe 144.9 ft. and 
177.1ft. in two successive seconds. Find g and the time from the 
beginning of the motion. 

Ans. ^ = 82.2 ft.-per-sec. per sec. ; ^ = 4 sec. to the beginning of the first of 
the two seconds. 

(24) A, B, Cy D are points in a vertical line, the distances AB, 
BC, CD being equal. If a particle fall from A, prove that the times 
of describing Ab, BC, CD are as 

1 : i/2"- 1 : V^- V2~ 

(25) A particle describes in successive intervals of 4 seconds each 
spaces of 24 and 64 feet in the same straight line. Find the accelera- 
tion ana the velocity at the beginning of the first interval. 

Ans. 2.5 ft.-per-sec. per sec; one foot per sec. 

{26) A particle moves 7 ft. in the first second, and 11 avd 17 ft, 
in the third and sixth seconds respectively. Show that these facts 
are consistent with the supposition of a uniform acceleration. 

(27) A falling particle is observed at one portion of its path to 
pass through nft. in s seconds. Find the distance describea in the 
next s seconds, 

Ans. n + gg^, 

(28) If s, ms, are the spaces described by a body in times t, nt, 
respectively, determine the acceleration and the velocity of projecti(m. 

Ans. i^:ii^. and <"*-»')*. 
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(29) If thefocuB of the path of a prcgectile he as ravch hdow tJie 
horizontal ptane through the point of prqjection as the highest 
point of the path is above it^ to find the angle of prqjectum. 

Ans. If a 1 is the angle of projection, ai = taa-M • J. 

(30) Partidea areprqjected from the same point in the sa/m/e di- 
rection with different speeds. Find the locus of the fod of their 
paths. 

Ans. A straight line through the point of projection making an angle with 

the hc^zontal equal to ^ — 2ai , where ai is the angle of projection. 

(31) If a particle is projected in a direction inclined to the hori- 
zon^ show that the time of mowing betioeen two points at the extrem- 
ities of a focal chord of the parabolic path is proportional to the 
product of the velocities of the particle at the two points. 

(32) Two particles are projected from two given points in the same 
vertical line in parallel directions and with eqital speeds. Prove 
that tangents drawn to the path of the lower will cut off from the 
path of the upper arcs described in equal times. 

(33) If a particle is projected from a given point so as to strike 
an inclined plane through that point at right antgles, prove that 

tan{(Xi^B) = ^cotB, where ai is the angle which the direction of 

prelection makes with the horizon^ and is the inclination of the 
plane to the horizon. 

(34) A particle is prqjected from a given point with a given 
velocity. Find the direction of projection in order that its path 
may touch a given plane. 

Ans. Let ai be the angle of projection with the horizontal and /3 the angle 
of the given plane with the horizontal, Vi the velocity of projection and d the 
distance from the point of projection to where the given Diane cuts the hori- 
zontal through the point of projection. Then 



ooe(90-/S-«.)= 4^gd«m2/^. 

(35) To find the least velocity vnth which a body can be projected 
from a given point so as to hit a given mark, and the direction of 
projection in this ca^e. 

Ans. Let d be the horizontal distance from the point of projection to the 
mark, Vi the velocity of projection,' ai its inclination to the horizon and fi the 
angle of elevation of the mark above the horizon. Then 

(36) If two circles the planes of which are vertical touch each 
other internally dt their highest or lowest points, and if any chord 
be drawn within the larger circle, terminating respectively at its 
highest or lowest point, prove that the time of descent downtnat por- 
tion of the chord which is exterior to the smaller circle is invariable. 

(87) AP, PB are chords of a circle^ AB being the vertical di- 
ameter. Particles starting simultaneously from A, P, fatl down 
AP, PB, respectively. Prove that the least distance between them is 
equal to the distance PB, 
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(38) Twa circles lie in the same planSy the lowest point of one 

hdnQ in contact with the highest point of the other. Prove tnat the 

time <tf descent from anp jKdnt of the former to a pomt of the latter, 

along a straight line joining these points and passing through the 

jpoint of contact J is constant, 

(39). A pariiele slides from rest down a smooth shping roof and 
then falls to the ground. Find the point where tt reaches the 
gronmd, 

Ans. Let I = the lengtli of the slope^ a Us iacUnation with the horizontal, 
^ = the height of the lowest poiDt of the slope from the ground. Then the 
-distance of the point where the particle reaches the ground from the foot of 
the wall i» 

2co»a i/^sin a{ yism*a-fA - f^l sin» a). 

(40) Two equal inclined planes are placjed hack to baek, and a 
particle projected up onejvies over the top and comes to the grownd 
just <xt the foot of the other. Find the veiocityi of prqjection^ a being 

the metintkion of each plane and h their common altitude, 

AJMk ^ffh(S + eoa^ay- 

(41) A particle is projected from a point A with the velocity ac- 
quired by falling down a height a, up an inclined plane of which the 
hose ama height are each equal to o, \and after quitting the plane 
strikes the horizontal plane AB at the point B. Find AB. 

Ana. AB is equal to a + (a* — 6*) . 

(43) A particle slides down a smooth inclined plane. Determine 
the point at which the, plane is cut bu the directrix of the path 
described by the particle after leaving the plane, 

Ans. I'he directrix intersects the plane at the point where the particle 
began its motion. 

(43) A particle is projected up a rough plane, inclined to the 
horizon at an angle of 60*", with the velocity which it would have 
acquired in falling freely through a space of 12 ft,, and just reaches 
the top of the plane. Find the altitude of the piane» its roughness 
being such that if it were inclined to the horizontal at an angle of 
30", the particle would be on the point of sliding, 

Ans. 9 ft. 

(44) A ring slides down a straight rod whilst the rod is carried 
uniformly in one plane, at a given angle to the horizon. Find the 
path described by the ring, 

Ans. A parabola. 

(45) A given circle and a given point are in^ the same vertical 
plane, the jpoint being within the circle. F%nd the straight line of 
quickest descent from the point to the circle, 

Ans. The required straight line is the distance between the giren point and 
the lower end of that chord of the circle which passes through the given 
point and terminates at the highest point of the circle. 

(46) A given point and a given straight line are in the same 
vertical plane. Determine the straight line of quickest descent from 
the given Une to the point, 

Ans. From the given point P draw PX horizontallj to meet the given Une 
at X I>raw upwards al(»g the line a length XFequal to PX The straight 
line joining P and T is the required straight line. 
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(47) To determine the straight line of slowest descent from a given 
point to a given circle^ the point being without the circle and both in 
the same vertical plane, the highest point of the circle being lower 
than the given point 

Ans. Let P be the given point and Q the highest point of the circle. Join 
PQ and produce it to cut the circle at ij. Then PM is the line required. 

(48) Determine the straight line of slowest descent from a given 
circle to a given point without it, the point and circle being in the 
same vertical plane, and the point being lower than the lowest point 
of the circle, 

Ans. From the giren point draw an indefinite straight line cutting the 
circle at its lowest point, and the second intersection of the indefinite line and 
the circle is the required line. 

(49) Find the straight line of slowest descent from one given 
circle to another, both circles being in the same vertical plane, and 
each exterior to the other, the highest point of the latter circle being 
lower than the lowest of the former, 

Ans. Produce the line which joins the lowest "point of the first circle and 
the highest point of the second, to meet both circles again. The distance be- 
tween the second intersections is the required line. 

(50) A smooth tube of uniform bore is bent into the form of a 
circular arc greater than a semicircle, and placed in a vertical 
plane with its open ends upwards and in the same horizontal line, 
jBH,nd the velocitj/ with which a ball that fits the tube must be pro- 
jected along the interior from, the lowest point, in order that it may 
pass out at one end and re-enter at the other. 

Ans. If r is the radius, h the depth of the centre of the circle below the 
horizontal through the two ends, Vi the required velocity, 

«,8 = |(^2 _(. 2hr + 2h% 

(51) A particle slides from rest down a smooth tube in the form 
of the thread of a screw the axis of which is vertical. Find the 
time in which it will make a complete revolution about the axis. 

Ans. If r is the radius of the cylinder on which the helix is described, and 
a the angle which the thread makes with the generating line of the cylinder, 
the required time is 

^itr \ i 

(52) A particle falls to the lowest point of a cycloid down any arc 
of the curve, the axis of the cycloid being vertical and its 'vertex 
aoumtvards. Prove that the vertical velocity is greatest when it has 
completed half its vertical descent. 

(53) Also prove that it describes half the path in two thirds of 
the whole time. 

(54) If a clock pendulicm lose 5 sec. a day, determine the altera-- 
tion which should he made in its length. 

Ans. It should be diminished by nearly the 5^^ part of its length. 

oo40 

(55) A seconds pendulum was too long on a given day by a quan- 
tity a. It was then over-corrected so as to be too short by a during 



k, 
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the next day. Prove that, I being the length of the seconds pendulum^ 
the number of minutes gained in the two days vxis nearly 

1080-^. 

(66) A seconds pendulum carried to the top of a mountain is 
found to lose there 43.2 sec. a day. Find the height of the mountain^ 
supposing the radium of the earth to be 4000 miles. 

Ans. 2 miles. 

(57) Find the time of vibration of a pendulum 2^ feet long. 
Ans. Approximately 2.5 seconds. 

(68) A body dropped from the top of a wall falls to the ground 
while a pendulum 6 inches long mxikes 6 beats. Find the height of 
the wall. 

Ans. -7-^ feet. 
4 

(69) A seconds pendulum is lengthened one hundredth of an inch. 
Find how many seconds it unll lose daily. 

Ans. About 11 seconds. 

(60) If the length of a seconds pendulum is 39.1386 inches, what 
will be the length of one which vibrates 40 tirrves a minute. 

Ans. 88.06185 inches. 

(61) If the length of a seconds pendulum is 39.1393 inches, find 
the value of g. 

Ans. g = 32.190 feet-per-sec. per sec. 

(62) A pendulum which beats seconds at the equator gains 5 
minutes a aay at the pole. Compare polar and equatorial gravity. 

Ans. 144 to 145, approximately. 

(63) Two pendtdums the lengths of which are h and h vibrate at 
different points on the earth's surface. The number of vibrations 
which they make in the same time are in the ratio mi to m*. Find 
the ratio of g at the two places. 

Ans. J. 

(64) A seconds pendulum is carried to the top of a m^ountain of 
which the height is 1 mile. Find the number of seconds it will lose 
daily, gravity being supposed to vary inversely as the square of the 
distance from the centre of the earth, and the radius of the earth to 
be 4000 miles. 

Ans. About 21.6 seconds. 

(65) A body revolves uniformly in a circle of 4 ft. radius in 10 
seconds. Find the angular velocity and the velocity at the circum- 
ference. 

Ans. 0.628 radian per sec.; 2.5 ft. per sec. 

(66) A body revolves uniformly in a circle of 4 ft radius with a 
velocity of 8 ft. per sec. Find the normal acceleration. 

Ans. 16 ft.-per-sec. per sec. 

(67) A body revolves uniformly in a circle of 18 ft. radium. The 
normal acceleration is h ft.-per-sec. per sec. F%nd the velocity. 

Ans. 9.5 ft. per sec. 
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(US) Abodf Khoae vetocity U 10 ft. per aee. ia wade ta mow unt- 
fontiiy in a etreifl by a nonaoi acceleration of i ft.-per-tee. per sec. 
Find the raditta. 

Ans. 60 ft. 

(69) Tux> points ham vdocitiea Vi and Vt and are made to move in 
a ctrda by reason of central aceelerationa inversely proportional to 



a ctrda by reason of central aceeierations inversely propwHonal 
the eq«are of (A« distance from the centre. The aiatdnce of c 
point is ri. Find the distance ri of the other. 

■■ r,' : ri'; 

I relation 
kmti ant 



(70) Find the relation between the distances Vi and r, and the 
timea of revoltttitm ti and t,. 
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BOTATION. AN61ILAB DIBFLAGBMSNT. LEEIBAB DIBFLACSMBKT IK TBBMB OF 
ANGULAB. LOTS BEPBESENTATIYB OF AKGULAB DISFLAGBXBNT. BESO- 
LX7TI0N AHD COMPOSITION OF AKOULAB DISFLACBMBNTS. ANGULAB 
VELOCITY. INSTANTANEOUS AXIS OF BOTATION. ANGULAB ACCBLBBA- 
TION. BESOLUnON AND COMPOSITION OF ANGULAB VELOCITIES AND 
ACCELEBATIONS. EQUATIONS OF MOTION OF A POINT OF A BOTATING 
SYSTEM. MOMENT OF ANGULAB VELOCITY AND ACCELEBATION. GENERAL 
ANALYTICAL DETEBMINATION OF BESULTANT FOB CONCUBBING ANGULAB 
VELOCITIES AND ACCELEBATIONS. 

Botation. — When a rigid system moves so that all its points 
describe circles in parallel planes about a common straight une or 
axis passing through the centres of the circles and perpendicular to 
their planes, the system is said to rotate or have a motion of rotation 
about that axis. Any plane parallel to the planes of the circles is 
the plane of rotation. 

Since the system is rigid, every point must describe its circle in 
the same time, or the angular speed (page 72) of every point is the 
same. 

If the angular speed does not change and the plane of rotation 
does not change, tne rotation of the system is nniform. If either 
the angular speed changes or the plane of rotation changes, the 
rotation is variable. 

Motion of a Bigid System with One Point Fixed. — We have de- 
fined translation (page 13) as motion of a system such that every 
straight line joining every two points remains always parallel to 
itself during tne motion. In such case the motion of the system is 
the same as that of any one of its points, and the study of the trans- 

* The advanced student should read this portion of the work in connection 
with the analogous portions of Statics referred to in the text. The student new 
to the subject would do well to omit this portion of the work and take it in 
connection with Statics later. 
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lation of a system is the same as the study of the translation of a 
point. In the preceding Chapters we have treated of the kinematics 
of a point or translation. 

If one point of a svstem is fixed, the motion of which it is capa- 
ble will be more or less complex according as its points can or can 
not move relatively to each other. We restrict our discussion to 
rigid systems^ that is, systems whose points can not move relatively 
to each other. 

If one point of such a system is fixed, there can be no translation 
and the only motion of which it is capable is one of rotation as just 
defined. 

In such motion it is evident that all straight lines in the system 
must remain straight lines of unchanged length and mutual inclina- 
tion, and all planes must remain planes of unchanged form, area 
and mutual inclination. Also the motions of any two points indefi- 
nitely near must be indefinitely nearly the same. 

Angular Displacement of a Bigid System. — Let AB be the axis 
of rotation of a rigid system. Then, since every point must com- 
plete its circle in the same time, the angle de- 
scribed by all points in any given time must 
be the same as the angle described by any 
one point P. 

Tne angle S between the initial and final 
positions, in any given time, of the perpendic- 
ular PO from any point Pto the axis, is called 
the ani^nlar displacement of the system. 

Since the angle 6 is measured in radians, it is independent of 
the length PO (page 5). 

Linear Displacement in Terms of Angnlar.— Let OPi = OPa = r 
be the radius for any point P which moves in a circle perpendicular 
to the axis at O, through the angular displace- 
ment PiOPa = 0, from the initial position Pi 
to the final position Pa. Then the triangle 
Pi OPa is isosceles, and if we draw ON per- 
pendicular to PiPa we have the linear dis- 
placement 

PiPa = 2r sin 4. 

o 

Line Bepresentative of Angnlar Displacement of a Bigid System. 

— ^An angular displacement of a rigid system is given when we 

know not only its magnitude and the direction of rotation in the 

plane of rotation, but also the direction of that plane in space. 

It is therefore a vector quantity having not only magnitude and 

sign, but also direction, and it can 
be completely represented by a 
straight line, like linear displace- 

^P ment (page 34). 

Thus the length of the straight 
line AB denotes the magnitude of 
the angular displacement Pi OPa 
= 6. The plane of rotation is at 
right angles to the line AB, which is therefore coincident with the 
axis of rotation. The direction of rotation is always clockwise 
when we look along this line in the direction indicated by the 
arrow. 

By direction of an angular displacement we mean always the 
direction of its line representative as denoted by the arrow. 
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Composition and Besolution of Successive Angular Displacements. 
— ^Let a rigid system with one point fixed undergo successive angular 
displacements. It is required to determine the resultant angular 
displacement. 

Evidently the successive angular disx>lacements may be about 
the same or about different axes, and in either case may be finite or 
indefinitely small. 

(a) About the Same Axis — Finite or Indefinitely Small. — If the axis 
of all the angular displacements is the same, the plane of rotation 
does not change, and the magnitude and sign or direction of the 
resultant displacement in that plane is given by the algebraic sum 
of the magnitudes of the successive displacements, whether they 
are finite or indefinitely small. 

Inversely, any angular displacement about a given axis may be 
resolved into any number of successive displacemente about the 
same axis, whether finite or indefinitely small, provided the alge- 
braic sum of their magnitudes is equal to the magnitude of the given 
displacement and the same in sign. 

(b) About Different Axes— Displacements Finite. — ^The axes must 
pass through the fixed point of the system. First let the displace- 
ments be finite. 

Let O be the fixed point of the system, and ORi , ORn the initial 
positions of the two given axes. Take ORi = Oi^a, and let us sup- 
pose first a displacement 0, of the system about ORi and then a dis- 
placement 6a about the new position of the other axis. During this 
motion jRa and ^i will move on the surface of a sphere. 

When the system is rotated an angle Qi about ORi, the axis 0R% 
moves from ORi to OR^'. 

Now join RiR^y RiR^ and i^ai^a' by 
great circles of the sphere. Then the 
an^e JRaJRi-Ba' = Oi . 

Bisect this angle by a great circle 
meeting i^a'JRa at D. Draw a CTeat 
circle tnrough R9 inclined to Ri'Mi at 

the angle ^ and meeting RiD at R. 

Then draw R^'d, making the same 

angle ^ with J^a'JRi on the other side, 

and make R^'C^ = Ri!R, Then J^iCa will equal R\R, and the angle 

Ri XVI Ga ^ ^. 

When then the system is rotated about ORi , and the axis OR^ 
moves to OR^' through the angle R^RxR^' = 61, the line OR will 
move to OCa through the angle KR1C2 = 0i. 

If now the system is rotated about OiJa' through the angle 
CiR'i'R = ^2, the line OCa moves back to OR. 

Hence tho line OR has the same position before and after the 
rotations. The resultant displacement is then a displacement about 
OR. 

Hence, the resultant of two successive rotations Bi about ORi and 
Ot about ORi , when the axces intersect in a point O, is a single rota- 
tion B about the axis OR passing through U. 

In order to find the position of this axis OR and the magnitude 
of 6, we have in the spherical triangle RiRRi the angle RKiRq — 

-01, the angle RR^R^^ -63 and the exterior angle DRR2 = ^6- 
Hence 
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COS 1^0 = COB -9i cofl -St - Bin -e, Bin ~G, cos BiA \ . (1) 

sinl2il2 Bin i2ib sinl^iA ^^ 

1— = i— == 1~ <^> 

sin ^» sin ~9i sin ^^ 

2 2 2 

Since ORi and OR% are lines of a rigid body and ORi coincides 
with the position of the first axis of rotation m space, the second 
axis of rotation in space has the position 0R% and not OIU. Hence, 
in general, the order of the two successive rotations is not indifferent. 

Example. — The telescope of a theodolite^ originally horizontal 
and pointing north, is first turned into an altittioe of 60"" and then 
turned towards the tvest into the prime vertical. Find the resultant 
rotation. 

Anfl. We hftTe Bi = 60% 6t ss 90% BiBt =s %(y. Hence 

For the position of the axis we have 

axiBiB= ^=8i/i, OnBB.^ — i_ = 4/|.. 

If we invert the order of the two rotations, we have 9i = 90*, B% = 60* 
BiBi = 90°. Hence * 

1. 1./3 . 1. 1./5 ,, 

^'2®=2V 2' ""^ sm -0 = -j/ ~ as before 

For the position of the axis 

ain ^.J8 = _i_ = i/|, anSBt = L = 2 i/I, 

2^2 2y 2 

(c) About Different Axes— The BisplaceiBents Indefinite^ Snail. 

Second let the rotations be indefi- 
nitely small. Let 0A = $ and OB 
= be the line representatives. Com- 
plete the parallelogram and draw 
DC. Let P be any point of the sys- 
B tem in the plane of OA and OB, and 

draw the perpendiculars PQ, PR, PS. When rotation occurs 
about OA, the point P will move perpendicularly to the plane of the 
paper through a very small distance represented by rS or OA x PQ 
(page 5). 

When rotation occurs about OB^ the point P moves perpendic- 
ularly to the plane of the paper also, through a very sinall distance 
represented by OB x PS, Since both these displacements are very 
sinall they comcide in direction, and the resultant is 

OAx PQ + OBxPS=OCx PR, 

Hence the resultant displacement is given by OC. 
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We should have the same result if the rotation about OB occurred 
first, also if the point P had been taken within the cmgle AOB. 
Also whether OA and OB are axes fixed in the body or in space. 

If we have more than two successive rotations, tine third may be 
compounded with the resultant of the first two in like manner. 

Hence if a rigid system with one point fixed undergo any num- 
ber of successive indefinitely small angular displacements about 
different axes either fixed in the system or fixed in space, the 
resultant angular displacement is ootained by treating the line 
representatives precisely like linear displacements (page 35). We 
have thus the parallelogram and polygon of angular displace- 
ments. 

Composition and Eetolution of SimultaneoiiB Angular Displaoe- 
ments. — ^The simultaneous angular displacements may be finite or 
indefinitely small and must be either about the samip axis or differ- 
ent axes. 

(a) About the Same Axis. — If the axis of all the angular displace- 
ments is the same, the plane of rotation does not change and the 
magnitude and sign or direction of the resultant di^lacement in 
that plane is given by the algebraic sum of the magnitudes of the 
simultaneous angular displacements, whether they are finite or in- 
definitely small. 

(6) Aoont Different Axes. — ^If the rotations OA, OB are indefi- 
nitely small, we see from the figure, page 171, that it makes no differ- 
ence whether they are successive or simultaneous. We can resolve 
and combine them, therefore, by their line representatives just like 
hnear displacements (page 35). We have then the parallelogram 
and polygon of angular displacements. 

If the rotations OA, OB are finite, we can divide each up into a 
number of indefinitely small rotations and treat each pair as before. 
We have then the parallelogram and polygon of angular displace- 
ments in this case also. 

Composition and Besolution of Ang^ar Displacements in gen- 
eral. — We see then that vn all cases except finite svccesswe angular 
displacements about different axes we can combine and resolve 
any number of angular displacements whether simultaneous or 
successive, finite or indefinitely small, about the same or about 
different axes by means of the line representatives, just like linear 
displacements. 

Simultaneous angular displacements are usually called com- 
ponent angular dispOacements, Component angular displacements 
must then be understood to always mean simultaneous angular dis- 
placements, unless otherwise specified. 

Sign of Components of Angular Displacement. — The sign of the 
line representatives of the components along the axes X, F, Z of an 
angular displacement follows the same rule as for linear displace- 
ment (page 36). Hence if we look along the line representatives 
towards me origin, the radius vector wtu always be seen to move 
counter-clockwise, ^..^^^ 

Axis of Eotation. — In every possible dis- 

Elacement of a rigid system with one point ^^'^^^^^ -B, 

xed, there is one line fixed in the system pass 
ing through the fixed point, called the axis of 
rotation, which has the same position in both 
the initial and final positions or the system. \/^h 

Let O be the fixed point of the system, and at 

let Ai , Bi be the initial and As, JBa the final positions in space of 
two points of the system. 
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Since the system is rigid, OAi = OAt , and OBi = OBt, Let Ai 
be brought to An bv rotation about an axis through O perpendicu- 
lar to the plane of A\OA%. By this rotation JBi moves to 6, and since 
the system is rigid, Oh = OBi =0B7, and A^b = AtBt. The triangles 
OAib and OA9B9 are then equal in all respects, and b can be 
brought to JBa by rotation about OAt, The given displacement can 
always then be produced by two successive rotations about two 
axes passing through O. As we have seen (page 171), two such 
successive rotations give as resultant a single rotation about an 
axis through O. This is the axis of rotation. 

CoR. 1. Hence any angular displacement of a rigid system with 
one point fixed is completely specified by the line representative of 
the resultant angular displacement, wnich coincides in direction 
with the axis of rotation. 

CoR. 2. Any angular displacement of a rigid system with one 
point fixed may be resolved into three an^lar displacements about 
the co-ordinate axes through the fixed pomt taken as origin. 

Cor. 3. Every line in the system parallel to the axis of rotation 
remains imchanged in direction. 

Mean Angular Velocity of a Bigid System. — The ma^itude of 
the angular displacement during a given time of a rigid system 
with one point fixed, divided by the number of units of time, gives 
the magnitude of the mean angular velocity of the system. 

It is represented by a line just like angular displacement (page 
170). By direction of mean angular velocity we always mean direc- 
tion of the line representative. 

Mean angular speed then is mean time-rate of angle described 
(page 72). Mean angular velocity is mean time-rate of angular 
displacement. 

Instantaneous Angular Velocity of a Bigid System. — ^The limit- 
ing magnitude and direction of the mean angular velocity when 
the interval of time is indefinitely small is the instantaneous angu- 
lar velocity. 

The term angular velocity alwavs signifies instantaneous angu- 
lar velocity unless otherwise specified. 

It may oe represented by a straight line just like angular dis- 
placement (page 170). 

By direction of an angular velocity we always mean the direc- 
tion of its line representative. 

We see then that angular displacement and angular velocity 
are vector quantities like linear displacement and linear velocity. 
An^lar velocity is directed angular speed, just as linear velocity 
is directed linear speed. Speed is magnitude of velocity, whether 
linear or angular (page 43). 

Instantaneous Axis of Botation. — The instantaneous angular 
velocity of a rigid system is then ^ven by its line representative. 
This line representative coincides m position with the axis of rota- 
tion at tiie mstant. This axis is then the instantaneous axis of rota- 
tion. 

Unit of Angular Velocity. — Since the ma^tude of the angular 
velocity at any instant is the angular speed m a given direction at 
that instant, the unit of angular velocity is the same as for angular 
speed, or one radian per sec. We denote the magnitude then by 
the same letter, «, and we have the same numeric equations as for 
angular speed (page 73). 

Thus for mean angiilar velocity 

6—61 .-V 

00 = T f (1) 
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and for instantaneous angular velocity 

'"=m (^ 

TTniform and Variable Angular Velocity. — ^Angular velocity is 
uniform when the line representative has the same magnitude and 
direction whatever the interval of time. Uniform angular velocity 
is then uniform angular speed in an unchanging plane, just as uni- 
form linear velocity is imiform linear speed in an unchanging 
direction (page 43). 

In such case angular velocity is the same as the mean angular 
velocity for any interval of time. 

When either the magnitude or direction of the angular velocity 
changes it is variable. 

When the magnitude alone changes we have variable angular 
speed in an unchanged plane of rotation. When the direction only 
changes we have uniform angular speed in a changing plane of 
rotation. When both change we have variable angular speed in a 
changing plane of rotation. 

Mean Angular Acceleration of a Bigid System. — If OA = aoi and 
OB = GO are the line representatives of the initial and Gmal angular 
velocities of a rigid system with one point fixed, 
during any time f , then AB is the line represent- 
ative of the integral angular acceleration of the 

AB 
system during the time t, and —7- gives the 

T 

magnitude of the mean angular acceleration whose direction is AB, 
(Compare page 48.) 

Mean angular acceleration then is time-rateof change of angular 
velocity y whether that change takes place in the direction of the an- 
gular velocity or not. 

Instantaneous Angular Acceleration of a Bigid System. — The 
limiting magnitude and direction of the mean angular acceleration 
when the interval of time is indefinitely small is the instantaneous 
angular acceleration. It is the limiting time-rate of change of an- 
gular velocity whether that change takes place in the direction of 
the angulai* velocity or not. 

Angular acceleration always signifies instantaneous angular 
acceleration unless otherwise specified. 

It may be represented by a straight line just like angular dis- 
placement (page 170). By direction of an angular acceleration we 
mean the direction of its line representative. 

Instantaneous Axis of Angular Acceleration. — ^The instantaneous 
angular acceleration of a rigid system is then given by its line rep- 
resentative. This line representative coincides in position with 
the axis of angular acceleration at the instant. This axis is then 
the instantaneous axis of angular acceleration. 

Angular acceleration may be zero, uniform or variable. When 
it is zero, the angular velocity is uniform and we have uniform 
angular speed and an unchanging plane of rotation. 

When it is uniform, it has the same magnitude and the same 
direction whatever the interval of time. In such case the accelera- 
tion is equal to the mean acceleration for any interval of time. If 
the direction coincides with that of the initial velocity, we have 
uniform rate of change of angular speed and an unchanged plane 
of rotation. If it makes an angle with the velocity, we have a 
changing plane of rotation and variable velocity. 
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When it is variable, either direction or nnsgnitudo changes or 
both change. 

If the angular acceleration is always at right angles to the an- 
gular velocity, it only changes the direction but not the magnitude 
of that velocity. 

Hence, just as on page 53 a normal linear acceleration has no 
effect upon the hnear speed, but only changes the direction of mo- 
tion, so, if a rigid svstem rotating with given a.ngiilar speed about 
an axis has an angular acceleration about an axis always perpendic- 
ular to the first, there is change of direction of this axis Dut no 
change of angular speed about it. 

The gyroscope is an illustration of this principle. 

Besolution and Composition of Angular Velocity and Accelera- 
tion. — Since for an indefinitely small time the angular displace- 
ment is indefinitely small, we see &om page 171 that we can com- 
bine an^lar velocities and accelerations, whether simultaneous or 
successive, by means of their line representatives just like linear 
velocities and accelerations (page 43). 

Sign of Components of Angmar Velocity and Acceleration. — The 
smi of the line representatives of the components along the axes 
X, Yy Z of an angular velocity or acceleration follows the same 
rule as for linear velocities and accelerations (pages 44, 50). 

Unit of Angular Acceleration. — Angular acceleration is meas- 
ured in terms of the same unit as rate of change of angular speed 
(page 73), or one radian-per-sec. per sec. We denote its magni- 
tude then by the same letter, a, 

Belations between Angular and Linear Velocity and Accelera- 
tion. — ^We have also the same relations between angular and linear 
acceleration and velocity as for a point moving in a circle (page 
76). 

Thus we have, for any point of a rigid system whose distance 
from the axis of rotation at any distance is r, 

roo = t?, ra=ftj Va> =fn = rco' = — , fp =ftr = r*a, vr = r*ao. 

T 

Equations of Motion of a Rotating Bigid System under Ihfferent 
Angular Accelerations. — Since angular v^elocities and accelerations 
are represented by straight lines, just like linear velocities and ac- 
celerations, we have the same equations for motion of a rotating 
rigid system as on page 50. We nave only to substitute od for v, S 
for «, a for /. 

With these substitutions equations (1) to (14), page 60, hold good 
and it is unnecessary to repeat them here. 

Moment of Angular Displacement. — Just as we called the prod- 
uct of the magnitude of a linear displacement by the magnitude 
of the perpendicular let fall from any given point upon its direc- 
tion the moment of the linear displacement (page 60), so for 
angular displacement we call the product of its magnitude by 
the magnitude of the perpendicular from any point ux)on the 
direction of the line representative the mxyment of the angular 
displacement. 

We take its sign just as for moment of linear displacement, p€ige 
62. Since the line representative is coincident with the axis, the 
perpendicular is the distance of the point from the axis. 

Thus if AB = e is the line representative of an angular dis- 
pla<cement OiOOt = 6 of a rigid system, the axis has the position 
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AOB, If then Oi is the initial position of aiiy point of the sys- 
tem and OOi = p is the perpendic- 
ular from Oi upon the axis or direc- 
tion of the line representative AB, the 
moment iB ± pQ according to direction, 
just as for moment of linear displace- 
ment (page 62). But pB is the length g^ 
of the arc OiOa described by the point 
Oi in a plane perpendiciuar to the 
plane of AB and OOu 

Hence, the moment pB of the angular 
displacement B of a rtgia system rela- 
tive to any point of the system gives 
the length of the arc OiOa described by 
that point in a plane perpendicular to the plane of the OAcis AB 
and the radius vector p. 




The corresponding linear displacement of 0\ is evidently 

T = 2p sin |. .' 



(1) 



Since the angle OOiOa equals the angle OOaOi, we have for the 
direction of the linear displacement relative to OOi , 

angle OOiOa = 90° - OxOT = ^^ (2) 

We have also, just as on page 62, the algebraic sum of the 
moments of any number of component angular displacements, rel- 
ative to any pomt, equal to the moment of the resultant. 

Also, just as on page 60, the line representative of an angular 
displacement may be laid off from any point in its line of direction 
without affecting its moment. 

Moment of Angular Velocity or Acceleration. — Just as we 
called the product of the magnitude of a linear velocity or accelera- 
tion by the magnitude of the perpendicular from any given point 
upon its direction the moment of the linear velocity or acceleration, 
so for angular velocity or acceleration we caU the product of the 
magnitude by the magnitude of the perpendicular from any point 
upon the direction of the line representative the momefiit of the 
angular velocity or acceleration. 

We take its sign just as for moment of linear velocity or accele- 
ration (page 60). Since the line representative is coincident with the 
axis, the perpendicular is the distance of the point from the axis. 

Thus if A3 = 00 is the line representative of an angular 
velocity of a rigid system, the instantaneous axis has the 

position AOB. If then Ox is any point of 
the system and OOi = p is the perpendicu- 
lar from Ox on the axis or direction of the 
line representative, the moment is ± poo 
according to direction, just as for moment 
of linear velocity (page 60). But this is 
'^ the linear velocity v of Ox at the instant, 
in a direction perpendicular to the plane 
of AB and OOi. 

Hence, the moment poo of the angular 
velocity oo of a rigid system relative to any 
point of the system, gives the linear velocity 
V of that point in a direction perpendicu- 
lar to the plane of the instantaneous aocia 
of rotation AB and the instantaneous radius vector p. 
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In the same way, the moment paof the angular acceleration a of 
a rigid system relative to any point of the system gives the linear 
tanqential acceleration ft of that point in a directum perpendicular 
to the plane of the instantaneous axis of angular a^ccekration and 
the instantaneous radius vector. 

We have also, just as on page 62, the algebraic sum of the mo- 
ments of any numoer of component angular velocities or accelera- 
tions, relative to any point, eoual to the moment of the resultant. 

Also, just as on i>age 60, tne line representative of an angular 
velocity or acceleration may be laid off from any point in its line 
of direction without affecting its moment. 

Concurring Angnlar Displacements, Velocities or Accelerations. — 
We see then that angular displacements, velocities or accelera- 
tions are represented bv straight lines, called line representatives, 
which coincide with tne axis of rotation. We deal with them 
entirely by means of these line representatives. When we speak 
of their '* direction," we mean the airection of the line representa- 
tives. We resolve and combine them by means of their Ime repre- 
sentatives, and in the same way we have their moments just as for 
linear displacements, velocities or accelerations. Following the 
same analogy, we can speak of them as ** applied '* or ** acting" at 
certain points. When tney all intersect at the same point, we may 
call them concnrring, just as if they were linear. When they do 
not intersect at the same point they are non-concurring. When they 
act in the same direction in the same line thev are conspiring. 
When in the same or oppK>site directions in parallel lines they are 
parallel. When in opposite directions in the same line or in paral- 
lel lines they are opposite. When they lie in the same plane they 
are co-planar. 

Condition for Botation only. —If a rigid system has one point 
fixed, it can have no translation but omy rotation, and therefore 
all the component angular displacements, velocities or accelerations 
must reduce to a concurring svstem, so that we have a single result- 
ant angular displa.cement, velocity or acceleration about an axis 
through this point, which is therefore at rest. 

General Analytical Determination of Besnltant Angnlar Dis- 
placementy Velocity or Acceleration for any If umber of Concurring 
Components. — We see then that all the equations of pages 63 to 66 
hold good for angular displacements, velocities or accelerations, as 
well as for linear. 

For angular displacements we have only to substitute in place 
of V. The moments Mxj My, Mz then g^ve the arcs of displacement 
about the axes of X, F, Z of the origin, considered as a point of 
the rigid system, rotating about the resultant axis. 

For angular velocities we have only to substitute oo for v. The 
moments Mx, My, Mz then give the component linear velocities Va?, 
Vy, Vz along the axes of X, y, Z of the origin, considered as a point 
of the rigid system, rotating about the resultant axis. 

For angular accelerations we have only to substitute a for t?. 
The moments Mx , My, Mz then give the component linear tangential 
accelerations ftxy fty, ftz slong the axes of X, Y, Z of the origin, 
considered as a point of the rigid system, rotating about the re- 
sultant axis. 

To make our notation consistent we should also replace cos a, 
coQb, cose, pa^e 65, by cosd, cose, cos/, and replace cosd, cose, 
cos/, page 66, by cos a, cos b, cos c. 

We hiave then from page 65, equation (4), for the component 
linear velocities Vx, Vy, Vz along the axes of X, Y, Zof the origin. 
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considered aa a point of the rigid syBtem, rotating about the re- 
sultant axis, 

Vy = oJxZ " oozX; [ (1) 



We have also in the same way 

ftx = ds^ — arfis ; 
fty = oLxZ — asflc ; 
fu = CLjfiC — axy. 



(2) 



Equations (2) give the component linear tangential accelerations 
along the axes of X, F, Z of the origin, considered as a point of the 
rigid system, rotating about the resultant axis. 

If we mmtiply the first of equations (1) by oax , the second by 
«)y, the third by <&« and add, we obtain 



VxQOx + VyOiiy + ^ZdOz = 0. 



(3) 



Equation (3) is the condition for rotation only. When it is ful- 
filled, we know that the motion of the system is that of rotation 
only about the instantaneous axis. 

Kesultant of Two Concurring Component Angular Displacements^ 
Velocities or Accelerations.*— It wiU 
be of profit to specially discuss the 
case of two concurring component 
angular displacements, velocities or 
accelerations. 

Let the two angular velocities ooi, 
002 be in the same plane and pass 
through the points A and B of a 
rigid system, so that they intersect 
at O. Then the resultant oor must 
pass through O and be in the plane 

of QOi, CO2. 

Take any point P in this plane 
and draw the perpendiculars Prii = 
2>i, Pni=piy Pn=:pr. Then, since 
the moment of the resultant is equal 
to the algebraic sum of the moments 
of the components, 

oifrPr = ooipi + ost^pi , (1) 

where regard must be paid to the 
signs in any case. Thus we have in 
the figure 

Draw the line AB, intersecting the 
resultant ov at the point C Let ai 
be the angle of ooi, and as the angle of 
OH with AB. If we take moments 
about C, we have 

a»t. ACsinai = oas . BC sin era. 




* Compare Statics— Non-coneurring Forces. 



;•'} (3> 
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But AC + BC=AB. Hence 

. ^ 093 . AB sin at Y%ri ^1 • AB sin ai .«.. 

JLLf = : ; : , X>0 =s ; ■ ; . ,{^£y 

<oi sin ai + Q9t Bin a« 001 sin ai + oos sin a« 

We thus know the position of the resultant ah- in the plane of 
001 and oof 

Masnitnde and Direction of the BeBultant.* — If we lay off in 
Fig. 2, GO I and 009, then, just as for linear velocities, OC = oor gives 
the magnitude and direction of the resultant. 

Take rectangular axes OX, OY, Fig. 1, in the plane of ooi, coi, 
and let OX be parallel to AB, Let ooi make the angle on with OX 
and fit with Or, and a>3 make the angle as with OX and /C^s with 
OF. Denote the algebraic sum of the components parallel to OX 
by QOx and parallel to OF by «„. Then we have 

oox = a>i cos cri + eos COS at 

eoy = 001 COS fii + a>s COS /9i 

where we must pay regard to signs. Thus components in the 
direction OX, OYare positive, in the opposite directions negative. 

If the resultant oor makes the angles d and e with the axes of X 
and F, we have 

cos d = — cos e = 5^ (4> 

Squaring and adding, 

QOr = \00x+^y (6) 

The magnitude and direction of the resultant are thus deter- 
mined. 

Also if Oi is the angle of a>i with the resultant, and % the angle of 
001 with the resultant, and the angle between 001 and ooa , we havo 
directly from Fig. 2 

sin0i = — sinO, sin 0, = ^' sin 0, (6> 

(Or ^r 

and 

OOr = i/fi?i' + «»«• ± 2o0iO0j COS 6, (7> 

where the (+) sign is used when is less than 90°, and the (— ) sign 
when fl is ^eater than 90"*. 

The tangent of the angle d which the resultant makes with AB 
or OX is 

tand = — ^ (8> 

From (6) and (7) we can find the magnitude a^d direction of the 
result£uit directly if d is known. If on and aa are known, (3) and (5) 
give G0r, and (4) or (8) the direction. 
From (1) we have also 

^ 0..P. + a>.j,. ^^^ 

QOr 

where regard musfc be had for the sims of oo^pi and ooapa in any 
case. From (9) for any given point jt for which px and pa are 
known, we can locate the resultant by describing a circle with 
centre P and radius pr and drawing oor tangent to this circle in the 
direction given by (6). 

* Compare Statics. 



I 



€HAP. I.] TWO PARALLEL ANGULAB DISPLACEMENTS, ETC. 181 

The same formulas hold good for two concurring angular ac- 
celerations. We have only to repla,ce oohy a, [The student will of 
course not confuse this a, which stands for angular acceleration, 
with oTi , a, in the formulas, which stand for angles.] 

The same formulas hold good also for two concurring component 
angular displacements. We have only to replace «> by d. 

when the Angnlar DiBplacements, v elocities or Accelerations are 
ParalleL — In this case ai and at are equal, 0=0, the intersection O 
is at an infinite distance, aor = ci>i + <»> , and we have from (2) 



AC=-.AB, BG=^.AB; . 

(Or Ot>r 



a • • • 



(1) 



and hence, multiplying the first by o^i and the second by not , 

ooi . AC = oot . BCj or — = -— - 

<»i AC 



(2) 



To prove this independently, take C as the point of moments. 





Then whether the line representatives act in the same or in opposite 
directions, we have 

(oipi — ooipt = 0, or ooipi = 093ps. 
But from similar triangles 

pi AC ^ <oi BC 

Pa BC 00% AC 

The same holds for angular displacements or accelerations. 

We see from (1) that the distances AC and BC depend only upon 
the magnitudes of ooi and <»a and the distance AB, and not at all 
upon the common direction of wi and oot. Therefore if aoi and cwa 
always pass through the points A and B no matter what their 
common direction, the resmtant <»r always passes through C. The 

Soint C is then the point of application of the resultant oor for all 
irections. 
Hence, the resultant of two parallel component angular dis- 
placements, velocities or accelerations is in their plane and equal 
m m^ignitude to their algebraic sum. It acts parallel to the com- 
ponents in the direction of the greater. If the components always 
pass through two given points A andB, the resultant always passes 
through a point C no matter what the common direction. This 
point C is then the point of application of the resultant. It is on 
ihe straight line AB or this line produced, and divides it into seg- 
ments inversely as the components. Or the products of the com- 
ponents into their c^ijacent segments are equm, (Compare Statics — 
"Parallel Forces.) 
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OoR. 1. When the components act in the same direction, the 
resultant lies within the components and nearest the larger. When 
the components act in opposite directions, the resultant lies without 
the components and on tne side of the larger. 

Cor. 2. When the components are opposite and equal in magni- 
tude, GOr = 0. Also from (1), AC =ao , BC = oo , or the resvUafU is 
zero and acta at an infinite distance. 

That is, equal and opposite parallel components cannot have a 
single resultant. 

Buch a system is called a conple. (Compare Statics— Parallel 
Forces.) 



EXAMPLES. 

(1) A rigid system has two component rotations of 2 and 4 
radians about axes inclined 60"". Find the resultant rotation. 

Ans. Component rotations are understood to be simaltaneous unless other- 
wise specified (page 172). Hence magnitude of resultant rotation is 2 4/7 
radians; aids inclined at an angle with the greater component whose sine is 

j^ 

t 

(2) A sphere with one of its superficial points fi^ed has two com- 
ponent rotations — one of 8 radians about a tangent line and one of 
15 radians about a diameter. Find the axis of the resultant dis- 
placement and the number of complete revolutions made about it. 

Ans. Inclination of axis to greater component at an angle whose tang is 

8 17 

J-. Resultant displacement 17 radians, number of complete revolutions g-. 

(3) A sphere is rotating uniformly about a diameter at the rate 
of 10 radians per min. Fina (a) the component angular velocity 
about another diameter inclined 30** to the former^ and (b) the com- 
ponent rotation produced in 2 min. about a diameter inclined 45° to 
the first. _ 

Ans. (a) 5 |/3 radians per min. ; (b) 10 ^2 radians. 

(4) A pendulum suspended at a point in the pjolar axis of the 
earth oscillates in a vertical plane. Find the motion of this plane 
relative to the earth. 

Ans. The plane of the pendulum is fixed in space, and the motion of the 
earth with reference to this plane is a rotation from west to east at the rate of 
one revolution per day. The motion of the plane relative to the earth is then 
from east to west at the same rate of one revolution per day. 

(5) A pendulum is hung at a place of latitude A and oscillates in 
a vertical plane. Find (a) the angular velocity of the plane of the 
pendulunvs motion relative to the earthy and (o) the time in which 
this plane will make one complete revolution at a place in latitude 

Ans. The angular velocity of the earth about its axis is 2ic radians per day. 
The component of this in the direction of an axis through the centre of the 
earth and the point of suspension of the pendulum is 2ft sin A radians per day 
from west to east. This is the motion of the earth relative to the plane of the 
pendulum. Hence — 

{a) The motion of the plane of the pendulum relative to the earth is 2ie sin A. 
radians per day from east to west; 
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(6) The time of revelation is ^^ . . = . ^ = — -= days. 

a^r sin A sm 60 |/3 "^ 

(6) A cube rotates about a vertically-upward a^ods through one of 
its edges. At a given instant at whim the diagonal of the upper 
surf ace passing through the a^ods points north the cube has an an- 
gular velocity of 40 nidians per sec,^ and begins to have a uniform 
angular acceleration about a/n aocis verticaUy downwards throwgh 
the same edge of 6 rad.-pef-sec. per sec. Find (a) the direction in 
which the diagonal unll point after 20 sec. ; (6) the number of revolu- 
tions made by the cube. 

Ans. From the equations of motion page 73 we have oo = ooi — at, B — di 
= tt>it — a'^*' ^^ h&Ye fl0i = 40 radians per sec., a s: 6 rad.-per-sec. per 

sec., i = 20 sec, Oi = 0. 

a>i 20 
In the time ti = — = -^ sec. the cube comes to test and has the angular 

<t o 

400 
displacement 6i = -^ radians towards the east. 

It then moves in the opposite direction towards the west during the time 

20 40 1 

t = 20 — 5" = -^ sec. and undergoes the angular displacement 6 = — cri' = 

— ^— radians. Hence (a) the angular displacement from the north point to- 
o 

wards the west is 400 radians or 63.661 revolutions, or 63 revolutions and 

237%96 W. The direction of the diagonal is then S. 57°.96 E. (&) The total 

2000 
angular displacement is ^ radians, hence the number of revolutions is 

333.3 
n 

(7) A sphere is rotating at a given instant about a given diameter 
ACB with an angular velocity of 4 rod. per min. It has an angular 
a^iceleraticyn of 2 rad.-per-min. per min. about a diameter inclined 
30* to ACB, Find (a) the angular velocity j and {b) the angular dis- 
placement after 20 min, 

Ans. (Page 174.) (a) 4 V 101 + 10 i^3 rad. per min. inclined to CB at an 

angle whose tangent is y=. ; (6) 80 v 26 + 5 4/3^ radians inclined to CB 

(8) A rigid system has one point fioced. The co-ordinates of this 
point with reference to any point of the system taken as origin are 
at any instant a? = +S ft,, y= -^ 4 ft,, z = 0, The component an- 
gular velocities at this instant are mi = 40, wa = 50, 00 » = 60 radians 
per sec,, the line representatives making the angles ai = 60% fii = 150"*, 
r 1 = 90° ; a, = 120% /?a = 30% r» = 90^ ; a» = 120% /?, = 150% y^ = 90°. 
Find the resultant angular velocity, 

Ans. (See Example (1), page 67.) The component angular velocities are in 
one plane and 

09a; = — 85 radians per sec, ooy = — 43.3 radians per sec 

The resultant is <»r = 55.67 radians per sec, its line representative or the 
instantaneous axis of rotation making with the horizontal the angle d = 128° 
57' 17", and with the vertical the angle e = 141° 2^ 43". If we look along this 
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line representative which passes through the fixed point, towards the origin, 
the rotation will be seen as counter-clockwise. 

The moment of the resultant angular velocity oor with reference to the 
point gives us the linear velocity of rotation at about the instantaneous 
axis, «jb = -|> 10 ft. per sec. in a direction through perpendicular to the plane 
XY, or along Z, from towards Z, 

The distance of from the axis is p = about 0.18 ft. 

The equation of the axis is y = 1.237a; -{- 0.286. Its intercepts on the axis 
arey' = -f 0.286 ft., x' :=i - 0.282 ft. 

(9) Eocpress and solve the same example for component angular 
accelerations and displacements. 

(10) A rigid system has one j^oint fioced. The co-ordinates of this 
point with reference to any point of the system taken as an origin 
are at any instant a? = + 3^f., y='¥ ^ft.^ z= +6ft. The compo- 
nent angular velocities at this instant are (»i = 40, cos = 50, 00% = 60 
radians per sec., the line representatives making the angles with the 
axes ax = 60°, /Ji = 100% yi obtuse ; a, = 100°, (it = 60% y^ acute; at 
= 120*, fit = 100% y% acute. Find the resultant angular velocity. 

Ans. (See Example (2), page 67.) We have 

ao<v = — 18.6824, 00^=4- 7.686, 002 = + 59.391 radians per sec. 

The resultant angular velocity is a>r = 62.73 radians per sec., its line rep- 
resentative making with the axes the angles 

(f = 118M7' 33", 6 = 85' 6' 12", / = 12° 30' 24". 

This line representative passes through the fixed point and gives the in- 
stantaneous axis of rotation. If we look fSong this line towards the origin, the 
rotation will be seen as counter-clockwise. 

The velocities of rotation at along the axes are 

VK- + 97.6346, '0X-+ 199.389, «y = - 271.586 ft. per sec. 

The resultant velocity of rotation at Oistv = 407.6 ft. per sec., making 
with the axes angles 

a = 60** 42' 57", ft = 13r 46' 24", c = 76' 8' 31". 

The equations of the projections of the axis upon the co-ordinate planes are: 

on plane XT, y = - 0.408aj + 5.226 ; 
rZ, z =-f7.778y- 26.115; 
** ZX, a? = - 0.3142 -f 4.572. 

The axis pierces the plane XT at a?' = + 4.572 ft., y* = + 3.357 ft.; 
«' '* •* " *' TZ ** y' = -f 5.226 ft., «' = - 14.56 ft.; 
'« *• " " '• ZX "«'=- 26.115 ft., aj' = H- 12.809 ft. 

(11) Express and solve the same eocample for component angular 
accelerations and displacements. 

(12) Let the axes of two concurring angular velocities of a rigid 
system, ooi = 20, cw, = 30 radians per sec., pass through the points A, 
B of the system, the distance AB = 2ft.y and the angles ai = 60**, a^ 
= 30°. Find the point C on the lirie AB through which the resultant 
axis passes, and the magnitude and direction of the resultant angu- 
lar velocity. 



it (• 



CHAP. L] examples. 185 

Ans. AO = 0.928 ft., wx = + 16.98 radians per see., coy = — 82.82 radians 
per sec. The angle of the resultant with AB is given by 

tM^<* = -7F^= -3.022, or d = 68' 41' = J5(;<»r, 
15. vo 

The resultant is 

oDr = 86.05 radians per sec 

We haye also for the angle of the resultant with o9i , since = 90^, 

SO 

OO. (ID 

(18) Eacpress and solve the same example for component angular 
OAicel&ratione and displacements. 
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MOMENT OF A COUPLE. 



DIBFLACEMENT OF A RIGID SYSTEM. RIGID PLANE SYSTEM. COMPOSITION 
AND RESOLUTION OF TRANSLATION AND ANGULAR DISPLACEMENT. COM- 
POSITION AND RESOLUTION OF TRANSLATION AND ANGULAR VELOCITY. 
CENTRAL AXIS. SCREW MOTION. ROTATION AND RECTILINEAR TRANS- 
LATION. COMBINED PARALLEL ROTATIONS, ONE AXIS FIXED. INTER- 
SECTING AXES, ONE AXIS FIXED. ANALYTIC DETERMINATION OF RE- 
SULTANT ANGULAR VELOCITY AND VELOCITY OF TRANSLATION FOR NON- 
CONCURRING ANGX7LAR VELOCITIES. 

Moment of a Couple.* — ^We have just seen in the preceding 
Chapter, page 181, that two parallel equal and opposite components 
acting at different points of a rigid system constitute a couple. We 
^flj may have then an angular-displace- 

ment couple or angular-velocity cou- 
ple or angular-acceleration couple. 
Let -f- 00, — 00, acting at the points 
B A,Bofa rigid system, constitute an 

angular- velocity couple. 

If we take any point C between 
the components, or any point Ci, Ca 
on either side, in the pjlane of the 
components, we have in the first 



Ci 



— G? 



case, denoting the distance AB by p, for the moment about C, just 
as for linear velocities (page 60), 

- 00 . AC -00.30= — oo(AC + BC) = —poo. 
In the second case, for the moment about Ci we have 

00 . CiA — 00. CiB = — oo(CiB — CiA) = —poo. 
In the third case, for the moment about Ca we have 

— 00. CiA -H GO. CiB = — ooiCiA — CiB) = — poo. 

Hence the moment about every point in the plane of the couple is 
constant and equal to ± poo, the (-f-) or (— ) sign denoting direction 
just as for moment of linear velocity (page 60). 

For an angular-acceleration couple we have in the same way 
± pa, for an angular-displacement oouple ± pB. 

We see then that the moment of a couple is the sam^e for every 
point in its plane and equal to the product of either of the compo- 
nents by the distance between them. 

* Compare Statics— Parallel Forces. 
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Gompoiition and Resolution of Translation and Angular Displace, 
ment. — Let a rigid system have a rotation of 0x00% = 6 radians 
about an axis AOB through the 
point O, and AB=:fi be the line 
representative. 

If we take ajiy other point of 
the system, as 0\ , and at this point 
apply tlie two equal and opposite 
an^lar displacements da = — Q 
and Oib = + &, both pajullel to 
AB, it is evident that the motion 
of the system is not affected. We 
have then the angular displace- 
ment about the axis AOB reduced to an equal angular displace- 
ment Oih about a parallel axis through Ox and a couple AB and 

Oxa. 

The moment of this couple is the same for every point in its 
plane and equal to pO, where p is the perpendicular distance be- 
tween the components AB and Oxa of the couple. 

But we have seen (page 177) that the moment p9 corresponds to 
a linear displacement in a plane perpendicular to the plane of the 
couple of 




r = 2psin-, 
making an angle 00x0% with p given by 



(1) 



00x0% = 



(2) 



Hence, an angular displacement about any given axis can he 
resolved into an equal angular displacement about a parallel axis 
through any jfoint of the system and a linear translation in the 
plane of rotation of the system whose magnitude and direction are 
given hy (1) and (2). 

Conversely, the resultant of the rotation of a rigid system, about 
a given axis and a translation in any given direction^ is an equal 
rotation about a parallel aods, whose position with reference to the 
first can be determined by (1) and (2). 

Cor. 1. Two non-concurring angular displacements can be re- 
duced to a resultant angular displacement about a resultant axis 
at any point and a couple which causes translation. 

Cor. 2. Hence if we have any number of component angular 
rotations about any axes, whether these axes intersect or not, we 
can reduce each to an equal rotation about a parallel axis through 
some one point of the system and a translation of the system. 

The resultant translation can then be found as on page 35, and 
the resultant rotation as on page 173, for simultaneous angular dis- 
placements. 

Cor. 3. Therefore any number of component translations and 
rotations can all be reduced to a single translation and a single 
rotation about any given point. It is evident that this single rota- 
tion is not affected Dy the position of the point, which affects the 
translation only. 

Displacement of a Bigid System. — Any displacement of a rigid 
system may be produced by a translation and an an^n^ar displace- 
ment. 
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C, 



Let AijBi^Cihe the positions of any three points which determine 

the initial position of the rigid system. 

Let Ai, Bt, Cihe the final position of 

these points after any displacement. 

First let the system be translated, so 

that Ai comes to its final position Aa. 

Then Bi and Ci will take the positions 

h and c, the lines Bib and CiC being 

equal and parallel to AiAi. We see 

then that As is a fixed point in the 

svstem so far as the two positions 

AiBiCi , AiBaCiOxe concerned. 

But we have seen (page 173) that in every possible displax^ement 

of a rigid system with one point fixed there is an axis of rotation 

fixed in the system which remains unchanged. Hence A^cb can be 

brought to the position AnB^d by rotation about that axis. 

Cor. 1. It follows that the displacement of a rij^d system is 
known if the magnitude and direction of the linear displacement of 
any point is known, and also the magnitude and direction of the 
angular displacement of the system about that point. 

Cor. 2. Also, the displacement of a rigid system is known if the 
magnitude and direction of the component linear displacements of 
any point parallel to three rectangular axes and of the component 
angular displacements of the system about axes parallel to the first 
through the point are known. 

Bigid Plane System. — Any displacement of a rigid plane system in 

its own plane may be prodnced by rotation abont some point in the plane. 

Let AiBi and AnBi be the initial and final positions in the plane, 

of the same line of the system, o 

so that AiBi and AaJBa are of w;>w ^-^-^ ^b 

equal length. Join A1A2 and \V^^ "-- ^^ * 

B1B2 by lines and bisect these 
lines ^t C and Z>. Erect per- 
pendiculars at the points of \ \ ^ "b^ To 
bisection C and D and produce 
them to intersection at O. 

Then by construction OAi = j(^ ^^i 

0A«, and OB, = OBa, and AiBi 
= A2B9. Hence the two triangles OAiBi and OA7B9 are in all 
respects equal and the line AiBi may be brought to coincide with 
As£a by rotation about the point O, 






If AiBi is parallel to AiBi , we have translation only and the 
point O is at an infinite distance. 
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Since the angle AiOBi = the angle A^OB^ , if we take the angle 
AiOBi from both we have A1OA9 = B1OB9. If then the displace- 
ment is such that Ai falls on OBi or on OBi produced, At must be 
on OB^ or OBt produced. 

In both cases OC and OD coincide and do not intersect, but it is 
evident that in such case the point O in which AiBi and A^Ba inter- 
sect is the point about which rotation would produce the given dis- 
placement. 

If in any case A1A9 and BiBn are indefinitely small, the point O 
is called the inBtaiitaneous centre of motion. 

Any Displacement of a Bigid System. — Any displacement of a 
rigid system may be produced by rotation about an axis and a trans- 
lation in the direction of that axis. 

Let AB and BC represent the resultant 
translation and rotation to which the compo- 
nent translations and rotations of the system 
can be reduced (page 187, Cor. 3). 

Draw AD and DB parallel and perpendic- 
ular to BC. Then the translation AS is re- 
solved into the two components AD and DB. 

But the resultant of DB and BC (page 187) is an equal rotation 
about an axis parallel to BC. Hence the translation AD and the 
rotation BC are reducible to the translation AD and a rotation 
about an axis parallel to AD. 

Composition and Besolntion of Translation and Angular Ve- 
locity or Angnlar Acceleration* — Let a rigid system have an 

\ angular velocity )^S ^"^^'^^PJ ^!!; «.. U^ut an 
( angular acceleration s (a radians-per-sec. per sec. J 

axis AOB through the point O, and 

let AB = j ]J] ^ I be the linear rep- 
resentative. 

If we take any other point of the 

system, as d , and at this point 

apply two equal and opposite 

^ angular velocities ) a = 

\ angular accelerations s ' * 

{l-}anda6=j+^[,iti8evi- 
^ dent that the motion of the system 

is not aflEected. We have then the ) anSi^cIlemSon } »*><>"* 

the axis AOB reduced to an equal { an^^^^a^clSon \ ».& 

about a parallel axis through Oi and a couple represented by AB 
and da. 

The moment of this couple is the same for every point in its 

plane (page 186) and equal to ] ^°^ [ > where p is the perpendicular 

distance between the two axes. 

But we have seen (page 177) that the moment ] -^^ [ gives the 

linear \ acceleration f [ ^^ ^ direction perpendicular to the plane of 

the couple. Since the moment of the couple is the same for every 
point in its plane, we have then translation of the entire system in 
a direction perpendicular to the plane of the couple, as well as 
simultaneous rotation about the axis through Ou The direction 
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and magnitude of this translation wiU depend upon the point d , 
but the rotation will be the same wherever the point Ol may be 
taken. 

Hence.* an \ J^^l^^i^ \ofari^ systen. about any 
axis can be resolved into an equal j a^^^^Stion \ "^^^ "' 
parcMel axis at any distance p, and a ] n^^^^inn \ ^^ translation 
J f = «*" [ ^'^ <>( direction, at right angles to the plane of the axes. 

Conversely, the resultant of an j „,SX?^^Kfc a \ «/« 
rigid system about a given axis and a < cLc^^ation \ ^ translation 
\}\ in any direction i, an eav<a\^^^^^^^i^ \ abouta 



parallel aocis distant 



V 
J3 = -. 

p = t 



in a direction perpendicular to the 



plane of \^> and the given axis. 

This parallel axis is the instantaneous axis. 

Cor. 1. Hence if we have any number of component J ^f^j^ 

accelerations \ ^^^* ^^^ ^^^^' ®^^^ ^^^^ ^ reduced to an equal 
Tan^^Mon } «*«"* * ^^^'^^ -^ ^^^ ^"^ one 
point of the system, and a j acceleratTon [ ^^ translation of the 
system. We can then find the resultant < acceleration C ^^ t^ans- 

lation as on page j g } and the resultant j ^-^0^7 ^ } a« 
on page 176. 

Cor. 2. Therefore any number of component | ^[^|Jj|J ^c- 

cel^tons [ »"d I acS^ti^^ } ^t translation, can aU be reduced 
to a single resultant j acceleratwn [ ^^ translation and a single re- 
sultant j aSSj^trlnSwn ( ^^^* ^ "^ through any one point 
of the system. The | acIeleratTon \ ^^ translation will vary m di- 
rection and magnitude with the point chosen. The \ Q«flj|^ 

acceleration C ^^^ ^ *^® Bsme no matter what point is chosen. 

Central Axis. — ^Any number of component angular velocities of 
a rigid system can be reduced to a single angular velocity about a 
determinate axis and a simultaneous velocity of translation of the 
system along that axis. Such an axis is called the central azis^ and 
such motion is called screw motion. 

* C!omp8xe Statics— NooL-coiiciucnDg Forces. 
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Thus let OA and OQ represent the jresultant linear velocity of 
translation Yr and the resmtant angu- » 

lar velocity a)r, to which, as we have 
lust seen, all the angular velocities can 
be reduced. ^^ \ ^^go 

Draw AD and OJ> parallel and per- ^ 
pendicular to 0(7. Then the velocity of 
translation OA = Vr is resolved into the two components AD and 
OD. But the resultant of OC and OD is an equal angular velocity 
ahout an axis parallel to OC (page 190). 

Hence the velocity of translation OA = Yr and the angular ve- 
locity OG = G7r are reducible to an eoual angular velocity about an 
axis parallel to OC and a linear velocity of translation AD along 
that axis. 

This axis is called the central axis, and may be located by the 
f oUowing geometric construction. 

At any point O of the system taken arbitrarily let the velocity 

of translation be Yr and the ro- 
tation axis through O he aort 
making the angle 4>. Through 
O draw a line OD =p perpen- 
dicular to the plane of Vr and 
oDr, so that pcor = Yr sin 0, or 

Yr sin 4> 
p = . 

GDr 

Then a line through D parallel 
to the rotation axis at O will be the 
central axis. (Compare Statics — Non-concurring Forces. 

Screw Motion. — Let Ur denote the resultant velocity of trans- 
lation along the central axis. This is called the velocity of advance. 
The distance d advanced during one complete rotation of the sys- 
tem is called the pitch of the screw, and the distance advanced dur- 
ing a rotation of one radian, or ^, we call the unit pitch of the 

screw. 

If QOr is the resultant angular velocity of rotation, the time of a 

complete rotation is f = - — 

We have then for the value of the pitch 




d = t*r* = ?^, hence Ur^^, 

Alt 



QOr 



and for the unit pitch 



2^ 



oor 



(1) 



(3) 



If r is the radius vector of any point of the system, then the 
linear velocity of that point due to rotation about the axis is 

v^roor (3) 

in a direction perpendicular to the plane of the central axis and the 
radius vector. 

The resultant velocity at that point is then 



Vr 



/"gi 

= Vur* + if = GOri/ -r-s + ** 



(4) 
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The inclmation of the path at that point to the plane of rotation 
is given by 

(6) 



tan* = !^= ^ 



2jrr' 



or the tangent of the angle of inclination at any point is equal to 
the ratio of the pitch to the circumference of tne circle described 
by the point relatively to the axis ; or it is equal to the ratio of the 
unit pitch to the radius vector of the point. 

Centre of Parallel Angular Velocities.* — Let a)i, flOa^a?., etc., be 
any number of parallel aneular velocities passing through tiie points 
Ax^ Aty At^ etc., of a rigid system. 




Then the resultant (»r must be parallel to the components and 
equal in magnitude to their algebraic sum, or 

Take any two components cai and <»», and produce the line Ax , 
At to intersection K with the plane ZX. Drop perpendiculars AxBx^ 
AiBi to this plane and draw the line KBxBi in this plane. 

Now, from page 181, the resultant of oox and oo^t ia m = oox + 09% 
and its point of application is at A on the line AxA^ , so that 

A,A 



OOx 



Ax A 



Drop the perpendicular AB to the plane ZX, Then we have by 
similar triangles 

A%A BiB 

AZA " BiB' 

Denote the distance AiBx , A^Bi by yi , yt, respectively, and the 
distance AB, or the ordinate of the point of apphcation of the re- 
sultant Gdi of cox and Q0a, by yx. Then we have by similar triangles 

BtB _ y, -yx 



BxB 



yx-yx 



or ^^ ^y> + ^^y», 

OOx + GOi 



Hence _ 

091 _ ya — yi 

fi>t y^ — y^ 

In the same way for _^ree angular velocities, oox, (»a , ots , we can 
combine the resultant oax of oox and oot passing through A, with go». 

* Compare Statics — Parallel Forces. 
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We thus obtain for the ordinate of the point of application of the 
resultant of three forces 

In general, then, for any number of parallel angpilar velocities 

we have for the ordinate y of the point of application of the result- 
ant 

»=!?• <» 

In precisely similar manner, if we denote the distances AC and 
AD of the point of^application of the resultant from the planes YZ 

and jnrby x and y, we have 

» = -2i^5 (^> 

5 = ^. (3) 

Ecjuations (1), (2) and (3) give the co-ordinates of the point of 
application of the resultant for any number of parallel angular 
velocities. This point is called the centre ofparaUel angular veloc- 
ities. The same equations evidently hold for parallel angular ac- 
celerations, bv replacing m by a. We have then the centre qf 
parallel anqiuar accelerations. 

The position of this centre depends onl^ upon the magnitude and 
position of the line representatives and is independent of their com- 
mon direction. 

If 2; is zero, Zi^ z%^ etc., are zero, and the line representatives all 
lie in tiie plane XY. The centre is then given by (1) and (2). If 

z and y are zero, the centre is in the axis of X and is given by (2). 

Sotation ana Sectilinear Translation Combined. — Let a rigid 
system have an angular velocity Ob = 00 about an axis through O, 
perpendicular to the plane of the paper, 
and at the same tune a velocity- of 
toranslation i; in a straight line. Tnen, 
as we have seen, page 177, v can be re- 

E laced by the couple Oa and IB, and we 
ave at any instant a resultant rotation 
IB = 00 about a parallel axis though Jat 

a distance OI = p=i— in a direction 

perpendicular to that of v. This axis is the instantaneous axis; 
that is, the point I at any distant has the velocity v in one direction 
due to translation, and the velocity v = poo in the other direction 
due to the couple, and is therefore at rest. 

It is evident that every straight line in the system parallel to 
the moving axis at O and at a constant distance from O of 

p = — becomes in turn the instantaneous axis when it arrives at 

00 
the position I with reference to O. 

Hence when a rigid system has a velocity of translation in a 
straight line and at the same time an angular velocity 00 about a 
given axis 06, the resultant motion of the system is the same as if 
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V 



a cylindrical surface fixed in the system^ of radius p = — , rolled on 



00 



a plane HIH parallel to the plane of Oh and v. 

The path aescribed by any point in the axis Oh is a straight 

line. Tne path described by any point not in this axis is callea a 

trochoid. The special form of trochoid described by any point in 

r>ni.f of A orr^yr^iA tho cylindrical surface is callea a cycloid. 

Anv mtemal pomt describes a prolate 
cycloid ; any external point, a curtate 
cycloid. 

The general form of these curves is 
shown m the accompanying figures. 
A common illustration of such motion is a wheel rolling in a straight line 

on a plane. If the radius is p, we have poa = f> and hence — = p. The in- 

09 




Cycloid 





etantaneous axis is at right angles to the plane 
of the wheel and passes through the point of 
contact with the plane. The velocity at the 
centre is v» and at the opposite extremity of the 
diameter through the point of contact io in the 
direction of translation. The velocity of any 
point at a distance d from the instantaneous axis is doa in a> direction per- 

pendicular to the plane of the histantaneons 
Prolate Cycloid m^jg 2jx& the instantaneous radius vector d. 

Combined Parallel Sotations — ^One 
Axis Fixed. — ^Let a rigid system rotate 
with the angular velocity <»i about a 
moving axis at Oi, and at the same 
time let this axis revolve with the angular velocity (»a about a 
parallel fixed axis at Oa. 

Then, as we have seen, page 181, the resultant av is in the 

Slane of the components ooi and wa, is equal in maj^nitude to 
leir algebraic sum and divides the straight line joining Oi and 
Oa into segments inversely as the components. Also when the 
components act in the same direction the resultant lies within 
the components, and when in 
opposite directions without the *'* 

components and on the side of 
the larger. 

Fig. 1, then, represents the 
case in which c^i and o^a are in 
the same direction ; Fig. 2, that c^i 
in which oor and od^ are in op- 
posite directions and gox is the 
greater ; Fig. 3, that in which goi and oo* are in opposite directions 
and (»a is the greater. 

The resultajit angular velocity is in all cases then given by 



Fio,L 




9s 



"KlOi^, 




,00. 




(Ot=^ 00\ + QSa, 



(1) 



where we take oox and oo^ with their proper signs. 

This resultant rotation oor takes place about the instantaneous 
axis through J, so situated that (page 181) 

^^^ (2) 



Qi7a 



lOi' 



60 that at any instant 1 has two opposite and equal linear velocities 
and is therefore at that instant at rest. Since then wi . lOx = (»a . JOa, 
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we see at once that in Fig. 2, aoi is greater than (Ua, and in Fig. 3, ooi 
is less than coa. 

We have also as on page 181, ta.king moments about Oa and Oi , 



001. OiOi s= oor. JOa, Or IOa = — .OiOa; 

GJa.OiOa = <»r.IOi, Or JOi = — . OiOa. 

GOr 



> . 



(3) 



All the lines in the system which successively occupy the position 
of the instantaneous axis are then situated in a cylindrical surface 

described about Oi with the radius 10 1 = — . OiOa ; and all the 

positions of the instantaneous axis are contained in a cylindrical 

surface described about Oa with the radius JOa = — . OiOa. 

GOr 

Hence the resultant motion of a rigid system which rotates 
about an axis Oi while at the same time this axis revolves about a 
fixed axis Oa is the same as if a cylindrical surface of radius lOi = 

Ce?a 

— . OiOa , fixed in the system^ rolls upon a fixed cylindrical surface 

GOr 

of radius 10% = —^ . OiOa. 

GOr 

In Fig. 1, a convex cylinder rolls on a convex cylinder; in Fig. 
2, a smaUer convex cylinder rolls within a larger concave cylinder; 
in Fig. 3, a larger concave cylinder rolls upon a smaller convex 
cylinder. 

The path described by any point in the moving axis through Oi 
relatively to the fixed axis at C\ is a circle. 

The path described by anv point relatively to the fixed axis is 
called an epitrochoid when tne rolling cylinder is outside of the 
fixed cylinder and an hypotrochoid when it is inside. The specisd 
form of epitrochoid or hypotrochoid described by a point in the 
surface of the rolling cylinder is called an epicycloid when the roll- 
ing cylinder is outside and an hypocycloid when it is inside the fixed 
cylinder. 

When the distance OiOa is infinite we have the case of the pre- 
ceding Article, of a cylinder rolling on a straight line. In this case 

(Wa = 0. 

When a cylinder rolls externally upon another of equal size, the 
special form of epicycloid described by a point in its surface is 
called the cardioid. In thi& case goi and go are equal and in the same 
direction. 

When a cylinder, as in Fig. 2, rolls within a 
concave cylinder of double its radius, we have ^ ^^"""^ Xp 
Goi = 2(Ba. In this case each point in the surface 
of the rolling cylinder moves to and fro in a 
straight line, being a diameter of the fixed cylin- 
der; each point in the axis of the rolling cylinder 
describes a circle of the same radius as that cylin- 
der, and any other point in or without the rolling 
cylinder describes an ellipse of greater or less eccentricity, having 
its centre in the fixed axis at C. This principle has been made 
available in instruments for drawing and turning ellipses. 

Sotation about Intersecting Axes — One Axis Fixed. ~ Let COa 
be a fixed axis and about it let the plane OaCOi rotate with the 
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angular velocity 001. Let COi be an axis in the rotating plane, and 
about that axis let a rigid system rotate with the angiilar velocity^ 
001 relatively to the rotating plane. 




If we lay off from C the line representatives Ca = oot and CO =■ 
ooi along the axes, the diagonal Cft of the paralleloKram gives the 
magnitude and direction of the resultant angular velocity ov . The 
instantaneous axis then occupies the position CL If we denote the 
angles ICOt and ICOi by a« and ax , we have 



, ooi sin (ai + a«) 

tan a« = ^—7 ^— r- = 

Oh + (til cos {cci + at) 



.^ sin (ai + at) 

tan ai = ^ 






sin (ai + as) 



1 + — cos (ai + at) 



00 



09a 



- + COB (ai + at) 



(1) 



(2> 



From (1) and (2) we can find ai and a* , when the angle between 



OOi 



the axes (ai +at) and the angular velocity ratio — are given. We 

have also 

. . . . (3> 



and 



oor* = fi7i' + ««' ± 2ooia>t COS (ofi + aa), . . . . 

fljr __ sin (gi -I- aa) oo»* __ sin (ai + at) ooi __ sin at 



sm ai 



sm at 



<ot sm ai 



(4) 



All lines which come successivelv into the position of the in- 
stantaneous axis are in the surface of a cone described by the revo- 
lution of CJ about COi; and all the positions of the instantaneous 
axis lie in the surface of a cone described by the revolution of CI 
about COa. 

Hence the motion of the rigid system is such as would he pro- 
duced by the rolling of the cone CIOx , fixed in the system^ about the 
fixed cone ClOt. 

If n is the radius OaJof the fixed cone, and vi the radius OiJof 
the rolling cone, we have 



OOl Tt 

ri09i = ra09a. or — = — . 

09, n 



(5) 



For the height COt = hot the fixed cone we have 

]^ - ^^^^^ ri±rt cos (ai + aa) 

nt = rt cotang at = -t—t — ^- — ^ — -, ... (6) 

sin (ai + at) ^ ^ 
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and for the height COi = hi of the rolling cone 

ill = Tl COtang ai = -. ; ; r i. 

^ Sin (ai + a.) 



(7) 




The plane through the instantaneous axis and the Ckxis of the 
:Gxed cone pctsses through the axis of the rolling cone and turns 
about the axis of the fixed cone with the angular velocity (ua. The 
motion of this plane is called the precession and ots is tne angular 
velocity of the precession, or, as it is sometimes called, the rate of 
precession. 

If as is zero, the fixed cone becomes a cylinder. If ai is zero, the 
rolling cone becomes a cylinder. If botti are zero, we have the case 
of the preceding Article. 

If at is less than 90** and ai is less than 90^, we have a convex 
cone rolling on a convex cone, and 
looking from C along the axes COt 
and Cl the precession and rotation 
about the instantaneous axis are both 
clockwise or both counter-clockwise. 
This is called positive processional 
rotation. It is the case of a pair of 
bevel-gear wheels, or of a spinnmg top 
whose point is at rest. 

If aa is a right angle, the fixed cone 
becomes a flat disk with centre at C. If ai is a right angle, the roll- 
ing cone becomes a flat disk with centre at C. If aa is a right angle 
and a% is zero, we have a cylinder rolling on a plane. 

If aa is obtuse, we have a convex cone 
rolling inside a concave one, and looking 
from C along the axes COa and CI, if the 
precession is counter-clockwise the rotation 
about CI is clockwise or vice versa. This is 
negative precession. It is the case of the pro- 
cessional motion of the earth's axis. 

If ai is obtuse, the rolling cone becomes 
concave and we have a concave cone rolling 
on a convex cone. This is also positive pre- 
cession, c 
The path described by a point relatively to 
the fixed axis is called a spherical epitrochoid 
or hypotrochoid according as the rolling cone 
is outside or inside of the fixed cone. The 
special form of spherical epitrochoid or 1 l*rt*o-]i 
hypotrochoid described by a pomt in the sur- 
face of the rolling cone is a spherical epicycloid 
or hypocycloid. ^\ o« 

AnaljTtical Determination of Sesnltant Angular Velocity and 
Telocity of Translation for a Sigid System with Any Number of 
Non-concurring Angular Velocities.* — (Compare Statics — Non- 
concurring Forces.) Take any point O of the rigid system as 
the origin of a system of rectangular co-ordinates. Let the com- 
ponent angular velocities be ooi, c^a, etc., making the angles (ai, /^i, 
yi)j (aa, fity r«)» etc., with the axes of X, F, Zy respectively. 




?s9i 






* Angular accelerations are treated in precisely the same way as angular 
velocities, and every equation in this Article can have go replaced by a. 
The student should make such substitution and interpret the results. 
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Resultant Ang^idar Velocity.— -We have, just as on page 66, re- 
placing V by 00, for the component angular velocities parallel to X, 

09x = ooi cos ai + 00% COS as + . . . = SoocOQ a ; ^ 

00^ = 071 COS /?i + OTs COS /^a +... =2(«7C0S /?;!•* * • • C^) 

ooz = ooi COS Xi + ttJi COS yn + . , . = ^flocos y. J 
The resultant angular velocity is 



QOr = Vo9x* + «y' + ««', (2) 

and its direction cosines are 

cosa= — , co8e=-=^, cos/=— - (3) 

aor oor oor 

The magnitude and direction of the resultant angular velocity 
are thus determined. 

Resultant Velocity of Translation. — ^Let (Xi, j/i, Zi\ (xa, y,^ Zt\ 
etc., be the co-ordinates of points on the rotation axes of (»i, 073, etc. 
We can resolve each angular velocitv coi, a>2, etc. (page 190), into an 
oqual aneular velocity about a parallel axis through the origin O, 
and a velocity of translation of the system due to a couple, given by 
the moment of <»i, a?a, etc., with reference to O. We can thus re- 
duce the given angular velocities to a resultant angular velocity oor 
about an aods throitgh the origin O, whose magnitude and direction 
are given by (1), (2) and (3), and a velocity of translation Vr of the 
axis through O. The components ««, Vy, Vz of this velocity of the 
axis through O, along the axes of X, F, Z, are therefore given by 
(compare Statics — Non-concurring Forces) 

Mx = Vx = 2 ooy COB y — 2 oDZ COB fl; ] 

My=Vy=: "SqoZ COS a — 2gox COS y\ "^ (4) 

Mz = Vz = "Sgox cos P — ^Goy cos a. J 

For any other point P whose co-ordinates are (fic', 3/, z') we have 
simply to put x — af.y — y'.z — z'va place of x, y, z in (4) and we 
have for tne components of the velocity of this point along the 
axes 

Vx = "SGoy cos y — ^ooz cos P + (aoyz' — GDzy^) ; ' 

Vy = 2goZ cos a — 2a)X cos y + {gozX' — goxZ') ; ► • • • (5) 

Fi = :Sa7a;cos /? — 2<»2/ cos a + {ooxif — Gj^a?'). ^ 
Let us write 

Vy = aJisOj' — fi%c2;'; (6) 

Vij' = GDxy' — fijya?'. ^ 

Then we can write in general for the components of the linear 
velocity of any point whose co-ordinates are (fir, y\ zf) 

Vx = Vx + Vx; ] 

Vy=Vy + Vy; ' (7) 

Vz=Vz + Vz'; ^ 

where VxjVy, Vz are given by (4) and vx, Vy\ vj by (6). 
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If the resultant axis of rotation passes throiigh the origin O, we 
have Vx = 0, t?y = 0, Vz = 0. Therefore equations (6) give the com- 
ponents of the linear velocity of the point P due to rotation about 
an axis through the origin O parallel to the resultant axis. 

The resultant linear velocity for any point is then in general 



Vr=VVx*+Vy'+Vz'; (8) 

and its direction-cosines are 

Vx Vtt Va 

cofla = =-, cos 6 = -=?, coflc = ^ (9) 

Vr Vr Vr 

The magnitude and direction of the resultant linear velocity of 
any point are thus determined. 

Conditions of Best.* — If the system is at rest we must have, 1st, 
Vx, Vy, Vz equal to zero, or, &om (7), ra; = 0, Uy = 0, v^ = 0; and 
also, 2d, v'a; = 0, v'y = 0, v^z = 0. We see from (6) that the second 
condition is fulfilled when gox = 0, ooy ^ 0, goz = 0, that is, when aor 
= or there is no rotation. In this case all the angular velocities 
must reduce to two equal and opposite resultant angular velocities. 
The first condition is fulfilled when equations (4) are zero. That is, 
the two equal and opposite resultant angular velocities must pass 
through the same point, so that their moment is zero at any point. 

We have then for the equations of condition of rest, from (1), 

2i'cDC0Sa = 0; 1 

2gocos/5 = 0; I (1<>) 

2oocoBr = 0; J 
and, from (4) 

2ooy cos y — Sgoz cos fi = 0\ ^ 

Soozcosa-' 2oi>xcOQx = 0; (11) 

Scox cos fi — Saoy cos a = 0. ^ 

If equations (11) only are fulfilled, then the two opT)osite resultant 
angular velocities pass through the origin, which is therefore at 
rest ; but unless (10) is also fulfilled they are not ejjual, and we have 
rotation about an axis through O, but no translation. 

If equations (10) only are fulfilled, there is no rotation, the two 
resultant angular velocities are opposite and equal, but unless (11) 
is also fulfilled they do not pass through the same point. Hence 
they form a couple, and we have translation and no rotation. 

Condition that the Angular Velocities shall Reduce to a Single 
Angular Velocity. — If the angular velocities, then, all intersect in 
one point of the system, the moment at that point is zero. It has 
therefore no translation and the system rotates about an axis 
through that point. If the angular velocities do not intersect in a 
single point, we have in general translation and rotation. 

There is, however, one case in which the angular velocities may 
not all intersect in one point, and yet we may have rotation only 
without translation. In this case the angular velocities must re- 
duce to three, any two of which intersect, while the other, although 
it does not pass through their point of intersection, yet intersects their 
resultant, 

* Compare Statics — Non-concurring Forces. 



soo 
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Thus let the resultant angpilar velocities o^, osy intersect in a 

point A. We can then take 
them as acting at any point in 
their resultant AC, 

Let oDz intersect AC at B. 
Then we can take all three 
acting at B, and we thus have 
rotation oiily, about an axis 
throughB^ __ 

Let Off, y, 2? be the co-ordi- 
nates of B. Then, since we 
can take oox^ coy, ooz at B, we 
have for the components of 
the velocity of the origin O 




02) 



Mx = Vjp = 00^ — ODyZ\ 
My = Vy = fi%r2 — (OmX\ 
Mz = Vz= oOyX — OOgey* 

If we multiply the first of these by aox, the second by a>y, and 
the third by odz and add, we have (compare Statics — Non-concurring 
Forces) 

Vx00x'¥Vf,Ol>y+VzOi)z=^0 (13) 

We should obtain the same result for any other two components 
intersecting and' a third passing through a point on their resultant. 

E<][uation (13) then gives the condition tnat all the angular ve- 
locities acting upon the system reduce to a single angular velocity 

at a point whose co-ordinates are a?, y and i, and we have rotation 
only(page 179). 

We have evidently for the equations of the projection of the 
line of the resultant on the co-ordinate planes 

OOy Vz OOx Vy OOz Vx 

OOx OOx OOz OOz OOy GOy 

Parallel Velocities.--(Compare Statics— Non-concurring Forces.) 
If the axes of all the angular velocities are parallel, we have a, fi, y 
constant and the same for all. Hence from (3) and (1) 

OOx = oor cos d = cos a^oo; 1 
OOy = oor COS e = cos P^oo ; 
OOz = COr cos / = COS r ^<». 

The resultant oor must have the common direction of the paral- 
lel components, or 

d = a^ e = ft, f = r, and (»r = 2<»; .... (15) 

that is, the resultant angular velocity is equal to the algebraic sum 
of all the parallel components and is parallel to them. 

For any point of the system whose co-ordinates are a?', y', «', we 
have from (4), by putting {x - a/), {y - y'), (z — z^ ia place of a?, y, 
z and taking a, fl, y as constant, 

Fjc = coH y5«(y - yO - oot? ^a«(« - «') = cos v[a«y- y'Xw] - cob /3[Sm2 - «'S»] ; 

F „ = cos aS^iz - z')- cos yS«(aj - x') = co» a[Xmz - z*l,»] - cos v[S«a? - a?'S«] ; V . (16) 

Fiy s COS P2»(a - OJO - cos aSMy - y') = cos ^{%»x - a/Sw] - cos a[2»y- y'2»]. 



::} 



(14) 
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If we subetitute (16) and (14) in (13), we see that equation (13) is 
satisfied. We have therefore a single resultant velocity and rota- 
tion of the system about a fixed point This point is given bv the 
values of a?', y\ z' which make Vxi Vy, Vz zero. The point there- 
fore whose co-ordinates are 

is at rest and the resultant axis must pass through it. This point 
is called the centre of parallel velocttiea (page 193). Any other 
point has a velocity given by (16). If Soo = 0, the resultant axis is 
at an infinite distance, or there is no rotation, but translation only, 
given by (16). 

Components of Motion of a Sigid System.— -In order that the 
motion of a rigid system at anv instant may be known, it is suffi- 
cient to know the velocity at tnat instant of some given point of the 
system, and the rotation of the system at that instant. 

Take the given point always as the origin. Then the velocity of 
this point is known when its components "Fi, Vyy Vz along the 
axes are given, and the rotation is Known when the components 
ooxy ooy, Goz of the angular velocity along the axes are given. 

The motion of the system at any instant is then Known when 
these six quantities, Vx, Vy^ Vz, a>x, coy, ooz are given. These six 
quantities are called the components of motion of the system. 

Equivalent Screw.— KC^Jompare Statics — Non-concurring Forces.) 
The motion of a ri^d system being thus known, it is required to 
find the screw motion to which it is equivalent. That is, to find 
the central axis, the linear velocity along the central axis, and the 
angular velocity about it. 

Since Vx, Vy, Vz, cox, ooy, ooz are given, we have: 

(1) The angular velocity about the central axis 

aor = V<^x* -I- <»y' + <»«'. (1) 

(2) The direction cosines of the central axis 

1 OOx f^v M ^z ^« 

COS d = — =^, COS e = —2^, cos/ = • — (2) 

(Or (Or oor 

(3) The linear velocity of every point resolved in a direction 
parallel to the central axis must oe the same and equal to that 
along the central axis. Let ih- be the resultant linear velocity of 
every point of the system along the central axis, and let its compo- 
nents along the co-ordinates axes be tex, %, w^. 

Take the point for which Vx, Vy, Vz are given, as the origin, 
and let the co-ordinates of any point of the central axis be a?", y^\ 
z'\ Then the components Vx, Vy, Vz of the velocity of the origin 
due to rotation about the central axis are, from equations (1), page 
179, 



Vy=Ol)xSf' — Oi>zX"; 



(3) 



y 



We have then 

Vx=Ux-hVxy Vy=iUy + Vy, Vz=^Uz + Vz^ 

or 

th!=Vx-'Vx, %=F|r— %, Ug=Vz-Vz. . . . (4) 
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Hence 

Ur= (Vx^Vx) co&d + (Vy— Vy) cose + (Vi — Vz) cos/. (6) 

Inserting the values of the direction-cosines of the central axis 
from (2), we obtain 

UrOi>r = (Vx'- Vx)oOx + (Vy — Vy)oOy + {Vz — Vz^o^z. 

But since VxOi»x + Vy(oy + Vz ooz = 0, this becomes 

UrQar^Vx<^x'\-Vy00y-\-VzfOz (6) 

We also have from (4) 

ttrCOSd =War= Vaj— Vaj, Wr COS 6 = Vy — t^y, WrCOS/ = F« — ««. (7) 

Hence from (2) and (3) 



(8) 



Equations (8) give the equation of the central axis. 
From 1 6) and (1) we have 

Wr VxO^X + VyOOy + Vz^z 



<»r <^x + <»y* + ^^ 



(9) 



This we have called the unit pitch (page 191), or the distance of 
advance during a rotation of one radian about the central axis. 

If we substitute (9) in (8) and reduce, we have for the equation 
of the central axis 

1 l^f _ Vz<^y— VvOOz \ _ _1_ / „ _ Vxooz — Vzoox \ 

Therefore the central axis passes through a point whose co- 
ordinates are * 

^, _ Vz<^y — FyO% ,.;y _ VxOOz — VzGHx ^, _ Vy^x — VxOOy .^^. 

If we substitute these values of a;", y'\ z'\ in (3) and (7), we 
have from (2) 

"Fi = Wr cos d — O0r(z" COS 6 — J/" COS/), <»« = <»r COS d; 1 
Vy^^tlr COS e — OOiioc" COS / — z" COS <f), <»y = <Wr COS c; j- . (12) 

V* = t«r COS / — ooAy" COS d — 0?" COS e), (^z = <»r cos/. 

When, therefore, the components of motion Vx^ Vy, Vz, ®a;, 
flo« , eoz are given for any point, we find cpr from (1), the direction 
of the central axis from (2), and the position of the central axis 
with reference to that point as an origin from (11). We have 
also the velocity of advance Vr from (9). 

* Since velocity in the hodograpH is normal acceleration in the path (page 
52), Vzcoy — VyOifz is the component in the direction of Xof the normal linear 
acceleration of the origin due to rotation abont the central axis. The normal 

linear acceleration is poor^. Hence — 5—*^ — is the projection of p on the 

axis of X. 
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On the other hand, if the position of the central axis (x'\ y'\ z") 
is known together with the bnear velocity Vr along it and the an- 
gular velocity oor round it, the components of the motion for the 
origin are given by (12). 

The Invariant. — (Compare Statics — Non-concurring Forces.) 
From (6) we see that the quantity 

is always equal to Uroor^ and is therefore invariable no matter what 
point is taken and whatever the values of oox^ aoy, aoz, that is, what- 
ever the direction of the axes. This quantity is therefore called 
the invariant of the components. Since oor is also invariable what- 
ever point is taken and whatever the direction of the axes, it may 
be called the invariant of the rotation. 

If the motion is such that the invariant is zero, it follows that 
either u,- = or <»r = 0. The condition 

VxGOx + VyGOy + VzOOz = 

is therefore the condition that the motion is equivalent to either a 
simple translation or a simple rotation. If aor is not zero and this 
condition is fulfilled, we have rotation only (see pages 179, 200). 

Composition and Besolution of Screws. — (Compare Statics— 
Non-concurring Forces.) If two screws are given, then by equa- 
tion (12) we can find the six components of motion' of each screw. 
Adding these two and two, we have the six components of the 
resultant screw. Then by (1), (2), (6) and (11) the central axis 
together with the linear and angular velocities of the screw may 
be found. 

Conversely, we may resolve any given screw motion into two 
screws in an infinite number of ways. Since a screw motion is 
represented by six components at any point, we have in the twa 
screws twelve quantities at our disposal. Six of these are required 
to make the two screws equivalent to the given screw. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one screw to be any given straight 
line we please with any given linear velocity along it and any angu- 
lar velocity round it. The other screw may then be found by re- 
versing this assumed screw and joining it thus changed to the given 
motion. The screw equivalent to this compound motion is the 
second screw, and it may be found in the maimer just explained. 

Or again, we may represent the motion by two screws whose 
unit pitches are both zero, the axis of one being arbitrary. We can 
thus represent any motion by two angular velocities, one, <», about 
an axis which we may choose at pleasure, and the other, g?', about 
some axis which does not in general cut the first axis. These are 
called conjugate axes. 

These angular velocities are such that cor would be their resultant 
if their axes were placed parallel to their actual posi- 
tions, so as to intersect the central axis. If then d is the 
shortest distance between the axes, we have "Fi- = d<»; 
and if ^ is the angle between oo and a>r , and 6 the angle 
between a? and a?', we have 

Fr sin ^ = tir, or sin^ = =-. 

Vr 

Also 

. , . • « • , <»' sin 
QOr sin^ = GO sm 0, or sin ^ = . 
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Hence 



Tro/sin6 =flraor, OF doooo' Sm = Uroor; 

hence 

Uroor 



d=r 



(Qooi/sinG 



(1) 



EXAMPLES. 



(1) A line DE moves^ keeping its extremities in ttvofioced lines 
ADB^ AEC. Find the instantaneous centre and the direction of 
motion of any point O at any instant. 

Ans. From D and 27 draw Di^and iS2^ perpendicular to AB and AC, meet- 
ing at F, Then F is the instantaneous centre (page 189). Join GF, The di- 
rection of motion of O is perpendicular to GF, 

(2) A line DE moves ^ keying its extremities in two fixed lines^ 
one, ADBy vertical and the others AEC. horizontal^ and makes at a 
given iiistant an angle of 30'' with the horizontal. Find (a) the di- 
rection of motion of the middle point of DE at the instant and 
(6) tJie point whose motion is inclined at that instant 30° to Au. 

Ans. (a) Inclined W to ^C ; {p) -jBE from E. 

(3) A line moves so that its eoctremities remain in a given circle. 
Find the instantaneous centre of motion for any instant. 

Ans. The centre of the circle. 

(4) Find the ratio of the velocity of any point of a screw to its 
velocity of advance, 

/5*T43r*J^ 
Ans. 4/ — ^^ , where d is the pitch, r the radius of the screw (page 

191). 

(5) Let C\ and C> be fixed axes about which turn the cranks CAi, 
CaB, whose free ends are connected by the link AB, jointed at A and 
B, The axes are perpendicular and the plane of motion parallel to 
the paper. If the linear and angular velocities of A are Vi, gji, 

find the linear and angular velocities t?a , qo% of B, 

Ans. Let ACi = n and BOi = r,. Produce CiA and O^B to meet in J. 
Then at any instant the linear velocities of A and B are perpendicular to Ad 





and BOi respectively. Hence at that instant AB is rotating about the instan- 
taneous axis at /. Let oo be the angular velocity of AB about /. From Ci , 
€% t /let fall the perpendiculars CiD, dF, IE on the line of the link AB or 
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its prolongation. Also draw the line of centres d C% catting the linki pro- 
longed, if necessary, in the point K, Then 



riflOi = AI, 09, or — = — = 



00 



Al 



IE 
IB 



r.«,. = B/.«. or -.=:_=^^ 



Since riooi = Vi and raooi = v« , we have 

Ot B/ , 001 (7,2) 

— = -— ; also, — = -—-I 



0,K 



Hence — 

1. The linear velocities of B and A are to each other as their distances from 
the instantaneous axis. 

2. The angular velocities of the cranks are to each other inversely as the 
perpendiculars from their centres of motion upon the line of the link ; or in- 
versely as the segments into which the line of the link cuts the line of 
centres. 

(6) In the caibe of the crank and connecting rod, since B moves in a straight 
line GxB, we have BI always perpen- 
dicular to 0\Bt and hence 



?! 

'Ox 



m 

AV 



or Vt = 



BI 



AI 



TiflOi. 



Let the distance CiB = 8, the length 
of the connecting-rod = l, and the angle 
of the crank ri with CiB = Bi, Then 
we have 



£/=<tanei, AI = 



-r„ 



cosdi 

8 = Ti cos 0| + V^ — ^i*sin'6i; 
or, if I is very long compared to ri , approximately 

ri* sin' 9i 




♦.!?, 



Hence 



«« = 



« = ri cos ©1 + i — 
standi . Tiooi 



21 

«sindi 



8 



cos6i 



— n 



« — r, cos ©1 



ri^i. 



When 01 = ©0, we have «« =riaJi = ©i , or the velocity of A and B are 
equal, and .9/ and AT are infinite. When Oi = or 180*, we have «« = and 
8 = 2 -{- ri or 2 — 9*1. These are the ** dead poinU ** of the crank, or the ends 
of the stroke. 

(7) A rod {length = t) hangs by a small ring at its upper end 
from a fixed horiztmtal rod. To the former an angular velocity to 
is given in a vertical plane throujgh the fixed rod, so that the centre 
of the movable rod moves vertically. Find the linear velocity of 
its centre when its inclination to the vertical is B. 

Ans. GolmnB, 

(8) A disk (radius = r) rolls unthout sliding on a plane. Find 
the relation between its angular velocity oo ana the linear velocity v 
of its centre. 

Ans. The point of contact with the plane is at rest at any instant, or 

TOO = ^ V, 
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(9) A rod AB (length = Z) rotates about a hinge at A and rests 
wW^ its end B on the surface of a wedge BCD. The wedge advances 

towards A with velocity v. The angles 
BAG = fi, BCD = 0. Pind the angular 
velocity oo of the rod, 

. V sin 

i COS (0 - 0) 

(10) Two bevel-gear wheels have the angle between their (zxes 70°. 
The rolling wheel is required to make 3i revolutions about its axis 
while goinq around the axis of the fixed wheel once. Find the angles 
of the bevel. Jff the inner radius of the fixed wheel is 60 inches^ find 
that of the rolling wheel and the length of the axes, 

Ans. (See page 196.) The angiilar-velocity ratio 

— =;r. Hence 
oot 2 

**°g ^« = o I n nr^o t Or «, = 66* IS*, 



2 + 7CO8 70 



and henoe ax = 13° 45'. 

100 

7 
inches, and h% = 

100 



We have also rx = 



100 



+ 50 cos 70* 
sin 70 



= 88.4 inches^ 




50 + 



cos70° 



hx = 



sin 70* 



= 58.4 inches. 



(11) The angle betu^een the plane of the eartKs equator and the 
plane of the ecliptic is 23* 27' 2S'. The earth rotates about its polar 
axis in one sidereal day and makes a revolution about the axis per- 
pendicular to the plane of the ecliptic in 25868 years. Finathe 
instantaneous axis. 

Ans. (Page 196.) We have 
«i = 2it radians per day, and O0a = 25868 x 365J- ""^^""^ P®' ^^' 

Also the angle OtOOx = ai + a, = 23° 27 28". Therefore OxI is 

r sin (ai + a^) 



0x1= rtanai = 



<0\ 
00% 



+ COS (ai + aa) 



where r is the polar radius of the earth, or 8950 miles. The radios of the roll- 
ing cone is then OiI= 6.52 ft. and the angle ax = 0".00867. 

(13) A rigid system has an angular velocity of c»i = 40 radians 
per sec. about an axis parallel to the axis of X^ pacing throu^gh a 
point whose co-ordinates are Xi = 2 /f., yx = 2 ft., Zi = 0, and a 
simultaneous angular velocity of oo, = 30 radians per sec. about an 
axis coinciding urith the axis of Y. Find the resultant angular 
velocity and the instantaneous axis. 

Ans. (Page 198.) We have cox = +40, <»y = + 30, <»« = 0, cor = 50 ra- 
dians per sec. The instantaneous axis makes the angles with the axes given 
hy 

^40 30 ^ ^ 

cos<i=55. ^^^ = 60' «>s/=6; 



or 



d = 86°52', e = 63°r, /=0°. 
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The Telocity of translation of the system is given by 
ux = 0, wy = 0, tta = — 120 ft. per sec. 

The condition tixoox + Uyooy + uzgoz = is sat- 
isfied. Therefore there is rotation only about 
the instantaneous axis which passes through the 
intersection /of c^x and oDy. 

The velocity of any point whose co-ordinates 
are aj' = 2, y' = 2, a' = 3 is given by 

Vx = ooyz' = -|- ©0 f t. per sec. ; 

Fy = — oi>xzf = — 120 ft. per sec. ; 

Vz = uz — ooyx' + ooxy' = — 100 ft. per sec. 

The resultant velocity of this point is then Vr = 180 ft. per sec. and its 
direction cosines are 




cosa = 



or 



90 
180' 

a = 60^ 



^ 120 
cos6 = jg^. 



C066 = 



100 



180* 
6 = 13r48', c = 128*'45'. 



(13) A rigid system has the angular velocities 
ooi = 50, flOs = 80, oot = 70, oot = 90, and ooi = 120 radians per sec. 
about a^oces passing through points of the rigid system given by 

aji=+ 5ft.,yi=+10ft.; a?a = + 9ft., y, = + 12ft.; 
aj, = -f 17ft.,y, = + 14ft.; a?* = + 20 ft., y* = + 13 ft.; 
fl;. = +15ft.,y. = + 8 ft.; 

and making with the co-ordinate axes the angles 

a,= 70% A = 20°; a^ = 60°, /?, = 150'; a, = 120% /?, =0'»; 
^4 = 150% /J4 = 120% a, = 90% /?. = 0% 

Find the resultant, etc, (Compare Vol. II, Statics.) 

Ans. (Page 198.) We have for the components of the angular velocities 
parallel to the axes 
oox = 50 cos 70° + 30 cos 60° — 70 cos 60° — 90 cos 30° = — 80.842 rad. per sec. ; 

6o«=50cos20°-30cos30° + 120 + 70cos30°-.90cos60° =+156.626 rad. 

[per sec. ; 
ooz = 0. 

The resultant angular velocity is given in magnitude by 

oor = 4/(»aj* + ooy^ = + 176.259 radians per sec, 
and its direction-cosines by 



_ oox _ - 80.842 
®^^'"^"" 176.259' 

oDy + 156.626 
cos e = — = 



or d = 117° 18' 1"; 
«= 27°18'1". 



or 



oor 176.259 ' 

We have from equation (4), page 198, 

2oM> cos /? = + 50 cos 20° X 5 -30 cos 30° X 9 + 70cos30° X 17 

-90cos60° X 20 + 120 X 15 = + 1931.67 ft. persec; 

Sofw cos a = + 50 cos 70° Xl0 + 30cos60° X 12-70co8 60° X 14 
^ ^ - 90 cos 80° X 13 = - 1152.245 ft. per sec. 
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We have then for the components of the linear velocity of the origin 

«x = 0, ey = 0, «s = SosKB cos /S — 2o9y ooBa = -\- 8088.915 ft. per sec. 

Since then equation (18), page 200, 

«»«» + «y«f + «»»« = 

is satisfied, the angular velocities reduce to a single resultant angular velocity 
and we have rotation only. 

The moment of this resultant angular velocity relative to the origin gives vlb 



vr = ^vx^ + v^ + f>^ =zvg=+ 8088.915 ft per sea 

Its lever-arm is 

f)r 8088.915 .«^., 

The equation of the line of direction of the resultant angular velocity is 

y = ^x - ^ = - 1.96« + 88.14. 

The coordinates of the point through which this resultant angular velocity 
passes are given from equations (17), page 201: 

-^2»£ooe£^ y=^i^^«= + 14.86 ft. 

(14) Find the resultant angular velocity for a number ofparaJlel 
angular velocities given by 

»i = + 33 rad. per sec.; «i = + 25 ft.; yi = + 13 ft.; 

«, = + 20 " " *' xt = - 10 " yt = - 15 " 

00, = - 85 " " " aJt = + 15 " yt = - 27 " 

<»4 = - 72 " ** •' «4 = - 81 " y4 = + 17 " 

CO, = + 120 " " " «» = + 28 " y» = — 19 " 

Ans. cor = + 66 radians per sec.; 5"= + 77.15 ft. ; y = — 86.82 ft. 

(15) Find the resvltanty etc.,, for the angular velocities given by 

ooi = 50, 00% = 70, oos = 90, 004 = 120 radians per sec. 

a, = 60^ fii = 40^ ri acute; Xi =0; y. = 0; ei = 0; 

a, = 65"; /?. = 45**; y, acute; aj, = + lft.; y, = +4ft.; «, = +7ft.; 

a, = 70'*; /», = 50*: y, acute; «« = + 2" y, = +5" e, = + 8" 

0:4 = 75*'; A = 55'; ^4 obtuse; aj4 = +8 " y4 = + 6" 24 = +9" 

(Compare Vol. II, Statics.) 

Ans. We find the angles y by the formula, page 12, 

cos' y =^ — cos (a + fi) cos {a — fi). 

Then from page 198 we have 

oox = + 116.428, ooy = + 214.480. <»« = - 51.057 rad. per sec 

Therefore the resultant angular velocity is 

oor = 4/ooa^ + ooy« + oa^ = + 249.825 rad. per sec, 
and its direction-cosines are given by 

cos d = — ', COB = — ^, cos/ = — ^; 
oor fOr oor 

a = 62'' 9' 48", « = 80** 89' 20", / = 101" 49'. 
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We also have for the components of the velocity of the origin, frcwi eqaa> 
tions (4), page 198, 

«s =- 1888.604, «y = + 028.947, ««=- 86.908 ft per sec 

The resultant linear ▼elodty of the origin is then 

vr = V««* + V + ««* = + 2061.789 ft. per see., 
and its direction-cosines are given by 

COB a = — , cos 6 = -i, cos c = — ; 

Vr Vr fhr 

or 

a = 163' 5' 40", 6 = 68M4' 15", c = 92° 24' 66". 

The equations of the projections of the resultant angular velocity on the 
co-ordinate planes are 

y = 1.885a; + 0.746, « = - 2.28« + 18.19, « = - 0.238y - 8.57. 

We see that vxoox-^-vyooy -f- Vzonz does not, in this case, equal zero. Hence 
(page 179) the angular velocities do not reduce to a single resultant, but to a 
resultant angular velocity about the central axis and translation along that 
axis due to an angular- velocity couple. 

The resultant angular velocity about the central axis is, as already found, 
QOr=s-\' 249.325 rad. per sec., and its angles d, e, f with the axes are already 
found. 

The co-ordinates of the central axis are given by equations (11), page 202 : 

«" = ''^;^°"^ =+0.4fl8ft.; y" « ""';;/'*' = + l.<W8ft.; 

The resultant linear velocity Ur along the central axis is given by equation 
(6), page 202: 

Its direction-cosines are the same as for oor. The components of Ur aro 
given by equations (7), page 202 : 

<i0 = t^ cos <f = — 19.481, «y = t4r cos 6 = — 85.806, 
uz = UrCoaf = + 8.5238 ft. per sec. 

(16) In the preceding example find what the co-ordinates 0^4 , ^4 , 
Z4 of the angular velocity od* must he in order that all the angmar 
velocities may reduce to a single resultant angular velocity. (Com- 
pare Vol. II, Statics.) 

Ans. We must evidently have wx, 09y, (Og, fOr and the angles d, «,/ un- 
changed, since changing the co-ordinates Xt, Pi, s« without changing the mag- 
nitude or direction of 094 has no effect on the magnitude or direction of the 
resultant aor> 

We have then 

Dfl;=: - 659.671 -- 93.26^4 ~ 68.82904; ) 

€^ = + 369.629 + 31.05924 +93.262aj4; > (1) 

fte = -. 107.036 + 68.82ftr4 - 31.05%4. ) 
We have as the equation of condition for a single resultant 

ttoflOar + VyOOff + Vzooz = 0, 

116.42dt^ + 214.48i)y - 51.057«« =z 0, 
or 

«a, + 1.842i>y-0.4386t>«= (2) 



i 
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From (1) we obtain 

{vx + 669.571) 31.059 + («y - 869.629) 68.829 = (i^ + 107.036) 93.262, 
or 

«x+2.216oy~3.003«» = +481.084. (8) 

From (2) and (8) we obtain 

0.3749y - 2.564t>« = + 481.034. 

If we retain for «y its valae in the preceding example, -|~ 928.947 ft. per 
sec., we shall have 

«, = — 52.108, vx= — 1733.975 ft. per sec 
If we substitute these values in (1), we obtain 

93.262^4 + 68.82924 = + 1074.4; 
31.05904 + 93.262(V4 = + 559.308; 

68.82ai;4 - 81.05(^4 = + 54.984. 
Hence 

«4 = - 0.333e4 + 5.997, ^4 = - Q.788«4 + 11.520. 

If then we assume Zt = 0, we have a;* = + 5.997, ^4 = + 11.52 ft. 

(17) Using the valties of the preceding example, find the point 
through which the resultant angular velocity passes, (Compare 
Vol. II, Statics.) 

Ans. We have cox = + 116.423, coy = + 214.480, ooz = - 51.057, oor = 

+ 249.325 radians per sec; d =62' 9' 48", 6 = 30" 39' 20". /= 101 ** 49'; 

9x=- 1733.975, vy = + 928.947, vz=- 52.108, iv = 4- 1967.823 ft. per see. ; 

a = 15r47', & = 61*49' 53", c = 91' 31' 8". 

The co-ordinates x, y , z are given (page 200) by 

- 1733.975 = oozy - «»« = - 51.057y - 214.48021 
+ 928.947 = wai -(»«« = + 116.4232 + 51.057«; 

- 52.108 = flO|^ - (»xy = + 214.4805 - 116.42?y. 
Hence We obtain 

x= - 2.2802e + 18.194; 

y= -4.2008« + 33.961. 

If we assume i = 0, we have x = + 18.194, y = + 33.961 ft. 

If we should introduce then a fifth angular velocity, (w.= + 249.825, whose 
direction makes with the axes the angles 

a. = 117" 50' 12", /tf. = 149" 20* 40", r. = 78' 11', 

passing through a point whose co-ordinates are «» = + 18.194, y» = 4- 33.961 
and 2» = 0, the conditions for rest (page 199) would be satisfied, and we should 
have GOr = 0, «r = 0. 

(18) A point of a rigid system rotates about an aocis at a distance 
of 5 feet. The linear displacement of the point is Sft, Find the 
angular displacement ana the direction of me linear aispUicement, 

Ans. sin- = -^r- = =-. 9 = angular displacement = 106' 14' = 1.858 ra- 
2 2r 5 

dians. The linear displacement makes an angle of 36" 53' with the radius of 
rotation. 
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(19) A point of a rigid system has at any instant the component 
linear velocities Ka- = + 6, Ky = — 18, F« = + 40 ft, per sec., and the 
system at the same instant rotates about an aocis perpendicular to 
the plane of XY with an angular velocity of 6 radians per sec. in the 
direction from X towards Y. Find the equivalent screw motion of 
the system,, 

Ans. (Page 201.) We take thegiveh point as the origin. Since the axis is 
perpendicular to the plane of Xi\ we have <»it = 0, coy = 0, flo« = cor = + 6 
radians per sec. 

Since the condition Vxoox + Vyoay -\- Vzoo 2^ = is not fulfilled, we have 
rotation and translation combined, or screw 
motion. 

From equation (2) we have cos c{ = 0, 
cos e = 0, cos/ = 1, or the central axis is 
parallel to the axis of Z. 

The position of the central axis is from 
equation (11) given by 

a:" = + 3 ft., y"= + lft., e" = 0. 

It is therefore at /as shown in the figure 
with respect to the given point 0. 

Substituting these values in equation (3) 
we have for the components along the co-ordinate axes of the velocity of due 
to rotation about the central axis 

fte = + ^» «y = — 18 ft. per sec., «« = 0, 

Therefore from (4) we have for the components along the axes of the trans- 
lation of 0, 

t^a? = 0, t^ = 0, i*» = + 40 ft. per sec. 

The system, therefore, at the instant in question rotates about an axis 
through /perpendicular to the plane of XT, in a direction from X towards T, 
with the angular velocity of 6 radians per sec. , and at the same time moves 
along this axis in the direction OZ with a velocity of translation of 40 <f t. per 
sec. 

If the axis of rotation and angular velocity do not change in direction or 
magnitude, the system advances along the central axis during a rotation of one 
radian, a distance equal to the unitpitcfi, given by equation (9), viz., 6f ft. In- 
one complete rotation then it advances a distance of 2;r X 6| = 20.9 ft. This 
is the pitch of the screw motion (page 191). 

The velocity at any point, as Pi or P9 , due to rotation about the central axis 
is equal to /Pi . ooz or /Pa . ooz , where iPi or /Pa is the radius vector or per- 
pendicular from the point upon the central axis. If then we take Pi as origin 
and the co-ordinates of / are a? = -|- 2 ft., y = + 5 ft., 2 = -J- 8 ft., we have 
from (3), for the components of the velocity of Pi due to rotation about the 
central axis, 

t^ar = + 30 ft. per sec., Uy = — 12 ft. per sec, «?z=0; 

and since Ux = 0, Uy=:0,uz= -\- 40 ft. per sec, the components of the total 
velocity of Pi are, from (4), 

Fa? = + 30 ft. per sec, Fy = — 12 ft. per sec, F« = + 40 ft. per sec. 

In the same way for the point Pt , if we take it as origin and the co-ordi- 
nates of /are » = 0, y = + 5 ft., 2 = 0, we have 

«aj = + 80 ft. per sec, «y = 0, f^« = 0; 

Far = + 30 ft. per sec, Fy = 0, F« = + 40 ft. per seg 

If the velocities Vx and Vz of the point Pi do not change in direction or 
magnitude, we have the case of a system translated in the direction 0^ and 
rotating about an axis through Pa , while at the same time this axis has a ve- 
locity of translation in a straight line (page 198). 
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The motion of the srstem would then be the same as if a cylindrical surface 
of radius Pt/= 5 ft., fixed to the system with its axis passing through Pt at 
nffht angles to the plane of XT, rolled on the plane HIM parallel to the plane 
JTF with the angmar velocity a?* s= 4-6 radians per sec., while at the same 
time the cylinder is translated parallel to OZ with the velocity Fc = + ^ ^* 
per sec. 

(20) A base-hall rotates about an axis through its centre in a 
horizontal plane with an angular velocity (0« = — 60 radians per 
sec, J and its centre has a horizontal velocity of translation o/ F= 50 
ft per sec, in a direction making an angle of 36*" 62^ toith the aads 
of rotation. Find the motion of the baU» 

Ans. Let the plane of ZX be horizontal and take the centre as origin. Then,. 

since Fis in this plane, we have 

Fa? = + 30 ft. per sec., Vy = 0, 
F^ = -{.40ft.persec. 
Also, 

09a; = 0, ooy = 0, a>« = — 60 rad. per sec. 

The rotation is then clockwise, or from 
J* towards X, as shown in the figure. 

Then, just as in the preceding example, 
the central axis is parallel to the axis of Z, 
and the position of the central axis is, from 
equation (11), page 202, given by 

»"=0, y'=0/=-i-ft., «" = 0. 

If then we neglect the acceleration due to the attraction of the earth, the 
motion of the ball is a screw motion consisting of a velocity Uz = '\'^ ft, per 
sec. along the axis of rotation OZ through the centre of the ball, and a rota- 
tion of oo« = — 60 radians per see. about this axis, together with a translation, 
of this axis of Vx = + 4fyft. -per sec. 

Or, neglecting the acceleration due to gravity, the motion is the same (page 

103) as if the ball were part of a cylinder of radius 01= ^ ft. whose axis OZ 

is the axis of rotation of the ball, and this cylinder rolls on the horizontal plane 
HIH with angular velocity ooz = —W) radians per sec, while at the same time 
the cylinder is translated along OZ with the velocity -|- 40 ft. per sec. 

Tne centre of the ball moves then in the resultant of Vx and Vz , or along 
the straight line OF in the horizontal plane XZ, with a velocity F = 50 ft. per 
sec, at an angle of 86** 52' with the axis of rotation OZ, 

If now, owing to gravity, the ball falls vertically while the centre moves 
along F, then we must consider the plane HIH as falling vertically with the 
ball. The centre moves then in a curve Oab, the projection of which upon the 
plane XZ is a straight line Oe. 

(21) BaU'players assert that the projection of this curve Oab 
(preceding example) upon the plane xZis not a straight line bat a. 
curve, Explmnnow this can he. 





Ans. We have seen in the preceding example that if the centre of tlie 
ball has a velocity Fand at the same time the ball has an angular velocity osy 
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«ronnd an axis OZ^ the centre moves with the velocity Vz along the cugU and 
At the same tune the axis itself moves with the velocity Vx, Vz and Vx being 
the components of F along and perpendicular to the axis. At the same time 
the ball rotates about the axis OZ, The motion of is then in the straight 
line OV. 

But no account has been taken of the retiatance of the cwr. The air acts to 
<»iuse a retardation of Fie and Fx. 

If the retardation in each case were proportional to the velocity, we should 
fitill have motion of in the straight une OV, But the retardation in each 
case is not proportional to the velocities but more nearly proportional to the 
squares of tne velocities. Hence the greater component is retarded propor- 
tionally more than the less. 

If then the rotation axis OZ makes an angle less than 45** with the direc- 
tion of F, Fb is greater than Vx and is therefore retarded proportionally more 
than Vx* The centre moves then in an " out-curve " OB, 

If, however, the axis of rotation OZ 
makes an angle greater than 45** with the 
<lirection of F, ^ is greater than Vz and 
is therefore retarded proportionally more 
than Vz, The centre moves then in an 
**in-curve." 

In either case the velocity is retarded 
least in the direction of least resistance 
and the centre swerves in the direction of 
the smallest component of V. 

Thus by *' twisting " the ball the pitcher is able to make it curve slightly by 
either to right or to left according as the axis of rotation makes an angle with 
the velocity of projection greater or less than 45°. 

If the axis of rotation makes an angle of 45° with the velocity of projection, 
there should be no curve. If it is at right angles to the velocity of projection, 
there should be no curve. 

The cause of curvature is thus due to the resistance of the air, but It is not, 
as is generally supposed, due to the baU rolling upon a cushion of compressed 
>air in front of it, since in that case we should always have curvature in one 
direction for one direction of rotation. 

In the first of our figures precedinfi^, such action tends to increase the " out- 
eurve." But in the second it tends to decrease the " in-curve." The '* in-curve" 
would not be possible if this action were the only cause of curvature. It 
ought to be less than the out-curve, so far as this action is effective, in the 
figures given. 

If we have rotation in the opposite direction from that in the figure, or if the 
line representative of goz is positive instead of negative, the rolling of the ball, 
if any, upon a cushion of compressed air in front of it would act to decrease 
the * ' out-curve " and increase the ** in-curve. " 

Eelative Motion of a Body. — ^When a body at any instant has 
two simultaneous motions we can consider the Tbody itself as having 
one of these motions and the space occupied hy the, body as having 
the other. The first motion is then that which the body would 
appear to have to an observer in space moving with space and 
unaware of his own motion. We call it therefore the relative 
motion of the body with reference to moving space. 

We have thus far seen how to determine the actual motion when 
we have given the relative motion and the motion of space. We 
have now to consider the inverse problem of how to determine the 
relative motion when we have given the actual motion and the mo- 
tion of space. 

We can solve the problem in two ways. We can resolve the 
given actual motion into two component motions one of which 
coincides with the given motion of space. Then the other must be 
the relative motion required. Or we can add to the actual motion, 
composed of tiiese two component motions, a third motion equal 
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and opposite to the given motion of spctce. This will counteract 
one of the components and leave as a result the relative motion. 

Eelative Motion of a Body with Eeference to Space Transla- 
tion. — If the actual motion of a body and the motion of the space 
occupied by it are both motions of translation, the relative motion 
will be one of translation also. In such case we can treat the body 
and the space occupied by it as points, and thus have simply to 
find the relative motion of a particle with reference to the point of 
moving space occupied by the particle. 

The relative velocity of the particle is then the resultant of the 
a^ctual velocity of the particle and the velocity of the point of mov- 
ing space occupied by the particle, taken as acting with reversed 
direction. 

If then the a^ctual velocity of the particle is zero, the relative 
velocity at any instant is always equal and opposite to that of the 
point of moving space occupied by the particle at that instant. 

Thus if the particle P de- 
scribes an ellipse with reference 
to the fixed point O at one 
focus, the relative velocity of 
O with reference to P wiU be 
always equal and opposite to 
the velocity of P at any in- 
stant, and the apparent path of 
O as seen from P will be a 
similar ellipse with P at a 
focus. 

Eelative Motion of a Body 
with Eeference to Moving Space 
in General. — Any motion of a 
body at any instant can be re- 
solved into a translation of any point, and a rotation about an axis 
through that point (page 190). If we take for this point the point 
of space occupied by any particle of the body, we have translation 
only of this point and particle, and the relative velocity is found 
as in the preceding Article. 

The relative velocity of the particle is then, as before, the result- 
ant of the actual velocity of the particle and the velocity of the 
point of moving space occupied by the particle, taken as acting 
with reversed direction. 

We obtain then the relative 
path by giving to the actual path 
the reversed motion of space. 

For example, let the actual 
velocity of a particle P be uni- 
form and equal to c, and its con- 
stant direction be in the direc- 
tion AB, Let the line AB be 
the diameter of a circular disk 
which rotates clockwise with 
constant angular velocity oo 
about the axis at C. We obtain 
the path relative to the disk by 
supposing rotation of the actual 
path AB counter-clockwise. 

Thus at the end of any time 
t the particle has traversed the distance AN=ct and the disk 
has turned clockwise through the angle oot The corresponding 
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relative position P of the particle is then the point which N 

would occupy if the line AB were turned 

counter-clockwise through the angle oot. 

Repeating the construction for successive 

values 01 t we obtain the relative pathf 

APCD. The end D corresponds to the* 

rotation angle ooT, where T is the time of 

the actual motion from AtoB, It gdT =^ity 

the point D would coincide with A, Let r 

be the radius of the disk. Then from tiie 

two equations cT = 2r^ and ooT^it, we 

have for the condition of this coincidence 

of D and A, 

n 



00 



2r' 





If the a^ctual path AB makes an a^cute 
angle with the axis of rotation through C, 
the relative path lies on the surface of a cone. 

Acceleration of Eelative Motion.— Let a particle describe the 
path MN with any motion, and at the same time let this path have 

a motion of translation. Then we can 
regard the first motion as relative 
with reference to the second, and its 
€ucceleration /i is the relative accelera- 
tion. Besides this relative acceleration 
at any instant, the particle has the 
acceleration f% of the motion of trans- 
lation at that instant. The actual 
acceleration of the particle is then the 
resultant of the two accelerations f\ 
and /a. 

It is, however, different when the path MN has any motion in 
general, because such motion may be resolved into a motion of 
translation of any point of the path and a motion of rotation 
about an ajos through that point. 

Take for this point the point of 
space occupied by the particle at any 
instant. 

Then we have besides the accelera- 
tion /i of the particle in its path, and 
the acceleration fa of the point of 
space occupied by the particle, a 
third acceleration, /s, due to the 
rotation, which we can determine as 
follows: 

Let V be the relative velocity of the particle. Then in an in- 
definitely small time dt^ vdt will be the element MN of the relative 
path. This element in the time dt is translated to PQ and at the 
same time has the angular velocity oo about the point of space oc- 
cupied by P. 

Let the axis OP through this point make the angle B with PQ, 
Then at the end of the time dt, Q will be at R. If ft is the accelera- 
tion in the direction QR, then the distance QR will be 




QR = ^f.dt\ 
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The radius of rolatioiiiB OQ as wi^amO. Hence the difltatioe QB 
is also given by 

Equating these two values of QRy we obtain 

/t = 2voi> sin 0. 

Hence we see that the actual acceleration of the {^article in 
general is the resultant of three accelerations: 

The first, /i, is the acceleration of the relative motion of the 
particle. 

The second, ft . is the acceleration of the point of space occupied 
by the particle. 

The third, /», is equal in magnitude to twice the product of the 
relative velocity v of the particle, the angular velocity oo of the 
point of Bi>ace occupied by the particle, and the sine of the angle B 
which the element of the relative path makes with the axis through 
the point of space occupied by the particle. Its direction is at 
right angles to the plane of this axis and element, and it acts in the 
direction given by the rotation. 

If then /i,/s,/i, Fig. 1, represent these accelerations, we have 
by oompletmg we polygon in Fig. B the actual acceleration /. 



Pig. 1. 



Fig. 2. 





Inversely, if/, f% and /» are given and it is required to find the 

relative accjBleration/i, we must take/i and/i reversed in direction. 

Illustrations. — Let a particle P move at any instant with the 

velocity v in the direction of a diameter of a circular disk. Let the 

disk at this instant have an angular 
velocity oo about its axis at C, and 
the distance CP of the particle from 
the axis be x. 

Then the relative acceleration is 

/i = -^ along the diameter. The 

acceleration of the point of space 
occupied by the particle is fj = a;®', 
along the diameter. This is the 
central Srcceleration of the point P 
due to rotation about C, We have 
also/s = 2ra7, acting at right angles 
to the plane of the element of the 
relative path and the axis through 
P parallel to the axis at O, and it a^cts in the direction given by the 
ro&tion as shown. The angle B which the element of the path 
makes with the parallel axis at P is 90**, and hence sin = 1. The 
actual acceleration is the resultant of these three accelerations. 
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Let a particle P move at any instant with the velocity v in the 
circumference of a circle of radius ri about the centre Ci, and at 
the same time let the centre Ci revolve about thepoint Ci with the 
angular velocity od. Let the distance of P from Cf% be rt. 




Then the relative a»cceleration fi is the resultant of the tangential 

acceleration -=^ and the central acceleration — acting towards Cu 

at Ti 

The acceleration /a of the point of space occupied by the particle 

is ViGo* acting towards Ca. We have also f* = 2vgo acting at right 

angles to the plane of the element of the relative i>ath and the axis 

through P parallel to the axis at Ci, and it acts in the direction 



JJ-rcM/l.w 




/i'UViatif^ 



given by the rotation as shown. The actual acceleration is the 
resultant of these three accelerations. 
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Let a particle P move on a meridian of the earth and have at 

any instant the velocity v and the tangential acceleration -^. If r 

if 
is the radius of the earth, the central acceleration is — and the 

r 

relative acceleration /i is the resultant of --^ and -. 

If A. is the latitude of P, rcosA. is the radius of rotation; and if a> 
is the angular velocity of the earth, the arcceleration /« of the point 
of space occupied by the particle is/s = rcosA. . <»'. 

We have also f» = 2vgo sin X acting at right angles to the plane of 
the element of the relative path and the axis through P parallel to 
the earth's axis, that is, tangent to the latitude circle at P. It acts 
towards the east. The actual acceleration is the resultant of these 
three accelerations. 



CHAPTER III. 



GENERAL ANALYTICAL RELATIONS FOR A POINT OF A 
RIGID ROTATING SYSTEM. EULER'S GEOMETRIC 
EQUATIONS. 

General Analjrtical Eelations for a Point of a Rigid Rotating 
System. — Let a rigid system rotate at any instant about the axis 
IC with the angular velocity oo and the angular acceleration a. 
Take any point O of the system as origin, and let the direction- 
cosines of CO be cos a, cos /?, cos y. 




CO, 



Then we have for the components of go and a 

GOx=- 00 COS a, 00y=: 00 COS /?, GOz = 00 COS y ; 

ax= oc COS a, ay= a COS /?, az— a COS y ; 



COS a = — = — , COS p 



__ OOy _^ay 



OOz ctz 
cosy = — 1 = ^; 

00 a 



(i> 



00 a 00 a 

and since cos' a + cos* /S + cos' r = 1, 

G0 = VW' + 00y^+ OOz^y 0L= V<Xx^ + ^y' + ««*. ... (2) 

Let (05, V, 2?) be the co-ordinates of any point on the axis JC, and 
(x\ y\ z') the co-ordinates of any point P whose distance from the 
axis is PC = r. Then, as we have seen (page 190), we can resolve 
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the rotation about IC into an equal angular velocity about a paral- 
lel axis through the origin O and a velocity f? = flop of the origin O, 
where p is the distance 10 of the origin from the axis. 

The ooipponents of this velocity of O are as on page 179, equa- 
tion (1): 



Vy = OOxZ — (OtlX ; 

Vz = (OyX — tojfy. 



(3) 



The components of the linear velocity^ v' of P due to rotation 
about the x>arallel axis through the origm O are as on page ld8, 
equations (6) : 






(4) 



We have thus the total components of the velocity P, just sa on 
page Ids, equation (7): 



Vx = vx + v'x ; ] 

Fy = t?y + v'y ; 



(5) 



The components of the linear tangential acceleration of P due 
to rotation about the x>arallel axis tmrough O, we see from (4), are 
given by 

ftx^ayZf — a^'\ 1 

fty = asPCf — axZ'\ I (6) 

ftz = cca^l/ — ayX\ J 

Since p© = t? andpW = t?» = t?«* 4- V + v«*, we have from (3) 

" ^-« "•" -,a • a • • • \') 

GO 00 CO 

Jjetfn be the normal linear acceleration of the point P due to 
rotation about the parallel axis through the origin O. Then f'n = 
v'oo; and since velocity in the hodograph is the normal acceleration 
in the path (page 52), we have directly from the figure, for the com- 
ponents of j^n, 



fnx = V'zOOy — V'yOOz ; ' 
fny = V'xooz — V^zOOx ; 
fm^= VfyOOx — V'xOOy, 



(8) 



We have then for the components of the acceleration/ of the 
point P, from (8) and (6), 



fx = fnx + ftx = Wz aoy - tyyooz) + (ayZ" — a^^) ; ' 
fy =fny + fty = (VxCOz — v'zoox) + (azX — ocxZ^); 
fz =f%z + //« = (v'y»x - Vxeihf) + (at^ — ttysO. . 



(9) 
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If we put for v'x^ t/y, v « their values as given in (4), we have 

Equations (10) give the values of the components of the linear 
acceleration/ of any point P of the system whose co-ordinates are 
{afy y\ sf)j in terms of these co-ordinates and the components of oo 

and a. 

The moments of the component linear accelerations with refer- 
ence to the origin O are 



fx Vy' + 2f\ fy Voj" + sf\ fz i^x'^ + y\ . . . (11) 

For the moments ahout the axes of the components of t/ and/' 
we have: 



about X parallel to plane FZ, Mx = tfxy — vfyz!, or /«y' — /i^; 
Y ** '* *' ZX, My = vfxsf- vftx\ or /»z -/«ar'; 
2r " *' ** XF, Jlfc =. v^yvi-vftxfy\ or fyx'-^fa^. J 

The resultant moment in both cases is given by 






1(12) 



Mr-VMx^ + My^-^Mz^ (13) 

It(S line representative has the direction-cosines 

Mx My Mz f^, 

Mr' Mr' Mr ^^^^ 

Looking alone the line representative towards the origin the rota- 
tion is counter-clockwise. 

[We can deduce equations (9) directly by the Calculus. Thus if we dif- 
ferentiate the values of v'x, ^y, e'z given by (4), then, since 



and 



dt""^'' ^-^^' W^"^'' 

dOOx d09y dOOz 



we have at once 



/* = -^ = (t^«<»y — f>'yOOz) + {ayg' - a^i^; 
fy = -^ = {fB^xOOz — v'zoox) + («««' — a**'); 
A = -^ = («V®« — ®'a;<»i/) + (aa^ — ccyz'). 

Elder's Geometrical Equations. — To determine the geometrical 
equations between the motion of a rigid system in space and the 
angular velocity of the system about an axis in the system. 



222 



euleb's geoketbioal equations. [chap. in. 



Let OXu OYi, OZi be rectangular coordinate axes, fixed in the 
STStem and therefore rotating with it, and let the system rotate 
about some axis fixed in the system, and therefore making in- 
variable angles with these axes, 
so that the component angular 
velocities in the co-ordinate 
planes are <»a;, , fi>yi, <»«,. We 
take direction of rotation as al- 
ways 

aboutXfromZtoFl^^ftig: 

Y " Jr ** Z 1- posite di- 
rection 
negative. 




it 



«( 



(I 



F" X 



Let now OX, OY, OZhe rect- 
angular co-ordinate axes whose 
directions in apace are invariable. 
For instance, the axis OZ may 
be always directed towards the 
North Pole, then XY is the plane of the celestial equator. 

Let the point O be taken as the centre of a spnere of radius r. 
Let X, F, Z and Xi, Fi , Zi be the points in which this sphere is 
pierced by the fixed and moving axes. 

Let the axes OXi , OFi , OZi nave the initial positions OX, OY, 
OZ, First turn the system about OZ as an axis through the angle 
XZP = ^, so that OX moves to OPy and OF to OD. Then turn the 
system about OD as an axis through the angle ZOZi = 6, so that OP 
moves to 0JS7, and OZ to OZi, Finally turn the system about OZ\ 
as an axis through the angle EZXi = 0, so that 0£l moves to OXi , 
and OD to OF. 

It is required to find the geometric relations between 6, 0, ^ and 
G?x, , ooy., QOzy as thc systcm rotates. These geometric relations are 
called £iiler 8 Geometric Equations. 

Let liie angular velocity of Zi perpendicular to the plane ZOZi 

at any instant be denoted by -^. This is called the angular velocity 

of precession. Let the angular velocity of Zi along ZZi at the same 

d9 
instant be denoted by -jr- This is called the angular velocity of nu- 

at 

tation. Let the angular velocity of Xi with reference to £J at that 

instant be denoted by -^. 

dt 

Draw Zi^ perpendicular to OZ, Then Zi^=rsin0, and the 

linear velocity at any instant of Zi perpendicular to the plane ZOZi 

is r sin . ^, and along ZZi at the same instant it is r— . The linear 
at at 

velocity at the same instant of Zi along FiZi is rooxi , and along ZiXi 

it is rooyy 

We have then directly from the figure 

do 
r-jr = r<oy. cos <t> 4- rcoa, sin 0; 
at 

r sin© .-^ = roDy^ sin — rcoa?, cos 0. 

Crv 
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Since the radius r cancels out, 

dB 



^ = a>y, COS + <»«, sm 0; 
em B~- = ooyj^ sin — ©a?, cos 0. 



Combining these two equations, 



«,a:. = 5-^sm0-g^smecos0; 

do dip . ^ . 

ooy. = -=- COS + 3T- Sin Sin 0. 
at at 



(1) 



(2) 



In the same way by drawing a perpendicular from E to OZOE 
we have the linear velocity oi E perpendicular t6 ZOE equal to 

T COS G _?!. and of Xi relative to E along EX , r^. 



The whole velocity of Xi in space along X Fi is r<oz^. Hence 

d^ I, . d4> 

a,.. = ^COS0+g^ 



(3) 



Equations (1), (2) and (3) are Euler's Geometric Equations. 



EXAMPLES. 



(1) Deduce the angular velocities <ox^ ooy, ooz about the fixed axis^ 
in terms of 6, 0, ^. 

Ans. Let oor be the resultant angular velocity about the fixed axes. If 
we impress on space and also on the system, in addition to its existing 
motion, an angular velocity equal to ~ GOr about the resultant axis of rotation, 
the axes OXi, OYi, OZi will become fixed and OX, OY, OZwill move with 
angular velocities — aox , — <»y , — ooz. Hence in the equations already 
found we have only to replace by — ^, by — G, ^ by — 0, and <»a;i , <oy^ , 
cozi ^'^ill become — oox , -— (Hfy , — ooz , and we have 

floa? = — ^r sm w + -j- sm cos w\ 
at (tt 



dB dd) ^ 

<Oy = -^ cos ^ + -^ sin © sin ^; 

dip c I ^^ 

«,, = — c(>se + ^. 



(4) 



(2) Befer the axesfloced in space to the axes fixed in the system. 

Ans. We have simply to interchange in the figure Xi, Ti, Z\ with X, F, 
Z, each with each. If then the angles d, 0, ^ are stiU measured as indicated 
in the figure, the relations connecting them with the angular velocities are ob- 
tained by changing <»a?,, <»y,, fi>«^ into — <»«, — o>y , — <»«. 

If we measure d in the direction opposite to that indicated in the figure, the 
expressions for tox t ^y ^^ identical with those already found for ooxn ^Vv 
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(3) If P, QiSt are the directtan-coainea of OZ with regard to the 
OXx , OTi, OZiy show that 



OMes 



dp . 



0; 



dt 



r«^, + P«»«i = 0; 



dr 
dt 



— P^Pi + Q^»i = ^' 



(6> 



COB 6; V . . . 



(6> 



Ans. Any one of these may be obtained by differentiating one of the ex> 
pressions 

p rs — sin 6 cos 0, 9 = sin 6 sin 0, r = cos 

(4) Show that the directionreoainea of either aet of EtUer*a axes 
with regard to the other are given by 

cos XXi = — sin ^ sin -^ cos ^ cos 

cos rXi = cos ^ sin -4- sin ^ cos cos 

cos ZXi = ~ sin cos 0. 

cos XYi = — sin ^ cos <p — cos ^ sin cos 6; 

cos YTi = cos ^ cos — sin ^ sin cos 9; 

cos ZTi = sin sin 0. 

COS XZi = sin 6 cos ^; 
cos TZi = sin 6 sin i>; 
cos ZZi = cos 6. 

Ans. We have from the figure the following spherical triangles for which 
we know two sides and the included angle : 



C!> 



(8> 



Triangl*. Bidet. Angle. 

DXiX 2>Xi =90-0 XDXi^^ 



z,zx, £^» =0 



Triangle. Sides. Angle. 

^^Yi z>x =w + ^ riz>z=i80-a 

F,^iZ=90- 






ZZiX =180-0 ZiZFi Fi^i=90 

Zi^ =e 



Triangle. 



Sides. 
PX = 



PFZi 



Angle, 
r, = S) — © ^i^X = 90** 

PT = 90 - ^ -^^^^ = ^ 
Solving these triangles we have at once equations (6), (7), (8). 
(5) Prove in the aame way the following: 

cos XiX = — sin ^ sin -f- cos iff cos cos 0; 

cos TiX = — sin^cos0 — cos^sin0 cos 0; 

cos ZiX = sin 6 cos ip, 

cos Xi F = cos ^ sin + sin iff cos cos $ ; 
cos Fi F = cos if} cos — sin ^ sin cos 9; 
cos Zi F = sin sin ^. 



(9> 



ao> 



] 



\ 
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aZ = — sin 006 0; ] 
\Z = sin sin 0; > 

;z = cos e. j 



(11) 



cobXiZ = — 
cos YiZ = 
oosi^Z = 

(6) Find the relations between the co-ordinates x^ y, z^ of the 
fixed system of aaces and the coH>rdinates Xi^yi, Zi of the moving 
system, 

Ans. If we mnltiply the first of eqaations (6) by a, the second by y, the third 
by z and add, and do the same for (7) and (8), we have at once, as we see from 
the figure, 

«i s= (— sin ^ sin -|- cos ^ cos COB 0>9 

-\- (cos ^ fAn (p + mn if cos 4> cos 0)^ — sin cos (p.t; 

yi = (— sin ^ cos — cos ^ sin ^ cos ^)x 

-{- (cos ij) cos — sin ^ sin cos 0)y -|- sin 9 sin 0.0; 

01 = sin cos ijf.x -|- sin sin ^j.y -{-cos . z. 

In the same way we have from equations (9), (10), (11), 

a; = (— sin ^ sin + cos ^ cos cos ^)Xi 

•4- (— sin ^ cos — cos ^ sin cos B)yi -{- sin cos i>.Zi\ 
y = (cos ^sin04-si&^cos0 cos B)xi 

-{- (cos i> cos — sin ^ sin cos B)yi -{- sin 9 sin i>,Zi\ 
% = — sin 6 cos 0.(Bi -{- sin sin 0.^i -{- cos O.ei. 



(12) 



(18) 



END OF YOLUME I. 
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KINEMATICS. 

Absolute— motion, 18; position, 10; rest, 13. 

Acceleration — angular, 175; composition and resolution of, 176; concurring 
angular accelerations, 178; couple, 181; instantaneous axis of, 175; line 
representative of, 175; moment of, 177; uniform and variable, 175; unit 
of, 176; and translation, composition and resolution of, 189; in terms of 
linear, 75, 176; in terms of moment of linear, 76. 

Acceleration — linear, 48, 92; of gravity, 9; of relative motion, 215; in terms of 
angular acceleration, 75, 176; central, 86, 92, 99, 108; centre of, 92; line 
representative of, 49; mean and Instantaneous, 48; moment of, 60; moment 
of, in terms of angular, 76; normal, in terms of angular, 76; proportional 
to force, 91; paracentric, 87; resolution and composition of, 49; resultant 
of, 50, 63; sign of components of, 50; tangential and normal, 52; triangle 
and polygon of, 49; unit of, 49; uniform and variable, 49; uniform, m- 
clined to direction of motion> 117. 

Amplitude of an oscillation, 104. 

Analytical relations for a rigid rotating system, 219. 

Angle, conical, unit of, 6; solid, 7; unit of, 5. 

Angular — displacement, 171; composition and resolution of, 171; concurring 
angular displacements, 178; couple, 181; line representative of, 170; rigid 
system, 170; in terms of linear, 170; and translation, composition and reso- 
lution of, 187. 

Angular revolution of a point, 71. 

Angular — speed, 72; mean and instantaneous, 71; numeric equations of, 72; 
sign of, 72; unit of, 72; in terms of linear velocity, 74; in terms of moment 
of velocity, 75; in terms of normal acceleration, 76; rate of change of, 73; 
numeric equations of rate of change of, 73; sign of rate of change of, 73; 
equations of motion under different rates of change of, 73; rate of change 
of, in terms of linear speed, 75; rate of change of, in terms of moment 
of tangential acceleration, 76; graphic representation of rate of change 
of, 77. 

Angular — ^velocity, 174; mean and instantaneous, 174; unit of, 174; uniform 
and variable, 175; of a rigid system, 174; composition and resolution of, 
176; in terms of linear velocity, 176; moment of, 177; concurring angular 
velocities, 178; resultant of, 178; couple, 181; and translation, composition 
and resolution of, 189; centre of parallel angular velocities, 192; result- 
ant, tor a rigid system, 197. 
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Area, measuree of, 0. 

Axis, of earth, length of, 5, 0; of rotation, 178; of instantaneous rotation, 174; 
instantaneous, of angular acceleration, 175; central, 190; intersecting, ro- 
tation about, ld5. 

Blackburn's pendulum, 137. 

Body, material, 1; projected up or down, 98; rigid, 170; relative motion of, 213. 

Brachistochrone, 158. 

Cartesian co-ordinates, 11. 

Centimeter, value of, 9. 

Central, acceleration, 86, 92, 99, 108; axis, 190. 

Centre, of acceleration, 92; of moments, 60; of angular velocities, 192. 

Circle, curvature of, 7; motion in, 76, 154, 159. 

Coefficient of resistance in resisting medium, 111, 118. 

Combined rotation and translation, 13. 

Components, of displacement, 86; of motion of a rigid system, 201; of veloc- 
ity. 44. 

Composition and resolution, of accelerations, 49; of displacements, 86; of an- 
gular displacements, 171; of angular velocities and accelerations, 176; of 
translation and angular displacements, 187; of translation and angular 
velocities or accelerations, 189; of moments, 62; of screws, 203; of veloci- 
ties, 43. 

Compound harmonic motion, 181; resolujtion and composition of, 131; graphic 
representation of, 135; application of calculus, 187. 

Concurring velocities, accelerations and displacements, resultant of, 37, 45, 50, 
63-67; angular displacements, velocities and accelerations, 178. 

Configuration, 12. 

Coni<»l angle, 6. 

Constrained motion of a point, 88, 151. 

Co-ordinates, Cartesian, 10. 

Cosines, direction, 12. 

Couple, angular displacement, velocity, acceleration, 181; moment of, 186. 

Curvature, 7; unit of, 8; of a circle, 7. 

Curved path, motion in, 158. 

Curvilinear translation, 180. 

Cycloid, motion in, 155; application of calculus, 157. 

Definition, of kinematics, 1, 15; of statics, 1; of mechanics, 1, 

Degree, 5. 

Derived unit, 2; dimensions of, 8. 

Differential equations of motions of a point, 81. 

Dimensions, of a derived unit, 8; of space, 12; of unit of speed, 15; of unit of 

rate of change of speed, 24. 
Direction cosines, 12. 
Displacement, 34; Une representative of, 34; relative, 84, 85; triangle and poly- 

ton of, 85; composition and resolution of, 36; rectangular oomponente of, 
6; sign of components of, 36; resultant, 37; moment of, 60; angular, of a 
rigid system, 170; line representative of, 170; linear in terms of angular. 
170; angular, composition and resolution of, 171; angular, concurring, 178; 
resultant of, 178; couple, 181; of a rigid system, 187; composition and 
resolution of translation and angular displacement, 187. 
Dyne, value of, 9. 

Earth's polar axis, length of, 5. 

Epoch, in harmonic motion, 105. 

Equations, homogeneous, 3, 17; of speed, 16; of rate of change of speed, 25; 
of motion under different rates of change of speed, 27, 71; of motion of a 
point under different accelerations, 50; numeric, of angular speed, 72; nu- 
meric, of rate of change of angular speed, 73; of motion under different 
rates of change of angular speed, 73; differential, of motion of a point, 81; 
for falling body, 93; of rotating rigid system, 176; geometrical, of Euler, 
221 

Euler, geometrical equations of, 221. 
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Porce proportional to acceleration, 91. 
Falling body, 93. 

Oeometrical equations of EiUer, 221. 

•Gram, value of, 9. 

Oraphic representation of rate of change of speed, 29. 

Gravitation, law of, 99. 

-Gravity, acceleration of, 9, 92. 

Harmonic motion, simple, 108; amplitude, epoch, period, phase, 105; com- 
pound, 131; composition and resolution of, 131; graphic representation of, 
135; application of calculus, 137. 

Hodograph, 52. 

Homogeneous equations, 3, 17. 

Inclined plane, motion on, 151. 

InstantaneocLs acceleration, 48; axis of rotation, 174; axis of angular accelera- 
tion, 175; rate of change of speed, 24; speed, 16; angular speed, 72; ve- 
locity, 42. 

Integral curvature, 7. 

Intersecting axes, rotation about, 196. 

Invariant, 203. 

Jsochronous oscillation, 104 

Kepler's laws, 140. 

Kilogram, value of, 9. 

Kinematics, definition of, 1, 15; of a point, 91; of a rigid system, 169. 

Law of gravitation, 99. 

Laws of Kepler, 140. 

Length, of meridian, 6; measures of, 8; of polar axis of earth, 6; unit of, 4, 8; 
displacement, 34; velocity, 42; acceleration, 48. 

Linear, displacement in terms of angular, 170; acceleration in terms of angu- 
lar, 176; velocity in terms of angular, 176. 

Line representative, of displacement, 34; of velocity, 43; of acceleration, 49; of 
angular displacement, 170; of angular velocity, 174; of angular accelera- 
tion, 175; of moment of displacement, velocity or acceleration, 61, 177. 

Hass, measure of, 4, 9; unit of, 4, 5. 

Material, body, 1; particle, point, 14; system, 14. 

Matter, states of, 1. 

Mean, curvature, 7; speed, 16; rate of change of speed, 24; velocity, 42; accel- 
eration, 48; angular speed, 72; rate of change of angular speed, 73; angu- 
lar velocity, 174; angular acceleration, 175. 

Measurement, 2; unit of, 2. 

Measures, table of, 8; of length, 8; of area, volume, mass, 9. 

Mechanics, definition of, 1. 

Medium, resisting — ^motion in. 111; coefficient of resistance in. 111, 113; mo- 
tion of projectiles in, 127. 

Meridian, length of, 6; relation of, to meter, 5. 

Meter, relation of, to meridian, 6; value of, 9. 

Moment, of displacement, velocity or acceleration, 60; line representative of, 
61 ; composition and resolution of, 62; sign of, 62; centre of, 60; linear ve- 
locity in terms of angular speed, 75; of tangential acceleration in terms of 
rate of change of angular speed, 76; of angular velocity or acceleration, 
177; of a couple, 186. 

Motion, 13; of translation, 13; of rotation, 13; equations of , under different rates 
of change of speed, 27; equations of, under different accelerations, 60; equa- 
tions of, under different rates of change of angular speed, 73; in a circle, 
76, 154, 159; of a point, differential equations of, 81; constrained, of a 
point, 88, 151' rectilinear, 92; simple harmonic, 103; in resisting medium, 
111; of projectiles, 117, 127; compound harmonic, 131; planetary, 139, 141; 
on an inclined plane, 151; in a curved path, 15B; in a cycloid, 1551 157; 
equations of, for rotating rigid system, 176; screw, 191; components of, for 
a rigid system, 201; relative, of a body, 213; relative acceleration of, 216. 
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Newton's law of ^vitation, 09. 

Normal, aooeleration, 62. 

Nameric, of a quantity, 3; equations of speed, 16; equations of angular speed, 

72; equations of rate of change of speed, 26; equations of rate of change of 

angular speed, 73. 

Oscillation, amplitude of, 104; isochronous, 104. 

Paracentric acceleration, 87. 

Pajrallel angular velocities, centre of, 192. 

Pardcle, material, 14. 

Path, of a point, 13; curved, motion in, 168. 

Pendulum, Blackburn's, 137; simple, 164, 169. 

Per, meaning of, 8. 

Period, in harmonic motion, 106. 

Phase, in harmonic motion, 106. 

Physical science, 1. 

Plane, polar co-ordinate, 10; inclined, motion on, 161. 

Planetary motion, 189; path of, 189; application of calculus, 141. 

Point, 10; position of, 10; of reference, 10; path of, 13; material, 14; constrained 

motion of, 88, 161; kinematics of, 91. 
Polar, axis of earth, length of, 6, 9; co-ordinates, 10; equations for motion of a 

point, 88. 
Polygon, of displacements, 86; of velocities, 48; of accelerations, 49. 
Position, 10; of a point, 10. 
Poundal, value of, 9. 
Projectile, motion of, 117; motion of, in resisting medium, 127. 

Quantity, statement of, 2; vector, 84. 

Radian, 6; square, 7; solid, 7. 

Radius vector, 11. 

Range of projectiles, 119, 127. 

Rate of change of speed, 24; mean and instantaneous, 24; a scalar quantity, 26; 
dimensions of, 24; unit of, 24; numeric equations of, 26; sign of, 26; equa- 
tions of motion under different rates of change of, 27; graphic representa- 
tion of, 29. 

Rate of change of angular speed, 78; mean and instantaneous, 73; unit of, 72; 
numeric equations of, 78; sign of, 73; equations of motion under different 
rates of change of, 73; in terms of linear speed, 76; in terms of moment 
of tangential acceleration, 76; graphic representation of, 77. 

Rectangular co-ordinates, 11. 

Rectilinear motion, 92; translation and rotation combined, 198. 

Reference, point of, 10. 

Relative, displacement, 84; motion of a body, 218; acceleration of motion, 216. 

Relation of vertex to meridian, 6. 

Resistence, coefficient of, in resisting medium. 111, 118. 

Resisting medium, motion in. 111; coefficient of resistance in. 111, 118; motion 
of projectiles in, 127. 

Resolution and Composition, of displacements, 86; of velocities, 48; of acceler- 
ations, 49; of moments, 62; of angular displacements, 171; of angular 
velocities and accelerations, 176; of translation and angular displacement, 
187; of translation and angular velocity or acceleration, 189; of screws, 208. 

Rest, 12; absolute and relative, 12. 

Resultant, angular displacement, velocity or acceleration, 178; angular velocity 
and velocity of translation for a rigid system, 197. 

Rigid system, 12; kinematics of, 169; angular displacement of, 170; line repre- 
sentative of angular displacement of, 170; angular velocity of, 174; equa- 
tions of motion of rotating, 176; displacement of, 187; resultant angular 
velocity and velocity of translation of, 197; components of motion of, 201; 
general analytical relations of rotating, 219. 

Rotation, motion of, 13, 169; and translation combined, 18, 198; axis of, 178; 
instantaneous axis of, 174; equations of motion for, 176; condition for, 178; 
about intersecting axes, 196. 
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Science, physical, 1. 

Screw motion, 191; composition and resolution of, 203. 

Sign, of speed, 16; of rate of change of speed, 25; of components of displace- 
ment, 36; of components of velocity, 41, of components of acceleration, 50; 
of components of moments, 62; of angular speed, 72; of rate of change 
of angular speed, 73; of angular displacement, 173; of angular velocity, 
176; of angular acceleration, 176; of moment of angular velocity or 
acceleration, 177. 

Simple pendulum, 154; application of calculus, 159. 

Solid angle, 7; radian, 7. 

Space, dimensions of, 12; polar co-ordinates, 10. 

Standard units, 4; yard, 4; unit of length, 4; unit of mass, 5; unit of time, 4. 

States of matter. 1. 

Statement of a quantity, 2. 

Statics, definition of, 1. 

Speed, 15; mean and instantaneous, 15; dimensions of unit of, 15; numeric equa- 
tions of, 16; sign of, 16; ^a scalar quantity, 16; rate of change of, 24; mean 
and instantaneous rate of change of, 24; dimensions of unit of rate of 
change of, 24; numeric equations of rate of change of, 25; sign of rate of 
change of, 25; angular, 72; mean and instantaneous angular, 72; numeric 
equations of angular, 72; sign of angular, 72; rate of change of angular, 
73; mean and instantaneous rate of change of angular, 73; numeric equa- 
tions of rate of change of angular, 73; sign of rate of change of angular, 
73; linear in terms of angular, 74; angular in terms of moment of linear 
velocity, 75; angular rate of change of, in terms of linear, 75; angular in 
terms of normal acceleration, 76; angular rate of change of, in terms of 
moment of tangential acceleration, 76; graphic representation of rate of 
change of angular, 77. 

Square radian, 7. 

System, 12; rigid, 12; material, 14; kinematics of rigid, 169; angular displace- 
ment of rigid, 170; line representative of angular displacement of rigid, 
170; angular velocity of rigid, 174; equations of motion of rotating rigid, 
176; displacement of rigid, 187; resultant angular velocity and velocity of 
translation of rigid, 197; components of motion of rigid 201; general 
analytical relations of rigid rotating, 219. 

Table of measures, 8. 

Tangential acceleration, 52. 

Time, unit of, 4; standard unit of, 4. 

Trajectory, equation of, 118; velocity at any point of, 119; time of flight, 119; 

horizontal range, 119; greatest height, 120; displacement in any direction, 

120; angle of elevation, 120; envelope of trajectories, 121. 
Translation, motion of, 13, 91; and rotation combined, 18, 193; curved path, 

130; and angular displacement, 187; and angular velocity, 189; resultant 

for a rigid system, 197. 
Triangle and polygon, of displacements, 35; of velocities, 43; of accelerations, 49. 

Unit, derived, 2; of measurement, 2; of length, 4, 8; of time, 4; of mass, 5, 9; 
of angle, 5; of conical angle, 6; of curvature, 8; of speed, 15; of rate of 
change of speed, 24; of velocity, 43; of acceleration, 49; of angular ve- 
locity, 174; of angular acceleration, 176. 

Vector, quantity, 34; radius, 11. 

Velocity, 42; mean and instantaneous, 42; unit of, 43; uniform and variable, 43; 
line representative of, 43; resolution and composition of, 43; rectangular 
components of, 44; sign of components of, 44; resultant, 45, 63; moment 
of, 60, 177; moment of, in terms, of angular, 75; couple, 81; unit of 
angular, 174; angular, in terms of linear, 176; composition and resolution 
of angular, 176; concurring angular, 178; composition and resolution of 
translation and angular, 189; centre of parallel angular, 192; resultant 
angular for a rigid system, 197. 
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Text-Books akd Practical Works. 

A TEXT-BOOK OF EIjEMENTABY MECHAIQCS 
FOB THE USE OF COLLEGES AND SCHOOLS. 

By E. S. Dana, Assistant Professor of Natural Philosophy 

Yale College. Twelfth edition 12mo, cloth, $1 50 

*' All Students and Mechanics will find the above a most admirable 
work."— ihrfMA'iria/ World. 

FBINCIPLES OF EIiEMENTABY MECHAIHCS. 

By Prof. De Volson Wood. Fully illustrated. Ninth edi- 

tion ' 12mo, cloth, 1 35 

This work is designed to give more attention to the fundamental principles 
of mechanics. Analysis is subordinated, and whatis used is of a very ele- 
mentary character. No Calculus is u^ed nor aoy analysis of a high character, 
and yet many problems which are generally considered quite difficult are 
here solved in a very simple manner. The principles of Energy, which 
holds an important place in modern physics, is explained, and several 
problems solved by its use. Every chapter contains numerous problems 
and examples, the former of which are fully solved ; but the latter, which 
are numerical, are unsolved, and are intended to familiarize the student with 
the principles, and test his ability to api)ly the subject practically. At 
the close of each chapter is a list of Exercises. These consist of onestiona 
of a general character, requiring no analysis in order to answer tnem, but 
simply a good knowledge of the subject. The mechanics of fluids forms an 
important part of the work. 

Supplement and Key to ditto 1 25 

THE ELEMENTS OF ANALYTICAL MECHANICS. 

With numerous examples and illustrations. For use in 
Scientific Schools and Colleges. By Prof. De Volson Wood. 
Sixth edition, revised and enlarged, comprising Mechanics of 
Solids and Mechanics of Fluids, of which Mechanics of 
Fluids is entirely new. About 500 pages. Seventh edition. 

8vo, cloth, 3 00 

The Calculus is freely used in this work. One of the chief objects sought 
is to teach the students how to use analytical methods. It contains many 
problems completely solved, and many others which are left as exercises 
for the student. The last chapter shows how to reduce all the equations of 
mechanics from the principle of d'Alembert. 

STBENGTH OF MATEBIALS AND THEOBY OF 
STBUCTUBBS. 

By Henry T. Bovey, Dean of School of Applied Science, McGill 
University, Montreal, Canada 8vo, cloth, 7 50 

ELEMENTS OF ANALYTICAL MECHANICS. 

By Col. Peter S, Michie, of U. S. Military Academy. Fourth 
edition 8vo, cloth, 4 00 

" A revised edition, as taught to the Cadets of U. S. Military Academy, 
WestPi^nt." 
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A TBXT-BOOK ON THE MECHANICS OP MA- 
TERIALS, 

And on Beams, Columns, and Shafts. By Prof. M. MerrimaD. 
Foarth edition, revised and enlarged 8vo, cloth, $3 50 

*' We cannot commend this book too \iigh\y.^''— American Engineer. 
"The well-earned reputation of the Aathoi renders any comment on the 
qnality of the work enperflaoas/'— Fan NoetrawFit Magazine. 

MECHANICS OF ENGINEEBINQ. 

Comprising Statics and Dynamics of Solids, the Mechanics 
of the Materials of Construction or Strength and Elasticity of 
Beams, Columns, Shafts, Arches, etc., and the Principles of 
Hydraulics and Pneumatics with Applications. For the use of 
Technical Schools. By Prof. Irving P. Church, C.E., Cornell 
Univt^rsity 8 vo, cloth, 6 00 

*'The work is very abundantly illastrated, and the information is Given 
in a style which cannot fail to make the student thoroughly master of the 
subject. Prof. Church may certainly be congratulated upon compressing a 
vast amount of instruction into a very small space without in any degree 
interfering with the necessary minuteness of detail or clearness of descrip- 
tion."— Xancton Inttustrial Review. 

MECHANICAL FBINCIPIiES OF ENGINEEBING 
AND ABCHITECTUBE. 

By Henry Mosely, M.A., F:R.S. From last London edition, 
with considerable additions by Prof. D. H. Mahan, IjL.D , of 
the U. S. Military Academy. 700 pages. With numerous 
cuts 8vo, cloth, 5 00 

MECHANICS OF ENGINEEBINa AND MACHTNEBY. 

By Dr. Julius Weisbach. Designed as a Text-book for Tech- 
nical Schools and Colleges, and for the use of Engineers, 
Draughtsmen, etc. Second edition, thoroughly revised and 
greatly enlarged, by Gustav Herrmaun, Prof, at the Royal 
Polytechnic School, Aachen, Germany. Translated by J. F. 
Klein, D.E., Prot. of Mechanical Engineering, Lehip^h Uni- 
versity, Pa. With numerous fine illustrations. Second edition. 

1 vol., 8vo, cloth, 5 00 

** Weisbach is a standard in all matters of Engineeringand Mechanics, 
and hia teachings are accepted as correct.".— ife<^anu;a^ Engineer. 

MECHANICS OP THE MACHINEBY OP TBANS- 
MISSION. 

Being Vol. III., Part I., Section II. of Mechanics of Engineering 
and Machinery. By Dr. Julius Weisbach. Edited by Prof. 
Gustav Herrmann and translated by Prof. J. F. Klein, Lehiffh 
University, Bethlehem, Pa 8vo, clotn, 5 00 

NOTES AND EXAMPLES IN MECHANICS. 

With an Appendix on the Graphical Statics of Mechanism. 
By Prof. I. P. Church, Cornell University. 135 pages, with 
blank pages for problems 8vo, cloth, 2 00 
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APPLIED MECHANICS AND RESISTANCE OF 
MATERIALS. 

By Prof. G. Lanza. Showing Strains on Beams as determined 
by the Testing Machines of Watertown Arsenal and at the 
Massachusetts Institute of Technology. Practical and Theo- 
retical. Designed for EngineerH, Architects, and Students. 
With hundreds of illustrations. Sixth edition, revised. 

1 vol.,8vo, cloth, $7 60 

^* The whole work is a valuable contribarion to the snhject of which It 
treats, and we can cordially recommend it.''^— London B"ilder. 

WEISBACH'S MECHANICS. HYDRAULICS AND 
HYDRAULIC MOTORS. 

With numerous practical examples for the calculation and 
construction of Water-wheels, including Breast, Undershot, 
Back-pitch, Overshot Wheels, etc. , as well as a special discus- 
sion of the various forms of Turhines. Translated from the 
fourth edition of Weisbach's Mechanics, by A. Jay Du Bois. 
Profusely illustrated. Second edition 8vo, cloth, 5 00 

WEISBACH'S MECHANICS. THEORY OF STEAM- 
ENGINE. 

Translated from the fourth edition of Weisbach's Mechanics 
by A. Jay Du Bois. Containing notes giving practical examples 
of Stationary, Marine, and Locomotive Engines, showing Amer- 
ican practice, by K. H. Buel. Numerous illustrations. Second 
edition 8vo, cloth, 5 00 

MECHANICS OF THE GIRDER. 

A Treatise on Bridges and Roofs, in which the necessary and 
sufficient weight of the structure is calculated, not assumed, 
and the number of Panels and height of Girder that render the 
Bridge weight least for a jriven Span, Live Load, and Wind 
Pressure are determined. By John D. Crehore, C.E. Illus- 
trated by over 100 engravinjjs, with tabiei*, etc 8v<), cloth, 5 00 

"Tbe work bears internal evidences of patient industry and scholarly 
ability— is a valuable contribntion to science and to the literature of 
Bridge building."— W. H. Sbarles, C.E. 

KINEMATICS; OR, PRACTICAL MECHANISM. 

A Treatise on the Transmission and Modib'cation of Motion and 
the Construction of Mechanical Movements. For the use of 
Draughtsmen, Machinists, and Students of Mechanical En- 
gineering, in which the laws governing the motions and 
various parts ot Mechanics, an affected by their forms and modes 
of connection are deduced by simple geometrical reasoning, 
and their application is illustrated by accurately constructed 
diagrams of the different mechanical combinations discussed. 
By Prof. Cbas. W. MacCord. Fourth edition 8vo, cloth, 5 00 

" The work can be confidently recommended to Draughtsmen, and all who 
have occasion to des^lgn macninery, as well as to every earnest student of 
Mechanics, young or old."— /Iw/erikan Machinut. 
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TREATISE ON PBIOTION AND LOST WOBK IN 
MACHINEBY AND MTT.L WOBK. 

Containing an explanation of tbe Theory of Friction, and 
an account of the Tarioas Lubricants in general use, with a 
record of various experimenters to deduce tlie laws of Friction 
and Lubricated Surfaces, etc. By Prof. Robt. H. Thurston. 

Copiously ill upt rated. Fourth edition 8vo, cloth, $8 00 

** It is not too high praise to say that the present treatloe is exhaastiye 
and a complete review of the whole Bub^ecV^—AmericaH Engineer, 

CAR LUBRIOATION. 

Treating of Theoretical Relations, Coefficient of Friction, 
Bearing Metals, Methods of Lubrication, Journal-box Con- 
struction, Heated Journals, and the Cost of Lubrication. By 

W. E. Hall 12me, cloth, 100 

** A very ueefal book on a Bubject upon which literature is ve^ scarce. 
While the author gives full credit t«» Prof. Thurston and to Mr. Woodbury 
for their researches in this direction, he puts the various theories and re- 
sults of experiment in a very practical ^hape and shorn of all but the 
plainest mathematiojil drees. The volume is evidently the work of a 

Sractical investigator, and is correspondingly valuable.*^ — Engineering 
Tews. 

A HISTORY OP THE PLANING MILL. 

With Practical Su^rgestions for the Construction, Care, 

and Management of Wood- work! n$if Machinery. By C. R. 

Tompkins, M.E 12mo, cloth, 1 60 

** Bach of these chapters is as full of meat as an egg : they give the 
result!* of long experience and intelligent observation, and no proprietor 
of woodworking machinery and employer of labor can afford to be without 
a copy, nor sihoiild anv youne mechanic, ambitious to excel in his calling, 
fail to send for it.'*— the Lunaerman, Chicago, June 15, 18AP. 

DYNAMOMETEBS, AND THE MEASUBEMENT OF 
FOWEB. 

By J. J. Flather, Prof, of Mechanical Engineering in Purdue 

University, Lafayette, Ind 12mo, cloth, 2 00 

A Treatise on the Construction and Application of Dynamometers. Com- 
prising Determination of Driving Power, Friction Brakes, Absorption and 
Transmission Dynamometers, Power to Drive Lathes, Measurement of 
Water-Power. 

ELEMENTS OF MACHINE CONSTBUCTION AND 
DRAWING; 

Or, Machine-Drawing, with some elements of descriptive and 
rational Kinematics. A Text-hook for ScIiooIh of Civil and 
Mechanical Engineering, and for the use of Mechanical Estah- 
lishments, Artisans, and Inventors. Containing the principles 
of Gearing, Screw Propellers, Valve Motions, and Governors, 
and many standard and novel examples, mostly from present 
American practice. By Prof. S. Edward Warren. Seventh 
edition 2 vols., 8vo, text, and small 4io plates, cloth, 7 60 

EXTBACTS FBOM CHOBDAL'S LETTEBS. 

Comprisinfrthe choicest selections from the Series of Articles which 

have been appearing for the past two years in the columns of the 

American Machinist. With over 50 illustrHtirns. 12mo, cloth, 2 00 

"The author discusses shop work and shop management ^^lth more 
practical shrewdness, and in a manner that Mechanics. ArtisMUs, and wide 
awalce working men, generally, cannot help but enjoy." — Scientific American. 
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THE LATHE AND ITS USES ; 

Or, Instruction iu tLe Art of Turning Wood and Metal. 
Including a description of tbe most modem appliances for 
the ornamentation of plane and curved surfaces, with a de- 
scription also of an entirely novel form of LatJie for Eccentric 
and Rose Engine Turning, a Lathe and Turning Machine com- 
bined, and other valuable matter relating to the Art. 1 vol., 
8vo, copiously illustrated. Sixth edition, with additional 
chapters and Index 8vo, cloth, $6 00 

•*The most complete work on the subject ever published. ^^—ilmeri<;6(n 
Artisan. 

''Here is an invaluable book to the practical workman and amateur."— 
London Weekly Times. 

A TREATISE ON TOOTHED GEARING. 

Containing complete instructions of Designing, Drawing, and 
Constructing Spur Wheels, Bevel Wheels, Lantern Gear, 
Screw Gear, Worms, etc. , and the proper formation of Tooth 
Profiles. For the use of Machinists, Pattern Makers, Draughts- 
men, Designers, Scientific Schools, etc. With many plates. Bj 

J. Howard Cromwell. Fourth edition 12mo. cloth, 1 50 

*'Mr. Cromwell has accomplished good work in brining together in this 
volume a great deal of information onl^ to be found by searching many 
work8, and by adding the results of his own experience in the field of 
Mechanical Sngineering." — American Machinist. 

A TREATISE ON BELTS AND PULLEYS. 

Embracing full explanations of Fundamental Principles ; 
proper Disposition of Pulleys ; Rules for determining widths 
of leather and vulcanized rubber belts, and belts running over 
covered pulleys ; Strength and Proportions of Pulleys, Drums, 
etc. Together with the principles and necessary rules for 
Rope Gearing and transmission of power by means of Metallic 
Cables. By J. Howard Cromwell, Ph.B., author of a Treatise 

OD Toothed Gearinsr 12mo, cloth, 1 50 

"This is a very complete and comprehensive treatise, and is worthy of 
the attention of all Mechanics who have anything to do with the manage- 
ment of belts and pulleys, exz.^''— National Car Builder. 

SAW FILING. 

The Art of Saw Filing Scientifically Treated and Explained 
on Philosophical Principles. With explicit directions for 
putting in order all kinds of Saws, from a Jeweler's Saw to a 
Steam Saw-mill. Illustrated by 44 engravings. By H. W. 
Holly. Fifth edition 18mo, cloth. 76 

SAW PILlNa. 

A Practical Treatise on Filing, Gumming, and Swageing Saws. 

By Robert H. Grimshaw Fully illustrated 1 vol., 16mo, 1 00 

MACHINEBY PATTEBN MAKING. 

A Discussion of Methods, including Marking and Recording 
Patterns, Printing Press, Slice Valve and Corliss Cylinders; 
How to Cast Journal-boxes on Frames, Differential Pulleys, 
Fly-wheels, Ensrine Frames, Spur, Bevel and Worm Gears, 
Key Heads for Motion Rods, Elbows and Tee Pipes, Sweeping 
Straight and Conical Grooved Winding Drums, Large Sheaves 
with Wrought and Cast-iron Arms, 128 full-size Profiles of 
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Gear Teeth of different pitches for Gears of 14 to 800 Teeth, 
with a Table showing at a glance the required diameter of 
Gear for a given number of teeth and pitch, Double Beat, 
Governor, and Pluflr Valves, Screw Propellor, a chapter on 
items for Pattern Makers, besides a number of valuable and 
useful Tables, etc., etc. 417 illustrations By P 8. Dingey, 
Foreman Pattern Maker and Draughtsman. . ..12mo, cloth, $2 00 

** A neat little work that should be not only In the hands of evenr pattern 
maker, but read by every foundry foreman and proprietor of foundries 
doing machinery Yfotk.^^—Machittery Moulder's Journal. 

THE BOSTON MACHINIST. 

Being a complete School for the Apprentice as well as the 
advanced Machinist, showing how to make and use every tool 
in every branch of the business ; with a Treatise on Screws and 
Gear-cutting. By Walter Fitzgerald. Third ed'n. 18mo,cloth, 75 

STEAM HEATING FOB BUILDINGS. 

Or, Hints to Steam Fitters. Being a dencription of Steam 

Heating Apparatus for Warming and Ventilating Private 

Houses and Large Buildings, with Remarks on Steam, Water, 

and Air in their Relations to Ht^atiog. To which are added 

useful miscellaneous tables. By Wm. J. Baldwin. Tliirteenth 

edition. With many illuRtrative plates 12mo, cloth, 2 50 

**Mr. Baldwin has supplied a want long felt for a practical work 
on Heating and Heating Apparatus.*'— iSIanitory Engineer. 

THE COST OP M A NUPACTUBES— AND THE AD- 

MINISTBATION OF WOBKSHOPS, PUBLIC 

AND PBIVATE. 

A System of Mechanical Book-keeping, based on the Card- 
Catalogue method, dispensing with skilled clerical labor and 
the use of books, by which the cost of manufactures may be 
promptly determined, either in gross or in any detail, as to 
component parts and operations thereon. Comprising a 
simple method of recording all dealings with materials which 
relate to its procurement, expenditure, or possession. Applied, 
with numerous practical illustrations, to the trust, accounta- 
bility for public property, and funds required of the U. S. 
Ordnance Department, with a review of its present practice. 
By Capt. Henry Metcalfe, U. S. Ordnance Department. Illustra- 
ted with tables, forms of cards, etc. , etc. Second ed'n . 8vo, cloth, 5 00 

" I feel eure that by the use of your methods I can determine a cost I hare 
never been able to arrive at." — Ewart Manupactuking Co., Chicago. 

*' We And that it enables ns to keep a more accurate record of each piece 
of work. We can locale the responsibility for any delay or omission."— 
Rathbons & Co., Stove Works, Albany. 

WBINEJiES AND HECIPES. 

Compiled from the SCIENTIFIC AMERICAN. A collection 
of practical sugfgestions, processes, and directions, for the 
MECHANIC, ENGINEER, FARMER, and Housekeeper. 
With a COLOR TEMPBRING SCALE, and numerous wood 
engravings. By Park Benjamin. Revised by Profs. Thurston 
and Van der Weyde, and Engineers Buel and Rose. Fifth 

revised edition 12mo, cloth, 2 00 

** Hundreds of Trade Secrets and Mechanical Shop Wrinkles." 

JOHN WIT. BY & SONS, 

53 E. T^nth St., New York. 
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